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Preface

This book is about nonlinearH∞-control theory, Hamiltonian systems, and Hamilton-Jacobi
equations. It is the culmination of one decade of the author’s endeavors on the subject, and
is addressed to practicing professionals, researchers and graduate students interested in
optimal and robust control of nonlinear systems. The prerequisites for understanding the
book are graduate-level background courses in linear systems theory and/or classical optimal
control, or calculus of variation; linear algebra; and advanced calculus. It can be used for a
specialized or seminar course in robust and optimal control of nonlinear systems in typical
electrical, mechanical, aerospace, systems/industrial engineering and applied mathematics
programs. In extreme cases, students from management and economics can also benefit from
some of the material.

The theory of nonlinear H∞-control which started around 1990, almost a decade after
Zames’ formulation of the linear theory, is now complete. Almost all the problems solved
in the linear case have been equivalently formulated and solved for the nonlinear case; in
most cases, the solutions are direct generalizations of the linear theory, while in some other
cases, the solutions involve more sophisticated tools from functional analysis and differential
games. However, few challenging problems still linger, prominent among which include the
long-standing problem of how to efficiently solve the Hamilton-Jacobi equations, which are
the cornerstones of the whole theory. Nevertheless, the enterprise has been successful, and
by-and-large, the picture is complete, and thus the publishing of this book is timely.

The authors’ interest in nonlinear control systems and the H∞-control problem in par-
ticular, was inspired by the pace-setting book of Prof. H. K. Khalil, Nonlinear Systems,
Macmillan Publishing Company, 1992, which he used for a first graduate course in nonlin-
ear systems, and the seminal paper, “L2-Gain Analysis of Nonlinear Systems and Nonlinear
State-Feedback H∞-Control,” IEEE Transactions on Automatic Control, vol. 37, no. 6,
June, 1992, by Prof. A. J. van der Schaft. The clarity of the presentations, qualitative ex-
position, and the mathematical elegance of the subject have captivated his love, interest,
and curiosity on the subject which continues till today.

The book presents the subject from a traditional perspective, and is meant to serve as a
self-contained reference manual. Therefore, the authors have endeavored to include all the
relevant topics on the subject, as well as make the book accessible to a large audience. The
book also presents the theory for both continuous-time and discrete-time systems, and thus
it is anticipated that it will be the most comprehensive on the subject.

A number of excellent texts and monographs dealing entirely or partially on the subject
have already been published, among which are

1. H∞-Optimal Control and Related Minimax Design Problems, by T. Basar and
P. Bernhard, 2nd Ed., Systems and Control: Foundations and Applications,
Birkhauser, 1996;

2. Feedback Design for Discrete-time Nonlinear Control Systems, by W. Lin and C.
I. Byrnes, Systems and Control: Foundations and Applications, Birkhauser, 1996;

3. Nonlinear Control Systems, by A. Isidori, 3rd Ed., Springer Verlag, 1997;
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4. Extending H∞-Control to Nonlinear Systems, by J. W. Helton and M. R. James,
SIAM Frontiers in Applied Mathematics, 1999;

5. L2-gain and Passivity Techniques in Nonlinear Control, by A. J. van der Schaft,
Springer Verlag, 2nd Ed., 2000.

However, after going through the above texts, one finds that they are mostly written in the
form of research monographs addressed to experts. Most of the details and the nitty-gritty,
including topics on the basics of differential games, nonlinear H∞-filtering, mixed H2/H∞
nonlinear control and filtering, and singular nonlinear H∞-control, are not discussed at
all, or only touched briefly. Also, algorithms for solving the ubiquitous Hamilton-Jacobi
equations as well as practical examples have not been presented.

It is thus in the light of the above considerations that the author decided to summarize
what he has accumulated on the subject, and to complement what others have already
done. However, in writing this book, the author does not in any way purport that this book
should outshine the rest, but rather covers some of the things that others have left out,
which may be trivial and unimportant to some, but not quite to others. In this regard, the
book draws strong parallels with the text [129] by Helton and James at least up to Chapter
7, but Chapters 8 through 13 are really complementary to all the other books. The link
between the subject and analytical mechanics as well as the theory of partial-differential
equations is also elegantly summarized in Chapter 4. Moreover, it is thought that such a
book would serve as a reference manual, rich in documented results and a guide to those
who wish to apply the techniques and/or delve further into the subject.

The author is solely responsible for all the mistakes and errors of commission or omission
that may have been transmitted inadvertently in the book, and he wishes to urge readers to
please communicate such discoveries whenever and whereever they found them preferably
to the following e-mail address: dikko1@hotmail.com. In this regard, the author would
like to thank the following individuals: Profs. K. Zhou and L. Smolinsky, and some anony-
mous referees for their valuable comments and careful reading of the manuscript which have
tremendously helped streamline the presentation and reduce the errors to a minimum. The
author is also grateful to Profs. A. Astolfi and S. K. Nguang for providing him with some
valuable references.

M. D. S. Aliyu
Montréal, Québec
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Introduction

During the years 1834 to 1845, Hamilton found a system of ordinary differential equations
which is now called the Hamiltonian canonical system, equivalent to the Euler-Lagrange
equation (1744). He also derived the Hamilton-Jacobi equation (HJE), which was im-
proved/modified by Jacobi in 1838 [114, 130]. Later, in 1952, Bellman developed the discrete-
time equivalent of the HJE which is called the dynamic programming principle [64], and the
name Hamilton-Jacobi-Bellman equation (HJBE) was coined (see [287] for a historical per-
spective). For a century now, the works of these three great mathematicians have remained
the cornerstone of analytical mechanics and modern optimal control theory.

In mechanics, Hamilton-Jacobi-theory (HJT) is an extension of Lagrangian mechanics,
and concerns itself with a directed search for a coordinate transformation in which the
equations of motion can be easily integrated. The equations of motion of a given mechanical
system can often be simplified considerably by a suitable transformation of variables such
that all the new position and momemtum coordinates are constants. A special type of
transformation is chosen in such a way that the new equations of motion retain the same
form as in the former coordinates; such a transformation is called canonical or contact
and can greatly simplify the solution to the equations. Hamilton in 1838 has developed
the method for obtaining the desired transformation equations using what is today known
as Hamilton’s principle. It turns out that the required transformation can be obtained by
finding a smooth function S called a generating function or Hamilton’s principal function,
which satisfies a certain nonlinear first-order partial-differential equation (PDE) also known
as the Hamilton-Jacobi equation (HJE).

Unfortunately, the HJE, being nonlinear, is very difficult to solve; and thus, it might
appear that little practical advantage has been gained in the application of the HJT. Nev-
ertheless, under certain conditions, and when the Hamiltonian (to be defined later) is inde-
pendent of time, it is possible to separate the variables in the HJE, and the solution can then
always be reduced to quadratures. In this event, the HJE becomes a useful computational
tool only when such a separation of variables can be achieved.

Subsequently, it was long recognized from the Calculus of variation that the variational
approach to the problems of mechanics could be applied equally efficiently to solve the
problems of optimal control [47, 130, 164, 177, 229, 231]. Thus, terms like “Lagrangian,”
“Hamiltonian” and “Canonical equations” found their way and were assimilated into the
optimal control literature. Consequently, it is not suprising that the same HJE that governs
the behavior of a mechanical system also governs the behavior of an optimally controlled
system. Therefore, time-optimal control problems (which deal with switching curves and
surfaces, and can be implemented by relay switches) were extensively studied by mathe-
maticians in the United States and the Soviet Union. In the period 1953 to 1957, Bellman,
Pontryagin et al. [229, 231] and LaSalle [157] developed the basic theory of minimum-time
problems and presented results concerning the existence, uniqueness and general properties
of time-optimal control.

However, classical variational theory could not readily handle “hard” constraints usually
associated with control problems. This led Pontryagin and co-workers to develop the famous
maximum principle, which was first announced at the International Congress of Mathemati-

1
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cians held in 1958 at Edinburgh. Thus, while the maximum principle may be surmised as
an outgrowth of the Hamiltonian approach to variational problems, the method of dynamic
programming of Bellman, may be viewed as an off-shoot of the Hamilton-Jacobi approach
to variational problems.

In recent years, as early as 1990, there has been a renewed interest in the application of
the HJBE to the control of nonlinear systems. This has been motivated by the successful
development of the H∞-control theory for linear systems and the pioneering work of Zames
[290]. Under this framework, the HJBE became modified and took on a different form
essentially to account for disturbances in the system. This Hamilton-Jacobi equation was
derived by Isaacs [57, 136] from a differential game perspective. Hence the name Hamilton-
Jacobi-Isaacs equation (HJIE) was coined, and has since been widely recognized as the
nonlinear counterpart of the Riccati equations characterizing the solution of the H∞-control
problem for linear systems.

Invariably however, as in mechanics, the biggest bottle-neck to the practical application
of the nonlinear equivalent of the H∞-control theory [53, 138]-[145], [191, 263, 264] has
been the difficulty in solving the Hamilton-Jacobi-Isaacs partial-differential equations (or
inequalities); there is no systematic numerical approach for solving them. Various attempts
have however been made in this direction with varying success. Moreover, recent progress in
developing computational schemes for solving the HJE [6]-[10, 63] are bringing more light
and hope to the application of HJT in both mechanics and control. It is thus in the light of
this development that the author is motivated to write this book.

1.1 Historical Perspective on Nonlinear H∞-Control

The breakthrough in the derivation of the elegant state-space formulas for the solution of the
standard linear H∞-control problem in terms of two Riccati equations [92] spurned activity
to derive the nonlinear counterpart of this solution. This work, unlike earlier works in the
H∞-theory [290, 101] that emphasized factorization of transfer functions and Nevanlinna-
Pick interpolation in the frequency domain, operated exclusively in the time domain and
drew strong parallels with established LQG control theory. Consequently, the nonlinear
equivalent of the H∞-control problem [92] has been developed by the important contribu-
tions of Basar [57], Van der Schaft [264], Ball and Helton [53], Isidori [138] and Lin and
Byrnes [182]-[180]. Basar’s dynamic differential game approach to the linear H∞-control
led the way to the derivation of the solution of the nonlinear problem in terms of the HJI
equation which was derived by Isaacs and reported in Basar’s books [57, 59]. However,
the first systematic solution to the state-feedback H∞-control problem for affine-nonlinear
systems came from Van der Schaft [263, 264] using the theory of dissipative systems which
had been laid down by Willems [274] and Hill and Moylan [131, 134] and Byrnes et al.
[77, 74]. He showed that, for time-invariant affine nonlinear systems which are smooth, the
state-feedback H∞-control problem is solvable by smooth feedback if there exists a smooth
positive-semidefinite solution to a dissipation inequality or equivalently an infinite-horizon
(or stationary) HJB-inequality. Coincidently, this HJB-inequality turned out to be the HJI-
inequality reported by Basar [57, 59]. Later, Lu and Doyle [191] also presented a solution
for the state-feedback problem using nonlinear matrix inequalities for a certain class of
nonlinear systems. They also gave a parameterization of all stabilizing controllers.

The solution of the output-feedback problem with dynamic measurement-feedback for
affine nonlinear systems was presented by Ball et al. [53], Isidori and Astolfi [138, 139, 141],
Lu and Doyle [191, 190] and Pavel and Fairman [223]. While the solution for a general class
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of nonlinear systems was presented by Isidori and Kang [145]. At the same time, the solution
of the discrete-time state and dynamic output-feedback problems were presented by Lin and
Byrnes [77, 74, 182, 183, 184] and Guillard et al. [125, 126]. Another approach to the discrete-
time problem using risk-sensitive control and the concept of information-state for output-
feedback dynamic games was also presented by James and Baras [151, 150, 149] for a general
class of discrete-time nonlinear systems. The solution is expressed in terms of dissipation
inequalities; however, the resulting controller is infinite-dimensional. In addition, a control
Lyapunov-function approach to the global output-regulation problem via measurement-
feedback for a class of nonlinear systems in which the nonlinear terms depend on the output
of the system, was also considered by Battilotti [62].

Furthermore, the solution of the problem for the continuous time-varying affine nonlinear
systems was presented by Lu [189], while the mixed H2/H∞ problem for both continuous-
time and discrete-time nonlinear systems using state-feedback control was solved by Lin
[180]. Moreover, the robust control problem with structured uncertainties in system matrices
has been extensively considered by many authors [6, 7, 61, 147, 148, 208, 209, 245, 261,
265, 284] both for the state-feedback and output-feedback problems. An inverse-optimal
approach to the robust control problem has also been considered by Freeman and Kokotovic
[102].

Finally, the filtering problem for affine nonlinear systems has been considered by Berman
and Shaked [66, 244], while the continuous-time robust filtering problem was discussed by
Nguang and Fu [210, 211] and by Xie et al. [279] for a class of discrete-time affine nonlinear
systems.

A more general case of the problem though is the singular nonlinear H∞-control prob-
lem which has been considered by Maas and Van der Schaft [194] and Astolfi [42, 43]
for continuous-time affine nonlinear systems using both state and output-feedback. Also,
a closely related problem is that of H∞-control of singularly-perturbed nonlinear systems
which has been considered by Fridman [104]-[106] and by Pan and Basar [218] for the robust
problem. Furthermore, an adaptive approach to the problem for a class of nonlinear systems
in parametric strict-feedback form has been considered again by Pan and Basar [219], while
a fault-tolerant approach has also been considered by Yang et al. [285].

A more recent contribution to the literature has considered a factorization approach to
the problem, which had been earlier initiated by Ball and Helton [52, 49] but discounted
because of the inherent difficulties with the approach. This was also the case for the earlier
approaches to the linear problem which emphasized factorization and interpolation in lieu
of state-space tools [290, 101]. These approaches are the J-j-inner-outer factorization and
spectral-factorization proposed by Ball and Van der Schaft [54], and a chain-scattering
matrix approach considered by Baramov and Kimura [55], and Pavel and Fairman [224].
While the former approach tries to generalize the approach in [118, 117] to the nonlinear
case (the solution is only given for stable invertible continuous-time systems), the latter
approach applies the method of conjugation and chain-scattering matrix developed for linear
systems in [163] to derive the solution of the nonlinear problem. However, an important
outcome of the above endeavors using the factorization approach, has been the derivation
of state-space formulas for coprime-factorization and inner-outer factorization of nonlinear
systems [240, 54] which were hitherto unavailable [52, 128, 188]. This has paved the way for
employing these state-space factors in balancing, stabilization and design of reduced-order
controllers for nonlinear systems [215, 225, 240, 33].

In the next section, we present the general setup and an overview of the nonlinear
H∞-control problem in its various ramifications.
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FIGURE 1.1
Feedback Configuration for Nonlinear H∞-Control

1.2 General Set-Up for Nonlinear H∞-Control Problems

In this section, we present a general framework and an overview of nonlinear H∞-control
problems using either state-feeback or output measurement-feedback. This setup is shown
in Figure 1.1 which represents the general framework for H∞-control problems. It shows the
feedback interconnection of the plant P and the controllerK with inputs w, u and outputs z,
y. The plant can be described by a causal time-invariant finite-dimensional nonlinear state-
space system P, with superscript “c” for continuous-time (CT) or “d” for discrete-time
(DT), defined on a state-space X ⊆ �n containing the origin x = {0}:

CT : Pc :

⎧⎨⎩
ẋ = f(x, u, w), x(t0) = x0
y = hy(x,w)
z = hz(x, u)

(1.1)

DT : Pd :

⎧⎨⎩
xk+1 = f(xk, uk, wk), x(k0) = x0

yk = hy(xk, wk)
zk = hz(xk, uk), k ∈ Z

(1.2)

where x ∈ X is the state vector, u : � → U , w : � → W are the control input and
the disturbance/reference signal (which is to be rejected/tracked) respectively, which be-
long to the sets of admissible controls and disturbances U ⊂ �p, W ⊂ �r respectively,
f : X × U ×W → X is a smooth C∞ vector-field (or vector-valued function), while
hy : X ×W → Y ⊂ �m, hz : X × U → �s are smooth functions. The output y ∈ Y is
the measurement output of the system, while z ∈ �s is the controlled output or penalty
variable which may represent tracking error or a fixed reference position. We assume that
the origin x = 0 is an equilibrium-point of the system, and for simplicity f(0, 0, 0) = 0,
hz(0, 0) = 0.

We begin with the following definitions.

Definition 1.2.1 A solution or trajectory of the system Pc at any time t ∈ � from an
initial state x(t0) = x0 due to an input u[t0,t] will be denoted by x(t, t0, x0, u[t0,t]) or

φ(t, t0, x0, u[t0,t]). Similarly, by x(k, k0, x
0, u[k0,k]) or φ(k, k0, x

0, u[k0,k]) for Pd.

Definition 1.2.2 The nonlinear system Pc is said to have locally L2-gain from w to z in
N ⊂ X , 0 ∈ N , less than or equal to γ, if for any initial state x0 and fixed feedback u[t0,T ],
the response z of the system corresponding to any w ∈ L2[t0, T ) satisfies:∫ T

t0

‖z(t)‖2dt ≤ γ2
∫ T

t0

‖w(t)‖2dt+ κ(x0), ∀T > t0
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for some bounded function κ such that κ(0) = 0. The system has L2-gain ≤ γ if N = X .
Equivalently, the nonlinear system Pd has locally �2-gain less than or equal to γ in N

if for any initial state x0 in N and fixed feedback u[k0,K], the response of the system due to
any w[k0,K] ∈ �2[k0,K) satisfies

K∑
k=k0

‖zk‖2 ≤ γ2
K∑

k=k0

‖wk‖2 + κ(x0), ∀K > k0,K ∈ Z.

The system has �2-gain ≤ γ if N = X .

Remark 1.2.1 Note that in the above definitions ‖.‖ means the Euclidean-norm on �n.

Definition 1.2.3 The nonlinear system Pc or [f, hz] is said to be locally zero-state de-
tectable in O ⊂ X , 0 ∈ O, if w(t) ≡ 0, u(t) ≡ 0, z(t) ≡ 0 for all t ≥ t0, it implies
limt→∞ x(t, t0, x0, u) = 0 for all x0 ∈ O. The system is zero-state detectable if O = X .

Equivalently, Pd or [f, hy] is said to be locally zero-state detectable in O if wk ≡ 0,
uk ≡ 0, zk ≡ 0 for all k ≥ k0, it implies limk→∞ x(k, k0, x

0, uk) = 0 for all x0 ∈ O. The
system is zero-state detectable if O = X .

Definition 1.2.4 The state-space X of the system Pc is reachable from the origin x = 0
if for any state x(t1) ∈ X at t1, there exists a time t0 ≤ t1 and an admissible control
u[t0,t1] ∈ U such that, x(t1) = φ(t1, t0, {0}, u[t0,t1]).

Equivalently, the state-space of Pd is reachable from the origin x = 0 if for any state
xk1 ∈ X at k1, there exists an index k0 ≤ k1 and an admissible control u[k0,k1] ∈ U such
that, xk1 = φ(k1, k0, {0}, u[k0,k1]), k0, k1 ∈ Z.

Now, the state-feedback nonlinear H∞-suboptimal control or local disturbance-
attenuation problem with internal stability, is to find for a given number γ� > 0, a control
action u = α(x) where α ∈ Cr(�n), r ≥ 2 which renders locally the L2-gain of the system
P from w to z starting from x(t0) = 0, less or equal to γ� with internal stability, i.e., all
state trajectories are bounded and/or the system is locally asymptotically-stable about the
equilibrium point x = 0. Notice that, even though H∞ is a frequency-domain space, in the
time-domain, the H∞-norm of the system P (assumed to be stable) can be interpreted as
the L2-gain of the system from w to z which is the induced-norm from L2 to L2:

‖Pc‖H∞ = sup
0�=w∈L2(0,∞)

‖z(t)‖2
‖w(t)‖2 , x(t0) = 0, (1.3)

equivalently the induced-norm from �2 to �2:

‖Pd‖H∞ = sup
0�=w∈�2(0,∞)

‖z‖2
‖w‖2 , x(k0) = 0, (1.4)

where for any v : [t0, T ] ⊂ � → �m or {v} : [k0,K] ⊂ Z → �m,

‖v‖22,[t0,T ]
Δ
=

∫ T

t0

m∑
i=1

|vi(t)|2dt, and ‖{vk}‖22,[k0,K]
Δ
=

K∑
k=k0

m∑
i=1

|vik|2.

The H∞-norm can be interpreted as the maximum gain of the system for all L2-bounded
(the space of bounded-energy signals) disturbances.
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Thus, the problem can be formulated as a finite-time horizon (or infinite-horizon) min-
imax optimization problem with the following cost function (or more precisely functional)
[57]:

Jc(μ,w) = min
μ∈U

sup
T

sup
w∈L2

1

2

∫ T

t0

[‖z(t)‖2 − γ2‖w(t)‖2]dτ, T > t0 (1.5)

equivalently

Jd(μ,w) = min
μ∈U

sup
k

sup
w∈�2

1

2

K∑
k=k0

[‖zk‖2 − γ2‖wk‖2], K > k0 ∈ Z (1.6)

subject to the dynamics P with internal (or closed-loop) stability of the system. It is seen
that, by rendering the above cost function nonpositive, the L2-gain requirement can be
satisfied. Moreover, if in addition, some structural conditions (such as observability or zero-
state detectability) are satisfied by the disturbance-free system, then the closed-loop system
will be internally stable [131, 268, 274].

The above cost function or performance measure also has a differential game interpre-
tation. It constitutes a two-person zero-sum game in which the minimizing player controls
the input u while the maximizing player controls the disturbance w. Such a game has a
saddle-point equilibrium solution if the value-function

V c(x, t) = inf
μ∈U

sup
w∈L2

∫ T

t

[‖z(τ)‖2 − γ2‖w(τ)‖2]dt

or equivalently

V d(x, k) = inf
μ∈U

sup
w∈�2

K∑
j=k

[‖zj‖2 − γ2‖wj‖2]

is C1 and satisfies the following dynamic-programming equation (known as Isaacs’s equation
or HJIE):

−V ct (x, t) = inf
u

sup
w

{
V cx (t, x)f(x, u, w) + [‖z(t)‖2 − γ2‖w(t)‖2]} ;

V c(T, x) = 0, x ∈ X , (1.7)

or equivalently

V d(x, k) = inf
uk

sup
wk

{
V d(f(x, uk, wk), k + 1) + [‖zk‖2 − γ2‖wk‖2]

}
;

V d(K + 1, x) = 0, x ∈ X , (1.8)

where Vt, Vx are the row vectors of first partial-derivatives with respect to t and x respec-
tively. A pair of strategies (μ�, ν�) provides under feedback-information pattern, a saddle-
point equilibrium solution to the above game if

Jc(μ�, ν) ≤ Jc(μ�, ν�) ≤ Jc(μ, ν�), (1.9)

or equivalently
Jd(μ�, ν) ≤ Jd(μ�, ν�) ≤ Jd(μ, ν�). (1.10)

For the plant P, the above optimization problem (1.5) or (1.6) subject to the dynamics of
P reduces to that of solving the HJIE (1.7) or (1.8). However, the optimal control u� may
be difficult to write explicitly at this point because of the nature of the function f(., ., .).
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Therefore, in order to write explicitly the nature of the optimal control and worst-case
disturbance in the above minimax optimization problem, we shall for the most part in this
book, assume that the plant P is affine in nature and is represented by an affine state-space
system of the form:

Pca :

⎧⎨⎩
ẋ = f(x) + g1(x)w + g2(x)u; x(0) = x0
z = h1(x) + k12(x)u
y = h2(x) + k21(x)w

(1.11)

or

Pda :

⎧⎨⎩
xk+1 = f(xk) + g1(xk)wk + g2(xk)uk; x0 = x0

zk = h1(xk) + k12(xk)uk
yk = h2(xk) + k21(xk)wk, k ∈ Z+

(1.12)

where f : X → X , g1 : X →Mn×r(X ), g2 : X →Mn×p(X ), where Mi×j(X ) is the ring of
i × j matrices over X , while h1 : X → �s), h2 : X → �m, and k12, k21 ∈ Cr, r ≥ 2 have
appropriate dimensions.

Furthermore, since we are more interested in the infinite-time horizon problem, i.e., for
a control strategy such that limT→∞ Jc(u,w) (resp. limK→∞ Jd(uk, wk)) remains bounded
and the L2-gain (resp. �2-gain) of the system remains finite, we seek a time-independent
positive-semidefinite function V : X → � which vanishes at x = 0 and satisfies the following
time-invariant (or stationary) HJIE:

min
u

sup
w

{
Vx(x)[f(x) + g1(x)w(t) + g2(x)u(t)] +

1

2
(‖z(t)‖2 − γ2‖w(t)‖2)

}
= 0;

V (0) = 0, x ∈ X (1.13)

or equivalently the discrete HJIE (DHJIE):

V (x) = min
u

sup
w

{
V (f(x) + g1(x)w + g2(x)u) +

1

2
(‖z‖2 − γ2‖w‖2)

}
= 0;

V (0) = 0, x ∈ X . (1.14)

The problem of explicitly solving for the optimal control u� and the worst-case disturbance
w� in the HJIE (1.13) (or the DHJI (1.14)) will be the subject of discussion in Chapters 5
and 7 respectively.

However, in the absence of the availability of the state information for feedback, one
might be interested in synthesizing a dynamic controller K which processes the output
measurement y(t), t ∈ [t0, T ] ⊂ [0,∞) (equivalently yk, k ∈ [k0,K] ⊂ [0,∞)) and generates
a control action u = α([t0, t]) (resp. u = α([k0, k])) that renders locally the L2-gain (equiva-
lently �2-gain) of the system about x = 0 less than or equal to γ > 0 with internal stability.
Such a controller can be represented in the form:

Kc : ξ̇ = η(ξ, y), ξ(0) = ξ0

u = θ(ξ, y)

Kd : ξk+1 = η(ξk, yk), ξ0 = ξ0

uk = θ(ξk, yk), k ∈ Z+,

where ξ : [0,∞) → O ⊆ X , η : O × Y → X , θ : O × Y → �p. This problem is then known
as the suboptimal local H∞-control problem (or local disturbance-attenuation problem) with
measurement-feedback for the system P. The purpose of the control action is to achieve local
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closed-loop stability and to attenuate the effect of the disturbance or reference input w on
the controlled output z.

Often this kind of controller will be like a carbon-copy of the plant which is also called
observer-based controller, and the feedback interconnnection of the controller K and plant
P results in the following closed-loop system:

Pca ◦Kc :

⎧⎪⎪⎨⎪⎪⎩
ẋ = f(x) + g1(x)w(t) + g2(x)θ(ξ, y); x(0) = x̂0
ξ̇ = η(ξ, y), ξ(0) = ξ0
z = h1(x) + k12(x)θ(ξ, y)
y = h2(x) + k21(x)w(t)

, (1.15)

or equivalently

Pda ◦Kd :

⎧⎪⎪⎨⎪⎪⎩
xk+1 = f(xk) + g1(xk)wk + g2(xk)θ(ξk, yk); x0 = x0

ξk+1 = η(ξk, yk), ξ0 = ξ0

zk = h1(xk) + k12(xk)θ(ξk, yk)
yk = h2(xk) + k21(xk)wk, k ∈ Z+.

(1.16)

Then the problem of optimizing the performance (1.5) or (1.6) subject to the dynamics
Pca ◦Kc (respectively Pda ◦Kd) becomes, by the dynamic programming principle, that of
solving the following HJIE:

min
u

sup
w

{
W(x,ξ)(x, ξ)f

c(x, ξ) +
1

2
‖z‖2 − 1

2
γ2‖w‖2

}
= 0, W (0, 0) = 0, (1.17)

or the DHJIE

W (x, ξ) = min
u

sup
w

{
W (fd(x, ξ)) +

1

2
‖z‖2 − 1

2
γ2‖w‖2

}
, W (0, 0) = 0, (1.18)

where

f c(x, ξ) =

(
f(x) + g1(x)w + g2(x)θ(ξ, y)

η(ξ, y)

)
,

fd(xk, ξk) =

(
f(xk) + g1(xk)wk + g2(xk)θ(ξk, yk)

η(ξk, yk)

)
,

in addition to the HJIE (1.13) or (1.14) respectively. The problem of designing such a
dynamic-controller and solving the above optimization problem associated with it, will be
the subject of discussion in Chapters 6 and 7 respectively.

An alternative approach to the problem is using the theory of dissipative systems [131,
274, 263, 264] which we hereby introduce.

Definition 1.2.5 The nonlinear system Pc is said to be locally dissipative in M ⊂ X
with respect to the supply-rate s(w(t), z(t)) = 1

2 (γ
2‖w(t)‖2 − ‖z(t)‖2), if there exists a C0

positive-semidefinite function (or storage-function) V : M → �, V (0) = 0, such that the
inequality

V (x(t1))− V (x(t0)) ≤
∫ t1

t0

s(w(t), z(t))dt (1.19)

is satisfied for all t1 > t0, for all x(t0), x(t1) ∈M . The system is dissipative if M = X .
Equivalently, Pd is locally dissipative in M if there exists a C0 positive semidefinite

function V :M → �, V (0) = 0 such that

V (xk1 )− V (xk0 ) ≤
k1∑

k=k0

s(wk, zk) (1.20)
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is satisfied for all k1 > k0, for all xk1 , xk0 ∈M . The system is dissipative if M = X .

Consider now the nonlinear system P and assume the states of the system are available
for feedback. Consider also the problem of rendering locally the L2-gain of the system less
than or equal to γ > 0 using state-feedback with internal (or asymptotic) stability for
the closed-loop system. It is immediately seen from Definition 1.2.2 that, if the system
is locally dissipative with respect to the above supply rate, then it also has locally L2-
gain less than or equal to γ. Thus, the problem of local disturbance-attenuation or local
H∞ suboptimal control for the system P, becomes that of rendering the system locally
dissipative with respect to the supply rate s(w, z) = 1

2 (γ
2‖w‖2 − ‖z‖2) by an appropriate

choice of control action u = α(x) (respectively uk = α(xk)) with the additional requirement
of internal stability. Moreover, this additional requirement can be satisfied, on the basis of
Lyapunov-LaSalle stability theorems, if the system can be rendered locally dissipative with
a positive-definite storage-function or with a positive-semidefinite storage-function and if
additionally it is locally observable.

Furthermore, if we assume the storage-function V in Definition 1.2.5 is C1(M), then
we can go from the integral version of the dissipation inequalities (1.19), (1.20) to their
differential or infinitesimal versions respectively, by differentiation along the trajectories of
the system P and with t0 fixed (equivalently k0 fixed), and t1 (equivalently k1) arbitrary,
to obtain:

Vx(x)[f(x) + g1(x)w + g2(x)u] +
1

2
(‖z‖2 − γ2‖w‖2) ≤ 0,

respectively

V (f(x) + g1(x)w + g2(x)u) +
1

2
(‖z‖2 − γ2‖w‖2) ≤ V (x).

Next, consider the problem of rendering the system dissipative with the minimum control
action and in the presence of the worst-case disturbance. This is essentially the H∞-control
problem and results in the following dissipation inequality:

inf
u∈U

sup
w∈W

{
Vx(x)[f(x) + g1(x)w + g2(x)u] +

1

2
(‖z‖2 − γ2‖w‖2)

}
≤ 0 (1.21)

or equivalently

inf
u∈U

sup
w∈W

{
V (f(x) + g1(x)w + g2(x)u) +

1

2
(‖z‖2 − γ2‖w‖2)

}
≤ V (x). (1.22)

The above inequality (1.21) (respectively (1.22)) is exactly the inequality version of the
equation (1.13) (respectively (1.14)) and is known as the HJI-inequality. Thus, the existence
of a solution to the dissipation inequality (1.21) (respectively (1.22)) implies the existence
of a solution to the HJIE (1.13) (respectively (1.14)).

Conversely, if the state-space of the system P is reachable from x = 0, has an
asymptotically-stable equilibrium-point at x = 0 and an L2-gain ≤ γ, then the functions

V ca (x) = sup
T

sup
w∈L2[0,T ),x(0)=x

−1

2

∫ T

0

(γ2‖w(t)‖2 − ‖z(t)‖2)dt,

V cr (x) = inf
T

inf
w ∈ L2(−T, 0],

x = x0, x(−T ) = 0

1

2

∫ 0

−T
(γ2‖w(τ)‖2 − ‖z(τ)‖2)dt,
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or equivalently

V da (x) = sup
T

sup
w∈�2[0,K],x0=x0

−1

2

K∑
k=0

(γ2‖wk‖2 − ‖zk‖2),

V dr (x) = inf
T

inf
w ∈ �2[−K, 0],
x = x0, x−K = 0

1

2

0∑
k=−K

(γ2‖wk‖2 − ‖zk‖2),

respectively, are well defined for all x ∈ M and satisfy the dissipation inequality (1.21)
(respectively (1.22)) (see Chapter 3 and [264]). Moreover, Va(0) = Vr(0) = 0, 0 ≤ Va ≤ Vr .
Therefore, there exists at least one solution to the dissipation inequality. The functions Va
and Vr are also known as the available-storage and the required-supply respectively.

It is therefore clear from the foregoing that a solution to the disturbance-attenuation
problem can be derived from this perspective. Moreover, the H∞-suboptimal control prob-
lem for the system P has been reduced to the problem of solving the HJIE (1.13) (respec-
tively (1.14)) or the HJI-inequality (1.21) (respectively (1.22)), and hence we have shown
that the differential game approach and the dissipative system’s approach are equivalent.
Similarly, the measurement-feedback problem can also be tackled using the theory of dissi-
pative systems.

The above approaches to the nonlinear H∞-control problem for time-invariant affine
state-space systems can be extended to more general time-invariant nonlinear state-space
systems in the form (1.1) or (1.2) as well as time-varying nonlinear systems. In this case,
the finite-time horizon problem becomes relevant; in fact, it is the most relevant. Indeed,
we can consider an affine time-varying plant of the form

Pcat :

⎧⎨⎩ ẋ(t) = f(x, t) + g1(x, t)w(t) + g2(x, t)u(t); x(0) = x̂0
z(t) = h1(x, t) + k12(x, t)u(t)
y(t) = h2(x, t) + k21(x, t)w(t)

(1.23)

or equivalently

Pdak :

⎧⎨⎩
xk+1 = f(xk, k) + g1(xk, k)wk + g2(xk, k)uk, x0 = x0

zk = h1(xk, k) + k12(xk, k)uk
yk = h2(xk, k) + k21(xk, k)wk, k ∈ Z

(1.24)

with the additional argument “t” (respectively “k”) here denoting time-variation; and where
all the variables have their usual meanings, while the functions f : X ×� → X , g1 : X ×� →
Mn×r(X×�), g2 : X×� →Mn×p(X×�), h1 : X×� → �s, h2 : X×� → �m, and k12, k21
of appropriate dimensions, are real C∞,0(X ,�) functions, i.e., are smooth with respect to
x and continuous with respect to t (respectively smooth with respect to xk). Furthermore,
we may assume without loss of generality that the system has a unique equilibrium-point
at x = 0, i.e., f(0, t) = 0 and hi(0, t) = 0, i = 1, 2 with u = 0, w = 0 (or equivalently
f(0, k) = 0 and hi(0, k) = 0, i = 1, 2 with uk = 0, wk = 0).

Then, the finite-time horizon state-feedback H∞ suboptimal control problem for the
above system Pa can be pursued along similar lines as the time-invariant case with the
exception here that, the solution to the problem will be characterized by an evolution
equation of the form (1.7) or (1.8) respectively. Briefly, the problem can be formulated
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analogously as a two-player zero-sum game with the following cost functional:

Jt(μ,w[0,∞)) = min
μ

sup
w[0,∞)

∫ T

t=t0

1

2
(‖z(t)‖2 − γ2‖w(t)‖2)dt (1.25)

Jk(μ,w[0,∞)) = min
μ

sup
w[0,∞)

K∑
k=k0

1

2
(‖zk‖2 − γ2‖wk‖2) (1.26)

subject to the dynamics Pcat (respectively Pdak ) over some finite-time interval [0, T ] (respec-
tively [0,K]) using state-feedback controls of the form:

u = β(x, t) β(0, t) = 0

or
u = β(xk, k), β(0, k) = 0

respectively.
A pair of strategies (u�(x, t), w�(x, t)) under feedback information pattern provides a

saddle-point solution to the above problem such that

Jt(u
�(x, t), w(x, t)) ≤ Jt(u

�(x, t), w�(x, t)) ≤ Jt(u(x, t), w
�(x, t)) (1.27)

or

Jk(u
�(xk, k), w(xk, k)) ≤ Jk(u

�(xk, k), w
�(xk, k)) ≤ Jk(u(xk, k), w

�(xk, k)) (1.28)

respectively, if there exists a positive definite C1 1 function V : X×[0, T ]→ �+ (respectively
V : X × [0,K]→ �+) satisfying the following HJIE:

−Vt(x, t) = inf
u

sup
w

{
Vx(x, t)[f(x, t) + g1(x, t)w + g2(x, t)u] +

1

2
[‖z(t)‖2 −

γ2‖w(t)‖2]
}
; V (x, T ) = 0

= Vx(x, t)[f(x, t) + g1(x, t)w
�(x, t) + g2(x, t)u

�(x, t)] +

1

2
[‖z�(x, t)‖2 − γ2‖w�(x, t)‖2]; V (x, T ) = 0, x ∈ X (1.29)

or equivalently the recursive equations (DHJIE)

V (x, k) = inf
uk

sup
wk

{
V (f(x, k) + g1(x, k)wk + g2(x, k)uk, k + 1) +

1

2
[‖zk‖2 −

γ2‖wk‖2]
}
; k = 1, . . . ,K, V (x,K + 1) = 0, x ∈ X

= V (f(x, k) + g1(x, k)w
�(x, k),+g2(x, k)u(x, k), k + 1) +

1

2
[‖z�(x, k)‖2 − γ2‖w�(x, k)‖2]; V (x,K + 1) = 0, x ∈ X (1.30)

respectively, where z�(x, t) (equivalently z�(x, k)) is the optimal output. Furthermore, a
dissipative-system approach to the problem can also be pursued along similar lines as in
the time-invariant case, and the output measurement-feedback problem could be tackled
similarly.

Notice however here that the HJIEs (1.29) and DHJIE (1.30) are more involved, in the

1C1 with respect to both arguments.



12 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

K

z w
w

uy

0

1P

FIGURE 1.2
Feedback Configuration for Nonlinear Mixed H2/H∞-Control

sense that they are time-varying or evolution PDEs. In the case of (1.29), the solution is
a single function of two variables x and t that is also required to satisfy the boundary
condition V (x, T ) = 0 ∀x ∈ X ; while in the case of the DHJIE (1.30), the solution is a set
of K + 1 functions with the last function required to also satisfy the boundary conditions
V (x,K + 1) = 0 ∀x ∈ X . These equations are notoriously difficult to solve and will be the
subject of discussion in the last chapter.

1.2.1 Mixed H2/H∞-Control Problem

We now consider a different set-up for the H∞-control problem; namely, the problem of mix-
ing two cost functions to achieve disturbance-attenuation and at the same time minimizing
the output energy of the system. It is well known that we can only solve the suboptimal
H∞-control problem easily, and therefore H∞-controllers are hardly unique. However, H2-
controllers [92, 292] can be designed optimally. It therefore follows that, by mixing the two
criterion functions, one can achieve the benefits of both types of controllers, while at the
same time, try to recover some form of uniqueness for the controller. This philosophy led
to the formulation of the mixed H2/H∞-control problem.

A typical set-up for this problem is shown in Figure 1.2 with w =

(
w0

w1

)
, where the

signal w0 is a Gaussian white noise signal (or bounded-spectrum signal), while w1(t) is a
bounded-power or energy signal. Thus, the induced norm from the input w0 to z is the
L2-norm (respectively �2 -norm) of the plant P, i.e.,

‖Pc‖L2

Δ
= sup

0�=w0∈S

‖z‖P
‖w0‖S ,

‖Pd‖�2 Δ
= sup

0�=w0,k∈S′

‖z‖P′

‖w0‖S′
,

while the induced norm from w1 to z is the L∞-norm (respectively �∞-norm) of P, i.e.,

‖Pc‖L∞
Δ
= sup

0�=w1∈P

‖z‖2
‖w1‖2 ,

‖Pd‖�∞ Δ
= sup

0�=w1∈P′

‖z‖2
‖w1‖2 ,
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where

P Δ
= {w(t) : w ∈ L∞, Rww(τ), Sww(jω) exist for all τ and all ω resp.,

‖w‖2P <∞},
S Δ

= {w(t) : w ∈ L∞, Rww(τ), Sww(jω) exist for all τ and all ω resp.,

‖Sww(jω)‖∞ <∞},
P ′ Δ

= {w : w ∈ �∞, Rww(k), Sww(jω) exist for all k and all ω resp.,

‖w‖2P′ <∞},
S ′ Δ

= {w : w ∈ �∞, Rww(k), Sww(jω) exist for all k and all ω resp.,

‖Sww(jω)‖∞ <∞},

‖z‖2P Δ
= lim

T→∞
1

2T

∫ T

−T
‖z(t)‖2dt, ‖z‖2P′

Δ
= lim
K→∞

1

2K

K∑
k=−K

‖zk‖2,

‖w0‖2S = ‖Sw0w0(jω)‖∞, ‖w0‖2S′ = ‖Sw0w0(jω)‖∞,
and Rww(τ), Sww(jω) (equivalently Rww(k), Sww(jω)) are the autocorrelation and power
spectral-density matrices [152] of w(t) (equivalently wk) respectively. Notice also that ‖(.)‖P
and ‖(.)‖S are seminorms. In addition, if the plant is stable, we replace the induced L-norms
(resp. �-norms) above by their equivalent H-subspace norms.

Since minimizing the H∞-induced norm as defined above, over the set of admissi-
ble controllers is a difficult problem (i.e., the optimal H∞-control problem is difficult to
solve exactly [92, 101]), whereas minizing the induced H2-norm and obtaining optimal H2-
controllers is an easy problem, the objective of the mixed H2/H∞ design philosophy is then
to minimize ‖P‖L2 (equivalently ‖P‖�2) while rendering ‖Pc‖L∞ ≤ γ� (resp. ‖Pd‖�∞ ≤ γ�)
for some prescribed number γ� > 0. Such a problem can be formulated as a two-player
nonzero-sum differential game with two cost functionals:

J1(u,w) =

∫ T

t0

(γ2‖w(τ)‖2 − ‖z(τ)‖2)dτ (1.31)

J2(u,w) =

∫ T

t0

‖z(τ)‖2dτ (1.32)

or equivalently

J1k(u,w) =
K∑

k=k0

(γ2‖wk‖2 − ‖zk‖2) (1.33)

J2k(u,w) =

K∑
k=k0

‖zk‖2 (1.34)

for the finite-horizon problem. Here, the first functional is associated with theH∞-constraint
criterion, while the second functional is related to the output energy of the system or
H2-criterion. Moreover, here we wish to solve an associated mixed H2/H∞ problem in
which w is comprised of a single disturbance signal w ∈ W ⊂ L2([t0,∞),�r) (equivalently
w ∈ W ⊂ �2([k0,∞),�r)). It can easily be seen that by making J1 ≥ 0 (respectively
J1k ≥ 0) then the H∞ constraint ‖P‖L∞ ≤ γ is satisfied. Subsequently, minimizing J2
(respectively J2k) will achieve the H2/H∞ design objective. Moreover, if we assume also
that U ⊂ L2([0,∞),�k) (equivalently U ⊂ �2([0,∞),�k)) then under closed-loop perfect
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information, a Nash-equilibrium solution to the above game is said to exist if we can find a
pair of strategies (u�, w�) such that

J1(u
�, w�) ≤ J1(u

�, w) ∀w ∈ W , (1.35)

J2(u
�, w�) ≤ J2(u,w

�) ∀u ∈ U . (1.36)

Equivalently for J1k(u
�, w�), J2k(u

�, w�).
Furthermore, by minimizing the first objective with respect to w and substituting in the

second objective which is then minimized with respect to u, the pair of Nash-equilibrium
strategies can be found. A necessary and sufficient condition for optimality in such a dif-
ferentail game is provided by a pair of cross-coupled HJIEs (resp. DHJIEs). For the state-
feedback problem and the case of the plant Pc given by equation (1.1) or Pd given by
(1.2), the governing equations can be obtained by the dynamic-programming principle or
the theory of dissipative systems to be

Yt(x, t) = − inf
w∈W

{
Yx(x)f(x, u

�(x), w(x)) − γ2‖w(x)‖2 + ‖z�(x)‖2} ,
Y (x, T ) = 0, x ∈ X ,
x ∈ X

Vt(x, t) = − inf
u∈U

{
Vx(x)f(x, u(x), w

�(x)) + ‖z�(x)‖2} = 0, V (x, T ) = 0,

x ∈ X ,
or

Y (x, k) = min
wk∈W

{
Y (fk(x, u

�
k(x), wk)), k + 1) + γ2‖w(x)‖2 − ‖z�(x)‖2} ;

Y (x,K + 1) = 0, k = 1, . . . ,K, x ∈ X
V (x, k) = min

uk∈U
{
V (fk(x, uk(x), w

�
k(x)), k + 1) + ‖z�(x)‖2} ;

V (x,K + 1) = 0, k = 1, . . . ,K, x ∈ X ,
respectively, for some negative-(semi)definite function Y : X → � and positive-
(semi)definite function V : X → �. The solution to the above optimization problem will be
the subject of discussion in Chapter 11.

1.2.2 Robust H∞-Control Problem

A primary motivation for the development of H∞-synthesis methods is the design of robust
controllers to achieve robust performance in the presence of disturbances and/or model
uncertainty due to modeling errors or parameter variations. For all the models and the
design methods that we have considered so far, we have concentrated on the problem of
disturbance-attenuation using either the pure H∞-criterion or the mixed H2/H∞-criterion.
Therefore in this section, we briefly overview the second aspect of the theory.

A typical set-up for studying plant uncertainty and the design of robust controllers is
shown in Figure 1.3 below. The third block labelled Δ in the diagram represents the model
uncertainty. There are also other topologies for representing the uncertainty depending
on the nature of the plant [6, 7, 33, 147, 223, 265, 284]; Figure 1.3 is the simplest of such
representations. If the uncertainty is significant in the system, such as unmodelled dynamics
or perturbation in the model, then the uncertainty can be represented as a dynamic system
with input excited by the plant output and output as a disturbance input to the plant, i.e.,

Δc :

{
ϕ̇ = ϑ(ϕ, u, v), ϑ(0, 0, 0) = 0, ϕ(t0) = 0
e = �(ϕ, u, v), �(0, 0, 0) = 0
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FIGURE 1.3
Feedback Configuration for Robust Nonlinear H∞-Control

or

Δd :

{
ϕ̇k = ϑk(ϕk, uk, vk), ϑk(0, 0, 0) = 0, ϕ(k0) = 0
ek = �k(ϕ, uk, vk), �k(0, 0, 0) = 0.

The above basic model can be further decomposed (together with the plant) into a coprime
factor model as is done in [34, 223, 265].

On the other hand, if the uncertainty is due to parameter variations caused by, for
instance, aging or environmental conditions, then it can be represented as a simple norm-
bounded uncertainty as in [6, 7, 261, 284]. For the case of the affine system Pca or Pda, such
a model can be represented in the most general way in which the uncertainty or perturbation
comes from the system input and output matrices as well as the drift vector-field f as

PcaΔ :

⎧⎨⎩
ẋ = [f(x) + Δf(x)] + g1(x)w + [g2(x) + Δg2(x)]u; x(0) = x0
z = h1(x) + k12(x)u
y = [h2(x) + Δh2(x)] + k21(x)w

or

PdaΔ :

⎧⎪⎪⎨⎪⎪⎩
xk+1 = [f(xk) + Δf(xk)] + g1(xk)wk + [g2(xk) + Δg2(xk)]uk;

x0 = x0

zk = h1(xk) + k12(xk)uk
yk = [h2(xk) + Δh2(xk)] + k21(xk)wk, k ∈ Z

respectively, where Δf , Δg2, Δh2 belong to some suitable admissible sets.
Whichever type of representation is chosen for the plant, the problem of robustly de-

signing an H∞ controller or mixed H2/H∞-controller for the plant PcaΔ (respectively PdaΔ )
can be pursued along similar lines as in the case of the nominal model Pca (respectively
Pda) using either state-feedback or output-feedback with some additional complexity due
to the presence of the uncertainty. This problem will be discussed for the continuous-time
state-feedback case in Chapter 5 and for the the measurement-feedback case in Chapter 6.

1.2.3 Nonlinear H∞-Filtering

Often than not, the states of a dynamic system are not accessible from its output. Therefore,
it is necessary to design a scheme for estimating them for the purpose of feedback or other
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FIGURE 1.4
Configuration for Nonlinear H∞-Filtering

use. Such a scheme involves another dynamic system called an “observer” or “filter.” It is
essentially a carbon-copy of the original system which is error-driven. It takes in the past
and present output measurements y(t) of the system for a given time span [t0, t] ⊂ � and
generates an estimate of the desired output z which can be the states or some suitable
function of them. It is therefore required to be “causal” so that it is implementable.

A typical set-up for filtering is shown in Figure 1.4. The filter is denoted by F and
is designed to minimize the worst-case gain from w to the error difference between the
actual desired output of the system z and the estimated output ẑ; typically z = x in such
applications. We can represent the plant P by an affine state-space model with the subscript
“f” added to denote a filtering model:

Pcaf :

⎧⎨⎩
ẋ = f(x) + g1(x)w; x(t0) = x0
z = h1(x)
y = h2(x) + k21(x)w

(1.37)

or equivalently

Pdaf :

⎧⎨⎩
xk+1 = f(xk) + g1(xk)wk; xk0 = x0

zk = h1(xk)
yk = h2(xk) + k21(xk)wk, k ∈ Z,

(1.38)

where all the variables and functions have their previous meanings and definitions, and
w ∈ L2[t0,∞) (or equivalently w ∈ �2[k0,∞)) is a noise signal that is assumed to corrupt
the outputs y and z (respectively yk and zk) of the system. Then the objective is to design
the filter such that

sup
w∈L2(t0,∞)

‖z − ẑ‖22
‖w‖22

≤ γ�

or equivalently

sup
w∈�2(t0,∞)

‖zk − ẑk‖22
‖wk‖22

≤ γ�

for some prescribed number γ� > 0 is achieved. If the filter F is configured so that it has
identical dynamics as the system, then it can be shown that the solution to the filtering
problem is characterized by a (D)HJIE that is dual to that of the state-feedback problem.

1.2.4 Organization of the Book

The book contains thirteen chapters and two appendices. It is loosely organized in two parts:
Part I, comprising Chapters 1-4 covers mainly introductory and background material, while
Part II comprising Chapters 5-13 covers the real subject matter of the book, dealing with
all the various types and aspects of nonlinear H∞-control problems.

Chapter 1 is an introductory chapter. It covers historical perspectives and gives high-
lights of the contents of the book. Preliminary definitions and notations are also given to
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prepare the reader for what is to come. In addition, some introduction on differentiable
manifolds, mainly definitions, and Lyapunov-stability theory is also included in the chapter
to make the book self-contained.

Chapter 2 gives background material on the basics of differential games. It discusses
discrete-time and continuous-time nonzero-sum and zero-sum games from which all of the
problems in nonlinear H∞-theory are derived and solved. Linear-quadratic (LQ) and two-
person games are included as special cases and to serve as examples. No proofs are given
for most of the results in this chapter as they are standard, and can be found in wellknown
standard references on the subject.

Chapter 3 is devoted to the theory of dissipative systems which is also at the core of the
subject of the book. The material presented, however, is well beyond the amount required
for elucidating the content matter. The reason being that this theory is not very well known
by the control community, yet it pervades almost all the problems of modern control theory,
from the LQ-theory and the positive-real lemma, to the H∞-theory and the bounded-real
lemma. As such, we have given a complete literature review on this subject and endeavored
to include all relevant applications of this theory. A wealth of references is also included for
further study.

Chapter 4 is also at the core of the book, and traces the origin of Hamilton-Jacobi
theory and Hamiltonian systems to Lagrangian mechanics. The equivalence of Hamiltonian
and Lagrangian mechanics is stressed, and the motivation behind the Hamiltonian approach
is emphasized. The Hamilton-Jacobi equation is derived from variational principles and the
duality between it and Hamilton’s canonical equations is pointed. In this regard, the method
of characteristics for first-order partial-differential equations is also discussed in the chapter,
and it is shown that Hamilton’s canonical equations are nothing but the characteristic
equations for the HJE.

The concept of viscosity and non-smooth solutions of the HJE where smooth solutions
and/or Hamiltonians do not exist is also introduced, and lastly the Toda lattice which is a
particularly integrable Hamiltonian system, is discussed as an example.

Chapter 5 starts the discussion of nonlinear H∞-theory with the state-feedback prob-
lem for continuous-time affine nonlinear time-invariant systems. The solution to this prob-
lem is derived from the differential game as well as dissipative systems perspective. The
parametrization of a class of full-information controllers is given, and the robust control
problem in the presence of unmodelled and parametric uncertainty is also discussed. The
approach is then extended to time-varying and delay systems, as well as a more general class
of nonlinear systems that are not necessarily affine. In addition, the H∞ almost disturbance-
decoupling problem for affine systems is also discussed.

Chapter 6 continues with the discussion in the previous chapter with the output-feedback
problem for affine nonlinear systems. First the output measurement-feedback problem is
considered and sufficient conditions for the solvability of this problem are given in terms of
two uncoupled HJIEs with an additional side-condition. Moreover, it is shown that the con-
troller that solves this problem is observer-based. A parametrization of all output-feedback
controllers is given, and the results are also extended to a more general class of nonlinear
systems. The robust measurement-feedback problem in the presence of uncertainties is also
considered. Finally, the static output-feedback problem is considered, and sufficient condi-
tions for its solvability are also presented in terms of a HJIE together with some algebraic
conditions.

In Chapter 7 the discrete-time nonlinear H∞-control problem is discussed. Solution for
the full-information, state-feedback and output measurement-feedback problems are given,
as well as parametrizations of classes of full-information state and output-feedback con-
trollers. The extension of the solution to more general affine discrete-time systems is also
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presented. In addition, an approximate and explicit approach to the solution to the problem
is also presented.

In Chapter 8 the nonlinear H∞-filtering problem is discussed. Solutions for both the
continuous-time and the discrete-time problems are given in terms of dual HJIEs and a
coupling condition. Some simulation results are also given to show the performance of the
nonlinear H∞-filter compared to the extended Kalman-filter. The robust filtering problem
is also discussed.

Chapter 9 discusses the generalization of the H∞-control problems to include singular
or ill-posed problems, as well as the H∞-control of singularly-perturbed nonlinear systems
with small singular parameters. Both the singular state and measurement-feedback prob-
lems are discussed, and the case of cascaded systems is also addressed. However, only the
continuous-time results are presented. Furhermore, the state-feedback control problem for
nonlinear singularly perturbed continuous-time systems is presented, and a class of com-
posite controllers is also discussed. In addition, Chapter 10 continues with the discussion
on singularly perturbed systems and presents a solution to the H∞ infinite-horizon filtering
problem for affine nonlinear singularly perturbed systems. Three types of filters, namely,
decomposition, aggregate and reduced-order filters are presented, and again sufficient con-
ditions for the solvability of the problem with each filter are presented.

Chapers 11 and 12 are devoted to the mixed H2/H∞ nonlinear control and filtering
problems respectively. Only the state-feedback control problem is discussed in Chapter 11
and this is complemented by the filtering problem in Chapter 12. The output measurement-
feedback problem is not discussed because of its complexity. Moreover, the treatment is
exhaustive, and both the continuous and discrete-time results are presented.

Lastly, the book culminates in Chapter 13 with a discussion of some computational
approaches for solving Hamilton-Jacobi equations which are the cornerstones of the theory.
Iterative as well as exact methods are discussed. But the topic is still evolving, and it is
hoped that the chapter will be substantially improved in the future.

1.3 Notations and Preliminaries

In this section, we introduce notations and some important definitions that will be used
frequently in the book.

1.3.1 Notation

The notation will be standard most of the times except where stated otherwise. Moreover,
N will denote the set of natural numbers, while Z will denote the set of integers. Similarly,
�, �n will denote respectively, the real line and the n-dimensional real vector space, t ∈ �
will denote the time parameter.
X , M, N, . . . will denote differentiable-manifolds of dimension n which are locally Eu-

clidean and TM =
⋃
x∈M TxM, T �M =

⋃
x∈M T �xM will denote respectively the tangent

and cotangent bundles ofM with dimensions 2n. Moreover, π and π� will denote the natural
projections TM →M and T �M →M respectively.

A Cr(M) vector-field is a mapping f :M → TM such that π ◦ f = IM (the identity on
M), and f has continuously differentiable partial-derivatives of arbitrary order r. The vector-
field is often denoted as f =

∑n
i=1 fi

∂
∂xi

or simply as (f1, . . . , fn)
T where fi, i = 1, . . . , n

are the components of f in the coordinate system x1, . . . , xn. The vector space of all C∞

vector-fields over M will be denoted by V∞(M).
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A vector-field f also defines a differential equation (or a dynamic system) ẋ(t) =
f(x), x ∈ M, x(t0) = x0. The flow (or integral-curve) of the differential equation
φ(t, t0, x0), t ∈ �, is the unique solution of the differential equation for any arbitrary
initial condition x0 over an open interval I ⊂ �. The flow of a differential-equation will
also be referred as the trajectory of the system and will be denoted by x(t, t0, x0) or x(t)
when the initial condition is immaterial. We shall also assume throughout this book that
the vector-fields are complete, and hence the domain of the flow extends over (−∞,∞).

The Lie-bracket of two vector-fields f =
∑n
i=1 fi

∂
∂xi

, g =
∑n

i=1 gi
∂
∂xi

is the vector-field
[f, g] : V∞(M)× V∞(M)→ V∞(M) defined by

adfg
Δ
= [f, g] =

n∑
j=1

(
n∑
i=1

∂gj
∂xi

fi − ∂fj
∂xi

gi

)
∂

∂xj
.

Furthermore, an equilibrium-point of the vector-field f or the differential equation defined
by it, is a point x̄ such that f(x̄) = 0 or φ(t, t0, x̄) = x̄ ∀t ∈ �.

An invariant-set for the system ẋ(t) = f(x), is any set A such that, for any x0 ∈ A,
⇒ φ(t, t0, x0) ∈ A for all t ∈ �. A set S ⊂ �n is the ω-limit set of a trajectory φ(., t0, x0) if
for every y ∈ S, ∃ a sequence tn →∞ such that φ(tn, t0, x0)→ y.

A differential k-form ωkx, k = 1, 2, . . ., at a point x ∈ M , is an exterior product from
TxM to �, i.e., ωkx : TxM × . . .× TxM (k copies) → �, which is a k-linear skew-symmetric
function of k-vectors on TxM . The space of all smooth k-forms onM is denoted by Ωk(M).

The set Mp×q(M) will denote the ring of p× q matrices over M .
The F -derivative (Fréchet-derivative) of a real-valued function V : �n → � is defined

as the function DV ∈ L(�n) (the space of linear operators from �n to �n) such that
limv→0

1
‖v‖ [V (x+ v)− V (x) − 〈DV, v〉] = 0, for any v ∈ �n.

For a smooth function V : �n → �, Vx = ∂V
∂x is the row-vector of first partial-derivatives

of V (.) with respect to (wrt) x. Moreover, the Lie-derivative (or directional-derivative) of
the function V with respect to a vector-field X is defined as

LXV (x) = Vx(x)X(x) = X(V )(x) =
n∑
i=1

∂V

∂xi
(x1, . . . , xn)Xi(x1, . . . , xn).

‖.‖ : W ⊆ �n → � will denote the Euclidean-norm on W , while L2([t0, T ],�n),
L2([t0,∞),�n) , L∞(([t0,∞),�n), L∞(([t0, T ],�n) will denote the standard Lebesgue-
spaces of vector-valued square-integrable and essentially bounded functions over [t0, T ] and
[t0,∞) respectively, and where for any v : [t0, T ]→ �n, ν : [t0,∞)→ �n

‖v([t0, T ])‖2L2

Δ
=

∫ T

t0

n∑
i=1

|vi(t)|2dt,

‖ν([t0,∞))‖2L2

Δ
= lim

T→∞

∫ T

t0

n∑
i=1

|νi(t)|2dt.

‖v([t0, T ])‖L∞
Δ
= ess sup

[t0,T ]

{|vi(t)|, i = 1, . . . , n}

‖ν([t0,∞))‖L∞
Δ
= ess sup

[t0,∞)

{|νi(t)|, i = 1, . . . , n}.

Similarly, the spaces �2([k0,K],�n), �2([k0,∞),�n), �∞([k0,K],�n), �∞([k0,∞),�n) will
denote the corresponding discrete-time spaces, which are the spaces of square-summable and
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essentially-bounded sequences with the corresponding norms defined for sequences {vk} :
[k0,K]→ �n, {νk} : [k0,∞)→ �n:

‖v([k0,K])‖2�2
Δ
=

K∑
k=k0

n∑
i=1

|vik|2,

‖ν([k0,∞))‖2�2
Δ
= lim

K→∞

K∑
k=k0

n∑
i=1

|νik|2,

‖v([k0,K])‖�∞ Δ
= ess sup

[k0,K]

{|vik|, i = 1, . . . , n},

‖ν([k0,∞))‖�∞ Δ
= ess sup

[k0,∞)

{|νik|, i = 1, . . . , n}.

Most of the times we shall denote the above norms by ‖(.)‖2, respectively ‖(.)‖∞ when
there is no chance of confusion.

In addition, the spaces L2(j�) and L∞(j�) (equivalently (�2(jω) and �∞(jω) are
the frequency-domain counterparts of L2([t0,∞) and L∞(([t0,∞),�n), (respectively
�2([k0,∞),�n), �∞([k0,∞),�n)) will be rarely used in the text. However, the subspaces
of these spaces which we denote with H, e.g. H2(j�) and H∞(j�) represent those ele-
ments of L2(j�) and L∞(j�) respectively that are analytic on the open right-half complex
plane, i.e., on Re(s) > 0. These will be used to represent symbolically asymptotically-stable
input-output maps. Indeed, these spaces, also called “Hardy-spaces” (after the name of the
mathematician who discovered them), are the origin of the name H∞-control. Moreover,
the discrete-time spaces are also equivalently represented by H2(jω) and H∞(jω).

For a matrix A ∈ �n×n, λ(A) will denote a spectral (or eigen)-value and σ(A) =

λ
1
2 (ATA) the singular-value of A. A ≥ B (A > B) for an n × n matrix B, implies that

A−B is positive-semidefinite (positive-definite respectively).
Lastly, C+, C− and Cr, r = 0, 1, . . . ,∞ will denote respectively the open right-half,

left-half complex planes and the set of r-times continuously differentiable functions.

1.3.2 Stability Concepts

In this subsection, we define some of the various notions of stability that we shall be using
in the book. The proofs of all the results can be found in [157, 234, 268] from which the
material in this subsection is based on. For this purpose, we consider a time-invariant
(or autonomous) nonlinear state-space system defined on a manifold X ⊆ �n in local
coordinates (x1, . . . , xn):

ẋ = f(x); x(t0) = x0, (1.39)

or
x(k + 1) = f(x(k)); x(k0) = x0, (1.40)

where x ∈ X ⊂ �n is the state vector and f : X → V∞X is a smooth vector-field (equiv-
alently f : X → X is a smooth map) such that the system is well defined, i.e., satisfies
the existence and uniqueness theorem for ordinary differential-equations (ODE) (equiva-
lently difference-equations (DE)) [157]. Further, we assume without any loss of generality
(wlog) that the system has a unique equilibrium-point at x = 0. Then we have the following
definitions.

Definition 1.3.1 The equilibrium-point x = 0 of (1.39) is said to be
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• stable, if for each ε > 0, there exists δ = δ(ε) > 0 such that

‖x(t0)‖ < δ ⇒ ‖x(t)‖ < ε ∀t ≥ t0;

• asymptotically-stable, if it is stable and

‖x(t0)‖ < δ ⇒ lim
t→∞x(t) = 0;

• exponentially-stable if there exist constants κ > 0, γ > 0, such that

‖x(t)‖ ≤ κe−γ(t−t0)‖x(t0)‖;

• unstable, if it is not stable.

Equivalently, the equilibrium-point x = 0 of (1.40) is said to be

• stable, if for each ε′ > 0, there exists δ′ = δ′(ε′) > 0 such that

‖x(k0)‖ < δ′ ⇒ ‖x(k)‖ < ε′ ∀k ≥ k0;

• asymptotically-stable, if it is stable and

‖x(k0)‖ < δ′ ⇒ lim
k→∞

x(k) = 0;

• exponentially-stable if there exist constants κ′ > 0, 0 < γ′ < 1, such that

‖x(k)‖ ≤ κ′γ′(k−k0)‖x(k0)‖;

• unstable, if it is not stable.

Definition 1.3.2 A continuous function α : [0, a) ⊂ �+ → � is said to be of class K if it
is strictly increasing and α(0) = 0. It is said to be of class K∞ if a =∞ and α(r)→∞ as
r →∞.

Definition 1.3.3 A function V : [0, a)×D ⊂ X → � is locally positive-definite if (i) it is
continuous, (ii) V (t, 0) = 0 ∀t ≥ 0, and (iii) there exists a constant μ > 0 and a function ψ
of class K such that

ψ(‖x‖) ≤ V (t, x), ∀t ≥ 0, ∀x ∈ Bμ
where Bμ = {x ∈ �n : ‖x‖ ≤ μ }. V (., .) is positive definite if the above inequality holds
for all x ∈ �n. The function V is negative-definite if −V is positive-definite. Further, if
V is independent of t, then V is positive-definite (semidefinite) if V > 0(≥ 0)∀x �= 0 and
V (0) = 0.

Theorem 1.3.1 (Lyapunov-stability I). Let x = 0 be an equilibrium-point for (1.39). Sup-
pose there exists a C1-function V : D ⊂ X → �, 0 ∈ D, V (0) = 0, such that

V (x) > 0 ∀x �= 0, (1.41)

V̇ (x) ≤ 0 ∀x ∈ D. (1.42)

Then, the equilibrium-point x = 0 is locally stable. Furthermore, if

V̇ (x) < 0 ∀x ∈ D \ {0},



22 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

then x = 0 is locally asymptotically-stable.
Equivalently, if V is such that

V (xk) > 0 ∀xk �= 0, (1.43)

V (xk+1)− V (xk) ≤ 0 ∀xk ∈ D. (1.44)

Then, the equilibrium-point x = 0 of (1.40) is locally stable. Furthermore, if

V (xk+1)− V (xk) < 0 ∀xk ∈ D \ {0},
then x = 0 is locally asymptotically-stable.

Remark 1.3.1 The function V in Theorem 1.3.1 above is called a Lyapunov-function.

Theorem 1.3.2 (Barbashin-Krasovskii). Let X = �n, x = 0 be an equilibrium-point for
(1.39). Suppose there exists a C1 function V : �n → �, V (0) = 0, such that

V (x) > 0 ∀x �= 0, (1.45)

‖x‖ → ∞ ⇒ V (x)→∞, (1.46)

V̇ (x) < 0 ∀x �= 0. (1.47)

Then, x = 0 is globally asymptotically-stable.
Equivalently, if V is such that

V (xk) > 0 ∀xk �= 0, (1.48)

‖xk‖ → ∞ ⇒ V (xk)→∞, (1.49)

V (xk+1)− V (xk) < 0 ∀xk �= 0. (1.50)

Then, the equilibrium-point x = 0 of (1.40) is globally asymptotically-stable.

Remark 1.3.2 The function V in Theorem 1.3.2 is called a radially unbounded Lyapunov-
function.

Theorem 1.3.3 (LaSalle’s Invariance-Principle). Let Ω ⊂ X be compact and invariant
with respect to the solutions of (1.39). Suppose there exists a C1-function V : Ω→ �, such
that V̇ (x) ≤ 0 ∀x ∈ Ω and let O = {x ∈ Ω | V̇ (x) = 0}. Suppose Γ is the largest invariant
set in O, then every solution of (1.39) starting in Ω approaches Γ as t→∞.

Equivalently, suppose Ω (as defined above) is invariant with respect to the solutions of
(1.40) and V (as defined above) is such that V (xk+1) − V (xk) ≤ 0 ∀xk ∈ Ω. Let O′ =
{xk ∈ Ω |V (xk+1) − V (xk) = 0} and suppose Γ′ is the largest invariant set in O′, then
every solution of (1.40) starting in Ω approaches Γ′ as k →∞.

The following corollaries are consequences of the above theorem, and are often quoted
as the invariance-principle.

Corollary 1.3.1 Let x = 0 be an equilibrium-point of (1.39). Suppose there exists a C1

function V : D ⊆ X → �, 0 ∈ D, such that V̇ ≤ 0 ∀x ∈ D. Let O = {x ∈ D | V̇ (x) = 0}, and
suppose that O contains no nontrivial trajectories of (1.39). Then, x = 0 is asymptotically-
stable.

Equivalently, let x = 0 be an equilibrium-point of (1.40) and suppose V (as defined above)
is such that V (xk+1)− V (xk) ≤ 0 ∀xk ∈ D. Let O′ = {xk ∈ D |V (xk+1)− V (xk) = 0}, and
suppose that O′ contains no nontrivial trajectories of (1.40). Then, x = 0 is asymptotically-
stable.
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Corollary 1.3.2 Let X = �n, x = 0 be an equilibrium-point of (1.39). Suppose there exists
a C1 radially-unbounded positive-definite function V : �n → �, such that V̇ ≤ 0 ∀x ∈ �n.
Let O = {x ∈ D | V̇ (x) = 0}, and suppose that O contains no nontrivial trajectories of
(1.39). Then x = 0 is globally asymptotically-stable.

Equivalently, let X = �n, x = 0 be an equilibrium-point of (1.40), and suppose V as
defined above is such that V (xk+1) − V (xk) ≤ 0 ∀xk ∈ X . Let O′ = {xk ∈ X |V (xk+1) −
V (xk) = 0}, and suppose that O′ contains no nontrivial trajectories of (1.40). Then x = 0
is globally asymptotically-stable.

We now consider time-varying (or nonautonomous) systems and summarize the equiva-
lent stability notions that we have discussed above for this class of systems. It is not suprising
in fact to note that the above concepts for nonautonomous systems are more involved, in-
tricate and diverse. For instance, the δ in Definition 1.3.1 will in general be dependent on
t0 too in this case, and there is in general no invariance-principle for this class of systems.
However, there is something close to it which we shall state in the proceeding.

We consider a nonautonomous system defined on the state-space manifold X̃ ⊆ � × X :

ẋ = f(x, t), x(t0) = x0 (1.51)

or
x(k + 1) = f(x(k), k), x(k0) = x0 (1.52)

where x ∈ X , X̃ = X ×�, f : X̃ → V∞(X̃ ) is C1 with respect to t (equivalently f : Z×X →
X is Cr with respect to x). Moreover, we shall assume with no loss of generality that x = 0
is the unique equilibrium-point of the system such that f(0, t) = 0 ∀t ≥ t0 (equivalently
f(0, k) = 0 ∀k ≥ k0).

Definition 1.3.4 A continuous function β : J ⊂ �+ ×�+ → �+ is said to be of class KL
if β(r, .) ∈ class K, β(r, s) is decreasing with respect to s, and β(r, s)→ 0 as s→∞.

Definition 1.3.5 The origin x = 0 of (1.51) is

• stable, if for each ε > 0 and any t0 ≥ 0 there exists a δ = δ(ε, t0) > 0 such that

‖x(t0)‖ < δ ⇒ ‖x(t)‖ < ε ∀t ≥ t0;

• uniformly-stable, if there exists a class K function α(.) and 0 < c ∈ �+, such that

‖x(t0)‖ < c⇒ ‖x(t)‖ ≤ α(‖x(t0)‖) t ≥ t0;

• uniformly asymptotically-stable, if there exists a class KL function β(., .) and c > 0 such
that

‖x(t0)‖ < c⇒ ‖x(t)‖ ≤ β(‖x(t0)‖, t− t0) ∀t ≥ t0;

• globally uniformly asymptotically-stable, if it is uniformly asymptotically stable for all
x(t0);

• exponentially stable if there exists a KL function β(r, s) = κre−γs, κ > 0, γ > 0, such
that

‖x(t0)‖ < c⇒ ‖x(t)‖ ≤ κ‖x(t0)‖e−γ(t−t0) ∀t ≥ t0;

Equivalently, the origin x = 0 of (1.52) is
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• stable, if for each ε′ > 0 and any k0 ≥ 0 there exists a δ′ = δ′(ε′, k0) > 0 such that

‖x(k0)‖ < δ′ ⇒ ‖x(k)‖ < ε′ ∀k ≥ k0;

• uniformly-stable, if there exists a class K function α′(.) and c′ > 0, such that

‖x(k0)‖ < c′ ⇒ ‖x(k)‖ ≤ α′(‖x(k0)‖) ∀k ≥ k0;

• uniformly asymptotically-stable, if there exists a class KL function β′(., .) and c′ > 0 such
that

‖x(k0)‖ < c′ ⇒ ‖x(k)‖ ≤ β′(‖x(k0)‖, k − k0) ∀k ≥ k0;

• globally-uniformly asymptotically-stable, if it is uniformly asymptotically stable for all
x(k0);

• exponentially stable if there exists a class KL function β′(r, s) = κ′rγ′s, κ′ > 0, 0 < γ′ < 1,
and c′ > 0 such that

‖x(k0)‖ < c′ ⇒ ‖x(k)‖ ≤ κ′‖x(k0)‖γ′(k−k0) ∀k ≥ k0;

Theorem 1.3.4 (Lyapunov-stability: II). Let x = 0 be an equilibrium-point of (1.51), and
let B(0, r) be the open ball with radius r (centered at x = 0) on X . Suppose there exists a
C1 function (with respect to both its argument) V : B(0, r)×�+ → � such that:

α1(‖x‖) ≤ V (x, t) ≤ α2(‖x‖)
∂V
∂t + ∂V

∂x f(x, t) ≤ −α3(‖x‖) ∀t ≥ t0, ∀x ∈ B(0, r),
where α1, α2, α3 ∈ class K defined on [0, r). Then, the equilibrium-point x = 0 is uniformly
asymptotically-stable for the system.

If however the above conditions are satisfied for all x ∈ X (i.e., as r → ∞) and
α1, α2, α3 ∈ class K∞, then x = 0 is globally-uniformly asymptotically-stable.

The above theorem can also be stated in terms of exponential-stability.

Theorem 1.3.5 Let x = 0 be an equilibrium-point of (1.51), and let B(0, r) be the open ball
with radius r on X . Suppose there exists a C1 function (with respect to both its arguments)
V : B(0, r)×�+ → � and constants c1, c2, c3, c4 > 0 such that:

c1‖x‖2 ≤ V (x, t) ≤ c2‖x‖2
∂V
∂t + ∂V

∂x f(x, t) ≤ −c3‖x‖2 ∀t ≥ t0, ∀x ∈ B(0, r),
‖∂V∂x ‖ ≤ c4‖x‖.

Then, the equilibrium-point x = 0 is locally exponentially-stable for the system.
If however the above conditions are satisfied for all x ∈ X (i.e., as r →∞), then x = 0

is globally exponentially-stable.

Remark 1.3.3 The above theorem is usually stated as a converse theorem. This converse
result can be stated as follows: if x = 0 is a locally exponentially-stable equilibrium-point for
the system (1.51), then the function V with the above properties exists.

Finally, the following theorem is the time-varying equivalent of the invariance-principle.
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Theorem 1.3.6 Let B(0, r) be the open ball with radius r on X . Suppose there exists a C1

function (with respect to both its argument) V : B(0, r)×� → � such that:

α1(‖x‖) ≤ V (x, t) ≤ α2(‖x‖)
∂V
∂t + ∂V

∂x f(x, t) ≤ −W (x) ≤ 0 ∀t ≥ t0, ∀x ∈ B(0, r),
where α1, α2 ∈ class K defined on [0, r), and W (.) ∈ C1(B(0, r)). Then all solutions of
(1.51) with ‖x(t0)‖ < α−1

2 (α1(r)) ∈ class K2 are bounded and are such that

W (x(t))→ 0 as t→∞.
Furthermore, if all of the above assumptions hold for all x ∈ X and α1(.) ∈ K∞, then

the above conclusion holds for all x(t0) ∈ X , or globally.

The discrete-time equivalents of Theorems 1.3.4-1.3.6 can be stated as follows.

Theorem 1.3.7 (Lyapunov-stability II). Let x = 0 be an equilibrium-point of (1.52), and
let B(0, r) be the open ball on X . Suppose there exists a C1 function (with respect to both
its argument) V : B(0, r)× Z+ → � such that:

α′
1(‖x‖) ≤ V (x, k) ≤ α′

2(‖x‖) ∀k ∈ Z+

V (xk+1, k + 1)− V (x, k) ≤ −α′
3(‖x‖) ∀k ≥ k0, ∀x ∈ B(0, r),

where α′
1, α

′
2, α

′
3 ∈ class K defined on [0, r), then the equilibrium point x = 0 is uniformly

asymptotically-stable for the system.
If however the above conditions are satisfied for all x ∈ X (i.e., as r →∞) and α′

1, α
′
2 ∈

class K∞, then x = 0 is globally-uniformly asymptotically-stable.

Theorem 1.3.8 Let x = 0 be an equilibrium-point of (1.52), and let B(0, r) be the open
ball on X . Suppose there exists a C1 function (with respect to both its arguments) V :
B(0, r)× Z+ → � and constants c′1, c′2, c′3, c′4 > 0 such that:

c′1‖x‖2 ≤ V (x, k) ≤ c′2‖x‖2
V (xk+1, k + 1)− V (x, k) ≤ −c′3‖x‖2 ∀k ≥ k0, ∀x ∈ B(0, r),

V (xk+1, k)− V (x, k) ≤ c′4‖x‖ ∀k ≥ k0

then the equilibrium-point x = 0 is locally exponentially-stable for the system.
If however the above conditions are satisfied for all x ∈ X (i.e., as r →∞), then x = 0

is globally exponentially-stable.

Theorem 1.3.9 Let B(0, r) be the open ball on X . Suppose there exists a C1 function (with
respect to both its argument) V : B(0, r)× Z+ → � such that:

α′
1(‖x‖) ≤ V (x, k) ≤ α′

2(‖x‖) ∀k ∈ Z+

V (xk+1, k + 1)− V (x, k) ≤ −W (x) ≤ 0 ∀k ≥ k0, ∀x ∈ B(0, r),
where α′

1, α
′
2 ∈ class K defined on [0, r), and W (.) ∈ C1(B(0, r)). Then all solutions of

(1.52) with ‖x(k0)‖ < α′−1
2 (α′

1(r)) are bounded and are such that

W (xk)→ 0 as k →∞.
Furthermore, if all the above assumptions hold for all x ∈ X and α′

1(.) ∈ K∞, then the
above conclusion holds for all x(k0) ∈ X , or globally.

2If αi ∈ class K defined on [0, r), then α−1
i is defined on [0, αi(r)) and belongs to class K.
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1.4 Notes and Bibliography

More background material on differentiable manifolds and differential-forms can be found
in Abraham and Marsden [1] and Arnold [38]. The introductory material on stability is
based on the well-edited texts by Khalil [157], Sastry [234] and Vidyasagar [268].



2

Basics of Differential Games

The theory of games was developed around 1930 by Von Neumann and Morgenstern [136]
and differential games approximately around 1950, the same time that optimal control
theory was being developed. The theory immediately found application in warfare and
economics; for instance, certain types of battles, airplane dog-fighting, a torpedo pursuing a
ship, a missile intercepting an aircraft, a gunner guarding a target against an invader [73],
are typical models of differential games. Similarly, financial planning between competing
sectors of an economy, or competing products in a manufacturing system, meeting demand
with adequate supply in a market system, also fall into the realm of differential games.

Game theory involves multi-person decision-making. It comprises of a task, an objective,
and players or decision makers. The task may range from shooting down a plane, to steering
of a ship, and to controlling the amount of money in an economy. While the objective which
measures the performance of the players may vary from how fast? to how cheaply? or how
closely? or a combination of these, the task is accomplished by the player(s).

When the game involves more than one player, the players may play cooperatively or
noncooperatively. It is noncooperative if each player involved pursues his or her own inter-
est, which are partly conflicting with that of others; and it is dynamic if the order in which
the decisions are made is important. Whereas when the game involves only one player, the
problem becomes that of optimal control which can be solved by the Pontryagin’s “max-
imum principle” or Bellman’s “dynamic programming principle” [73]. Indeed, the theories
of differential games, optimal control, the calculus of variation and dynamic programming
are all approaches to solving variational problems, and have now become merged into the
theory of “modern control.”

There are two types of differential games that we shall be concerned with in this chapter;
namely, nonzero-sum and zero-sum noncooperative dynamic games. We shall not discuss
static games in this book. Furthermore, we shall only be concerned with games in which
the players have perfect knowledge of the current and past states of the system, and their
individual decisions are based on this. This is also known as closed-loop perfect information
structure or pattern. On the other hand, when the decision is only based on the current
value of the state of the system, we shall add the adjective “memoryless.”

We begin with the fundamental dynamic programming principle which forms the basis
for the solution to almost all unconstrained differential game problems.

2.1 Dynamic Programming Principle

The dynamic programming principle was developed by Bellman [64] as the discrete-time
equivalent of Hamilton-Jacobi theory. In fact, the term dynamic programming has become
synonymous with Hamilton-Jacobi theory. It also provides a sufficient condition for opti-
mality of an optimal decision process. To derive this condition, we consider a discrete-time
dynamic system defined on a manifold X ⊆ �n which is open and contains the origin x = 0,

27
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with local coordinates (x1, . . . , xn):

xk+1 = fk(xk, uk), xk0 = x0, k ∈ {k0, . . .} ⊂ Z, (2.1)

where uk ∈ U is the control input or decision variable which belongs to the set U of
all admissible controls, fk : X × U → X is a C0(X × U) function of its arguments for
each k ∈ Z. We shall also assume that fk(., .) satisfies the following global existence and
uniqueness conditions for the solutions of (2.1)

Assumption 2.1.1 For the function fk(x, u) in (2.1), for each k ∈ Z, there exists a con-
stant C1k (depending on k) such that for any fixed u,

‖fk(x1, u)− fk(x2, u)‖ ≤ C1k‖x1 − x2‖ ∀x1, x2 ∈ X , ∀u ∈ U , k ∈ Z.

To formulate an optimal decision process (or an optimal control problem), we introduce the
following cost functional:

J(x0, k0;u[k0,K]) =

K∑
k=k0

Lk(xk+1, xk, uk) −→ min ., (2.2)

where Lk : X ×X ×U → �, k = k0, . . . ,K, are real C0 functions of their arguments, which
is to be minimized over the time span {k0, . . . ,K} as a basis for making the decision. The
minimal cost-to-go at any initial state xk and initial time k ∈ {k0, . . . ,K} (also known as
value-function) is then defined as

V (x, k) = inf
u[k,K]∈U

⎧⎨⎩
K∑
j=k

Lj(xj+1, xj , uj)

⎫⎬⎭ , (2.3)

and satisfies the boundary condition V (x,K + 1) = 0, where x = xk and u[k,K]
Δ
=

{uk, . . . , uK}.
Remark 2.1.1 For brevity, we shall use the notation [k1, k2] henceforth to mean the subset
of the integers Z ⊃ {k1, . . . , k2} and where there will be no confusion.

We then have the following theorem.

Theorem 2.1.1 Consider the nonlinear discrete-time system (2.1) and the optimal control
problem of minimizing the cost functional (2.2) subject to the dynamics of the system. Then,
there exists an optimal control u�k, k ∈ [k0,K] to the problem if there exist C0(X×[k0,K+1])
functions V : X × [k0,K] which corresponds to the value-function (2.3) for each k, and
satisfying the following recursive (dynamic programming) equation subject to the boundary
condition:

V (x, k) = inf
uk

{Lk(fk(x, uk), x, uk) + V (fk(x, uk), k + 1)} ;
V (x,K + 1) = 0. (2.4)

Furthermore,
J�(x0, k0;u

�
[k0,K]) = V (x0, k0)

is the optimal cost of the decision process.

Proof: The proof of the above theorem is based on the principle of optimality [164] and
can be found in [64, 164]. �
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Equation (2.4) is the discrete dynamic programming principle and governs the solution
of most of the discrete-time problems that we shall be dealing with in this book.

Next, we discuss the continuous-time equivalent of the dynamic programming equation
which is a first-order nonlinear partial-differential equation (PDE) known as the Hamilton-
Jacobi-Bellman equation (HJBE). In this regard, consider the continuous-time nonlinear
dynamic system defined on an open subset X ⊆ �n containing the origin x = 0, with
coordinates (x1, . . . , xn):

ẋ(t) = f(x(t), u(t), t), x(t0) = x0, (2.5)

where f : X × U × � → �n is a C1 measurable function, and U ⊂ �m is the admissible
control set which is also measurable, and x(t0) = x0 is the initial state which is assumed
known. Similarly, for the sake of completeness, we have the following assumption for the
global existence of solutions of (2.5) [234].

Assumption 2.1.2 The function f(., ., .) in (2.5) is piece-wise continuous with respect to
t and for each t ∈ [0,∞) there exist constants C1t, C2t such that

‖f(x1, u, t)− f(x2, u, t)‖ ≤ C1t‖x1 − x2‖ ∀x1, x2 ∈ X , ∀u ∈ U .

For the purpose of optimally controlling the system, we associate to it the following cost
functional:

J(x0, t0;u[t0,T ]) =

∫ T

t0

L(x, u, t)dt −→ min ., (2.6)

for some real C0 function L : X ×U ×� → �, which is to be minimized over a time-horizon
[t0, T ] ⊆ �. Similarly, define the value-function (or minimum cost-to-go) from any initial
state x and initial time t as

V (x, t) = inf
u[t,T ]

{∫ T

t

L(x(s), u(s), s)ds

}
(2.7)

and satisfying the boundary condition V (x, T ) = 0. Then we have the following theorem.

Theorem 2.1.2 Consider the nonlinear system (2.5) and the optimal control problem of
minimizing the cost functional (2.6) subject to the dynamics of the system and initial condi-
tion. Suppose there exists a C1(X × [t0, T ]) function V : X × [t0, T ]→ �, which corresponds
to the value-function (2.7), satisfying the Hamilton-Jacobi-Bellman equation (HJBE):

−Vt(x, t) = min
u[t0,T ]

{Vx(x, t)f(x, u, t) + L(x, u, t)} , V (x, T ) = 0. (2.8)

Then, there exists an optimal solution u� to the problem. Moreover, the optimal cost of the
policy is given by

J�(x
�
0, t0;u

�
[t0,T ]) = V (x0, t0).

Proof: The proof of the theorem can also be found in [47, 175, 164]. �
The above development has considered single player decision processes or optimal control

problems. In the next section, we discuss dynamic games, which involve multiple players.
Again, we shall begin with the discrete-time case.
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2.2 Discrete-Time Nonzero-Sum Dynamic Games

Nonzero-sum dynamic games were first introduced by Isaacs [136, 137] around the years
1954-1956within the frame-work of two-person zero-sum games. They were later popularized
in the works of Starr and Ho [250, 251] and Friedman [107]. Stochastic games were then
later developed [59].

We consider a discrete-time deterministic N -person dynamic game of duration K − k0
described by the state equation (which we referred to as the task):

xk+1 = fk(xk, u
1
k, . . . , u

N
k ), x(k0) = x0, k ∈ {k0, . . . ,K}, (2.9)

where xk ∈ X ⊂ �n is the state-vector of the system for k = k0, . . . ,K which belong to the
state-space X with x0 the initial state which is known a priori; uik, i = 1, . . . , N , N ∈ N
are the decision variables or control inputs of the players 1, . . . , N which belong to the
measurable control sets U i ⊂ �mi , mi ∈ N; and fk : X × U1 × . . . ,UN → � are real C1

functions of their arguments. To the game is associated the N objectives or pay-offs or cost
functionals J i : Γ1× . . .×ΓN → �, where Γi, i = 1 . . . , N are the permissible strategy spaces
of the players,

J i(u1, . . . , uN) =

K∑
k=k0

Lik(xk+1, xk, u
1
k, . . . , u

N
k ), i = 1, . . . , N, (2.10)

and where the uik ∈ Γi, i = 1, . . . , N are functions of xk, and L
i
k : X×X×U1×. . .×UN → �,

i = 1, . . . , N , k = k0, . . . ,K are real C1 functions of their arguments. The players play
noncooperatively, and the objective is to minimize each of the above pay-off functions. Such
a game is called a nonzero-sum game or Nash-game. The optimal decisions uik,�, i = 1, . . . , N ,
which minimize each pay-off function at each stage of the game, are called Nash-equilibrium
solutions.

Definition 2.2.1 An N -tuple of strategies {ui� ∈ Γi, i = 1, . . . , N}, where Γi, i = 1, . . . , N
is the strategy space of each player, is said to constitute a noncooperative Nash-equilibrium
solution for the above N-person game if

J i� := J i(u1�, . . . , u
N
� ) ≤ J i(u1�, . . . , u

i, ui+1
� , uN� ) i = 1, . . . , N, (2.11)

where ui� = {uik,�, k = k0, . . . ,K} and ui = {uik, k = k0, . . . ,K}.
In this section, we discuss necessary and sufficient conditions for the existence of Nash-

equilibrium solutions of such a game under closed-loop (or feedback) no-memory perfect-
state-information structure, i.e., when the decision is based on the current state information
which is pefectly known. The following theorem based on the dynamic programming princi-
ple gives necessary and sufficient conditions for a set of strategies to be a Nash-equilibrium
solution [59].

Theorem 2.2.1 For the N -person discrete-time nonzero-sum game (2.9)-(2.11), an N -
tuple of strategies {ui� ∈ Γi, i = 1, . . . , N}, provides a feedback Nash-equilibrium solution,
if and only if, there exist N × (K − k0) functions V i : X × Z → � such that the following
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recursive equations are satisfied:

V i(x, k) = min
ui
k∈Ui

{
Lik(xk+1, xk, u

1
k,�, . . . , u

i
k, . . . , u

N
k,�) + V i(xk+1, k + 1)

}
,

V i(x,K + 1) = 0, i = 1, . . . , N, k ∈ {k0, . . . ,K}
= min

ui
k∈Ui

{
Lik(fk(x, u

1
k,�, . . . , u

i
k, . . . , u

N
k,�), xk, u

1
k,�, . . . , u

i
k, . . . , u

N
k,�) +

V i(fk(x, u
1
k,�, . . . , u

i
k, . . . , u

N
k,�), k + 1)

}
, V i(x,K + 1) = 0,

i = 1, . . . , N, k ∈ {k0, . . . ,K}. (2.12)

Notice that, in the above equations, there are N × (K−k0) functions, since at each stage of
the decision process, a different function is required for each of the players. However, it is
often the case that N functions that satisfy the above recursive equations can be obtained
with a single function for each player. This is particularly true in the linear case.

More specifically, let us consider the case of a two-player nonzero-sum game, of which
type most of the problems in this book will be, described by the state equation:

xk+1 = fk(xk, wk, uk), x(k0) = x0, k ∈ {k0, . . . ,K} (2.13)

where wk ∈ W ⊂ �mw and uk ∈ U ⊂ �mu represent the decisions of the two players
respectively. The pay-offs J1, J2 are given by

J1(w, u) =

K∑
k=k0

L1
k(xk+1, xk, wk, uk), (2.14)

J2(w, u) =

K∑
k=k0

L2
k(xk+1, xk, wk, uk), (2.15)

where w = w[k0,K], u = u[k0,K]. Then, a pair of strategies w� := {wk,�, k = k0, . . . ,K},
u� := {uk,�, k = k0, . . . ,K}, will constitute a Nash-equilibrium solution for the game if

J1(w�, u�) ≤ J1(w�, u) ∀u ∈ U , (2.16)

J2(w�, u�) ≤ J2(w, u�) ∀w ∈ W . (2.17)

Furthermore, the conditions of Theorem 2.2.1 reduce to:

V 1(x, k) = min
uk∈U

{
L1
k(fk(x,wk,�, uk), x, wk,�, uk) + V 1(fk(x,wk,�, uk), k + 1)

}
;

V 1(x,K + 1) = 0, k = 1, . . . ,K (2.18)

V 2(x, k) = min
wk∈W

{
L2
k(fk(x,wk, uk,�), x, wk, uk,�) + V 2(fk(x,wk, uk,�), k + 1)

}
;

V 2(x,K + 1) = 0, k = 1, . . . ,K. (2.19)

Remark 2.2.1 Equations (2.18), (2.19) represent a pair of coupled HJ-equations. They are
difficult to solve, and not much work has been done to study their behavior. However, these
equations will play an important role in the derivation of the solution to the discrete-time
mixed H2/H∞ control problem in later chapters of the book.

Another special class of the nonzero-sum games is the two-person zero-sum game, in which
the objective functionals (2.14), (2.15) are such that

J1(w, u) = −J2(w, u) = J(w, u) :=

K∑
k=k0

Lk(xk+1, xk, wk, uk). (2.20)



32 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

If this is the case, then J1(w�, u�) + J2(w�, u�) = 0 and while u is the minimizer, w is the
maximizer. Thus, we might refer to u as the minimizing player and w as the maximizing
player. Furthermore, the “Nash-equilibrium” conditions (2.16), (2.17) reduce to the saddle-
point conditions:

J(w, u�) ≤ J(w�, u�) ≤ J(w�, u), ∀w ∈ W , u ∈ U , (2.21)

where the pair (w�, u�) is the optimal strategy and is called a “saddle-point.” Consequently,
the set of necessary and sufficient conditions (2.18), (2.19) reduce to the following condition
given in this theorem [57, 59].

Theorem 2.2.2 For the two-person discrete-time zero-sum game defined by (2.13), (2.20),
a pair of strategies (w�, u�) provides a feedback saddle-point solution if, and only if, there
exists a set of K − k0 functions V : X ×Z→ �, such that the following recursive equations
are satisfied for each k ∈ [k0,K]:

V (x, k) = min
uk∈U

max
wk∈W

{
Lk(fk(x,wk, uk), x, wk, uk) + V (fk(x,wk, uk), k + 1)

}
,

= max
wk∈W

min
uk∈U

{
Lk(fk(x,wk, uk), x, wk, uk) + V (fk(x,wk, uk), k + 1)

}
,

= Lk(fk(x,wk,�, uk,�), x, wk,�, uk,�) + V (fk(x,wk,�, uk,�), k + 1),

V (x,K + 1) = 0, (2.22)

where x = xk. Equation (2.22) is known as Isaacs equation, being the discrete-time version
of the one developed by Isaacs [136, 59]. Furthermore, the interchangeability of the “max ”
and “min ” operations above is also known as “Isaacs condition.” The above equation
will play a significant role in the derivation of the solution to the H∞-control problem for
discrete-time nonlinear systems in later chapters of the book.

2.2.1 Linear-Quadratic Discrete-Time Dynamic Games

We now specialize the above results of the N -person nonzero-sum dynamic games to the
linear-quadratic (LQ) case in which the optimal decisions can be expressed explicitly. For
this purpose, the dynamics of the system is described by a linear state equation:

xk+1 = fk(xk, u
1
k, . . . , u

N
k ) = Akxk +

N∑
i=1

Biku
i
k, k = [k0,K] (2.23)

where Ak ∈ �n×n, Bik ∈ �n×pi , and all the variables have their previous meanings. The
pay-offs J i, i = 1, . . . , N are described by

J i(u1[k0,K], . . . , u
N
[k0,K]) =

N∑
k=1

Lik(xk+1, u
1
k, . . . , u

N
k ) (2.24)

Lik(xk+1, u
1
k, . . . , u

N
k ) =

1

2
[xTk+1Q

i
k+1xk+1 +

N∑
j=1

(ujk)
TRijk u

j
k] (2.25)

where Qik+1, R
ij
k are matrices of appropriate dimensions with Qik+1 ≥ 0 symmetric and

Riik > 0, for all k = k0, . . . ,K, i, j = 1, . . . , N .
The following corollary gives necessary and sufficient conditions for the existence of

Nash-equilibrium for the LQ-game [59].
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Corollary 2.2.1 For the N-player LQ game described by the equations (2.23)-(2.25), sup-
pose Qik+1 ≥ 0, i = 1, . . . , N and Rijk ≥ 0, i, j = 1, . . . , N , j �= i, k = k0, . . . ,K. Then, there
exists a unique feedback Nash-equilibrium solution to the game if, and only if, there exist
unique solutions P ik, i = 1, . . . , N , k = k0, . . . ,K to the recursive equations:

[Riik +(Bik)
TZik+1B

i
k]P

i
k+(Bik)

TZik+1

N∑
j=1,j �=i

BjkP
j
k = (Bik)

TZik+1Ak, i = 1, . . . , N, (2.26)

where

Zik = FTk Z
i
k+1Fk +

N∑
j=1

(P jk )
TRijk P

j
k +Qik, ZiK+1 = QiK+1, i = 1, . . . , N (2.27)

Fk = Ak −
N∑
i=1

BikPk, k = k0, . . . ,K. (2.28)

Furthermore, the equilibrium strategies are given by

uik = −P ikxk, i = 1, . . . , N. (2.29)

Remark 2.2.2 The positive-semidefinite conditions for Qik+1, and R
ij
k , j �= i guarantee the

convexity of the functionals J i and therefore also guarantee the existence of a minimizing
solution in (2.12) for all k ∈ [k0,K]. Furthermore, there has not been much work in the
literature regarding the existence of solutions to the coupled discrete-Riccati equations (2.26)-
(2.28). The only relevant work we could find is given in [84].

Again, the results of the above corollary can easily be specialized to the case of two
players. But more importantly, we shall specialize the results of Theorem 2.2.2 to the case
of the two-player LQ zero-sum discrete-time dynamic game described by the state equation:

xk+1 = Akxk +B1
kwk +B2

kuk, x(k0) = x0, k = [k0,K] (2.30)

and the objective functionals

−J1(u,w) = J2(u,w) = J(u,w) =
∑K

k=k0
Lk(xk+1, xk, u, w), (2.31)

Lk(xk+1, xk, u, w) =
1
2 [x

T
k+1Qk+1xk+1 + uTk uk − wTk wk]. (2.32)

We then have the following corollary [57, 59].

Corollary 2.2.2 For the two-player LQ zero-sum dynamic game described by (2.30)-
(2.31), suppose Qk+1 ≥ 0, k = k0, . . . ,K. Then there exists a unique feedback saddle-point
solution if, and only if,

I + (B2
k)
TMk+1B

2
k > 0, ∀k = k0, . . . ,K, (2.33)

I − (B1
k)
TMk+1B

1
k > 0, ∀k = k0, . . . ,K, (2.34)

where

Sk = [I + (B1
kB

1T

k −B2
kB

2T

k )Mk+1], (2.35)

Mk = Qk +ATkMk+1S
−1
k Ak, MK+1 = QK+1. (2.36)

Moreover, the unique equilibrium strategies are given by

uk,� = −(B2
k)
TMk+1S

−1
k Akxk, (2.37)

wk,� = (B1
k)
TMk+1S

−1
k Akxk, (2.38)
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and the corresponding unique state trajectory is given by the recursive equation:

x�k+1 = S−1
k Akx

�
k. (2.39)

In the next section we consider the continuous-time counterparts of the discrete-time
dynamic games.

2.3 Continuous-Time Nonzero-Sum Dynamic
Games

In this section, we discuss the continuous-time counterparts of the results that we presented
in the previous section for discrete-time dynamic games. Indeed the name “differential
game” stems from the continuous-time models of dynamic games.

We consider at the outset N -player nonzero-sum differential game defined by the state
equation:

ẋ(t) = f(x, u1, . . . , uN , t), x(t0) = x0, (2.40)

where x(t) ∈ X ⊆ �n is the state of the system for any t ∈ � which belong to the state-
space manifold X and x(t0) is the initial state which is assumed to be known a priori by
all the players; ui ∈ U i, i = 1, . . . , N , N ∈ N are the decision variables or control inputs
of the players 1, . . . , N which belong to the control sets U i ⊂ �mi , mi ∈ N, which are also
measurable; and f : X × U1 × . . . ,UN × � → � is a real C1 function of its arguments.

To each player i = 1, . . . , N is associated an objective functional or pay-off J i : Γ1 ×
. . .× ΓN → �, where Γi, i = 1, . . . , N is the strategy space of the player, which he tries to
minimize, and is defined by

J i(u1, . . . , uN ) = φi(x(tf ), tf ) +

∫ tf

t0

Li(x, u1, . . . , uN , t)dt, i = 1, . . . , N, (2.41)

where Li : X × U1 × . . . ,×UN × �+ → � and φi : X × �+ → �, i = 1, . . . , N , are real C1

functions of their arguments respectively. The final or terminal time tf may be variable or
fixed; here, we shall assume it is fixed for simplicity. The functions φi(., .), i = 1, . . . , N are
also known as the terminal cost functions.

The players play noncooperatively, but each player knows the current value of the state
vector as well as all system parameters and cost functions. However, he does not know the
strategies of the rival players. Our aim is to derive sufficient conditions for the existence
of Nash-equilibrium solutions to the above game under closed-loop memoryless perfect in-
formation structure. For this purpose, we redefine Nash-equilibrium for continuous-time
dynamic games as follows.

Definition 2.3.1 An N -tuple of strategies {ui� ∈ Γi, i = 1, . . . , N}, where Γi, i = 1, . . . , N
are the set of strategies, constitute a Nash-equilibrium for the game (2.40)-(2.41) if

J i� := J i(u1�, . . . , u
N
� ) ≤ J i(u1�, . . . , u

i−1
� , ui, ui+1

� , . . . , uN� ) ∀i = 1, . . . , N, (2.42)

where ui� = {ui�(t), t ∈ [t0, tf ]} and ui = {ui(t), t ∈ [t0, tf ]}.

To derive the optimality conditions, we consider an N -tuple of piecewise continuous
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strategies u := {u1, . . . , uN} and the value-function for the i-th player

V i(x, t) = inf
u∈U

{
φi(x(tf ), tf ) +

∫ tf

t

Li(x, u, τ)dt

}
= φi(x(tf ), tf ) +

∫ tf

t

Li(x, u�, τ)dτ. (2.43)

Then, by applying Definition 2.3.1 and the dynamic-programming principle, it can be shown
that the value-functions V i, i = 1, . . . , N are solutions of the following Hamilton-Jacobi
PDEs:

∂V i

∂t
= − inf

ui∈Ui
Hi(x, t, u1�, . . . , u

i−1
� , ui, ui+1

� , . . . , uN� ,
∂V i

∂x
),

V i(x(tf ), tf ) = φi(x(tf ), tf ), (2.44)

Hi(x, t, u, λTi ) = Li(x, u, t) + λTi f(x, u, t), i = 1, . . . , N. (2.45)

The strategies u� = (u1�, . . . , u
N
� ) which minimize the right-hand-side of the above equations

(2.44) are the equilibrium strategies. The equations (2.44) are integrated backwards in time
from the terminal manifold x(tf ), and at each (x, t) one must solve a static game for the
Hamiltonians H i, i = 1, . . . , N to find the Nash-equilibrium. This is not always possible
except for a class of differential games called normal [250]. For this, it is possible to find a
unique Nash-equilibrium point u� for the vector H = [H1, . . . , HN ] for all x, λ, t such that
when the equations

∂V i

∂t (x, t) = −H i(x, t, u�(x, t,
∂V 1

∂x , . . . ,
∂V N

∂x ), ∂V
i

∂x ) (2.46)

ẋ = f(x, u1, . . . , uN , t) (2.47)

are integrated backward from all the points on the terminal surface, feasible trajectories
are obtained. Thus, for a normal game, the following theorem provides sufficient conditions
for the existence of Nash-equilibrium solution for the N -player game under closed-loop
memoryless perfect-state information pattern [57, 250].

Theorem 2.3.1 Consider the N -player nonzero-sum continuous-time dynamic game
(2.40)-(2.41) of fixed duration [t0, tf ], and under closed-loop memoryless perfect state in-
formation pattern. An N -tuple u� = (u1�, . . . , u

N
� ) of strategies provides a Nash-equilibrium

solution, if there exist N C1-functions V i : X × �+ → �, i = 1, . . . , N satisfying the HJEs
(2.44)-(2.45).

Remark 2.3.1 The above result can easily be specialized to the two-person nonzero-sum
continuous-time dynamic game. This case will play a significant role in the derivation of
the solution to the mixed H2/H∞ control problem in a later chapter.

Next, we specialize the above result to the case of the two-person zero-sum continuous-time
dynamic game. For this case, we have the dynamic equation and the objective functional
described by

ẋ(t) = f(x, u, w, t), x(t0) = x0, (2.48)

J1(u,w) = −J2(u,w) := J(u,w) = φ(x(tf ), tf ) +

∫ tf

t0

L(x, u, w, t)dt, (2.49)

where u ∈ U , w ∈ W are the strategies of the two players, which belong to the measurable
sets U ⊂ �mu ,W ⊂ �mw respectively, x0 is the initial state which is known a priori to both
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players. Then we have the following theorem which is the continuous-time counterpart of
Theorem 2.2.2.

Theorem 2.3.2 Consider the two-person zero-sum continuous-time differential game
(2.48)-(2.49) of fixed duration [t0, tf ], and under closed-loop memoryless information struc-
ture. A pair of strategies (u�, w�) provides a Nash-feedback saddle-point solution to the game,
if there exists a C1-function V : X × � → � of both of its arguments, satisfying the PDE:

−∂V (x, t)

∂t
= inf

u∈U
sup
w∈W

{
∂V (x, t)

∂x
f(x, u, w, t) + L(x, u, w, t)

}
= sup

w∈W
inf
u∈U

{
∂V (x, t)

∂x
f(x, u, w, t) + L(x, u, w, t)

}
=

∂V (x, t)

∂x
f(x, u�, w�, t) + L(x, u�, w�, t),

V (x(tf ), tf ) = φ(x(tf ), tf ), (2.50)

known as Isaacs equation [136] or Hamilton-Jacobi-Isaacs equation (HJIE).

Remark 2.3.2 The HJIE (2.50) will play a significant role in the derivation of the solution
to the H∞-control problem for continuous-time nonlinear systems in later chapters.

Next, we similarly specialize the above results to linear systems with quadratic objective
functions, also known as the “linear-quadratic (LQ)” continuous-time dynamic game.

2.3.1 Linear-Quadratic Continuous-Time Dynamic Games

In this section, we specialize the results of the previous section to the linear-quadratic (LQ)
continuous-time dynamic games. For the linear case, the dynamic equations (2.40), (2.41)
reduce to the following equations:

ẋ(t) = f(x, u1, . . . , uN , t) = A(t)x(t) +

N∑
i=1

Bi(t)ui(t), x(t0) = x0 (2.51)

J i(u1, . . . , uN) =
1

2
xT (tf )Q

i
fx(tf )+

1

2

∫ tf

t0

[xT (t)Qix(t)+

N∑
j=1

(uj)T (t)Rij(t)uj(t)]dt, (2.52)

where A(t) ∈ �n×n, Bi(t) ∈ �n×pi and Qi, Qif , R
ij(t) are matrices of appropriate di-

mensions for each t ∈ [t0, tf ], i, j = 1, . . . , N . Moreover, Qi(t), Qif are symmetric positive-

semidefinite and Rii is positive-definite for i = 1, . . . , N . It is then possible to derive a
closed-form expression for the optimal strategies as stated in the following corollary to
Theorem 2.3.1.

Corollary 2.3.1 Consider the N -person LQ-continuous-time dynamic game (2.51), (2.52).
Suppose Qi(t) ≥ 0, Qif ≥ 0 and symmetric, Rij(t) > 0 for all t ∈ [t0, tf ], i, j = 1, . . . , N ,
i �= j. Then there exists a linear feedback Nash-equilibrium solution to the differential
game under closed-loop memoryless perfect state information structure, if there exists a
set of symmetric solutions P i(t) ≥ 0 to the N -coupled time-varying matrix Riccati ordinary
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differential-equations (ODEs):

Ṗ i(t) + P i(t)Ã(t) + ÃT (t)P i(t) +

N∑
j=1

P j(t)Bj(t)(Rjj(t))−1Rij(t)(Rjj(t))−1(Bj)TP j(t) +

Qi(t) = 0, P i(tf ) = Qif , i = 1, . . . , N (2.53)

Ã(t) = A(t)−
N∑
i=1

Bi(t)(Rii(t))T (Bi)TP i(t). (2.54)

Furthermore, the optimal strategies and costs for the players are given by

ui�(t) = −(Rii(t))−1(Bi(t))TP i(t)x(t), i = 1, . . . , N, (2.55)

J i� =
1

2
xT0 P

i(0)x0, i = 1, . . . , N. (2.56)

The equations (2.53) represent a system of coupled ODEs which could be integrated back-
wards using numerical schemes such as the Runge-Kutta method. However, not much is
known about the behavior of such a system, although some work has been done for the
two-player case [2, 108, 221]. Since these results are not widely known, we shall review them
briefly here.

Consider the system equation with two players given by

ẋ(t) = A(t)x(t) +B1(t)w(t) +B2(t)u(t), x(t0) = x0, (2.57)

and the cost functions:

J1(u,w) = x(tf )
TQ1

fx(tf ) +

∫ tf

0

(xTQ1x+ wTR11w + uTR12u)dt, (2.58)

J2(u,w) = x(tf )
TQ2

fx(tf ) +

∫ tf

0

(xTQ2x+ uTR22u+ wTR21w)dt, (2.59)

where Qif ≥ 0, Qi ≥ 0, Rij ≥ 0, i �= j, Rii > 0, i, j = 1, 2. Further, assume that the matrices

A(t) = A, B1(t) = B1, and B2(t) = B2 are constant and of appropriate dimensions. Then,
the system of coupled ODEs corresponding to the two-player nonzero-sum game is given by

Ṗ 1 = −ATP 1 − P 1A+ P 1S11P 1 + P 1S22P 2 + P 2S22P 1 − P 2S12P 2 −Q1,

P 1(tf ) = Q1
f , (2.60)

Ṗ 2 = −ATP 2 − P 2A+ P 2S22P 2 + P 2S11P 1 + P 1S11P 2 − P 1S21P 1 −Q2,

P 2(tf ) = Q2
f , (2.61)

where
Sij = Bj(Rjj)−1Rij(Rjj)−1(Bj)T , i, j = 1, 2.

In [221] global existence results for the solution of the above system (2.60)-(2.61) is estab-
lished for the special case B1 = B2 and R11 = R22 = −R12 = −R21 = In, the identity
matrix. It is shown that P 1 − P 2 satisfies a linear Lyapunov-type ODE, while P 1 + P 2

satisfies a standard Riccati equation. Therefore, P 1+P 2 and hence P 1, P 2 cannot blow up
in any finite time, and as tf →∞, P 1(0)+P 2(0) goes to a stabilizing, positive-semidefinite
solution of the corresponding algebraic Riccati equation (ARE). In the following result, we
derive upper and lower bounds for the solutions P 1 and P 2 of (2.60), (2.61).
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Lemma 2.3.1 Suppose P 1, P 2 are solutions of (2.60)-(2.61) on the interval [t0, tf ]. Then,
P 1(t) ≥ 0, P 2(t) ≥ 0 for all t ∈ [t0, tf ].

Proof: Let x(t0) = x1 �= 0 and let x be a solution of the initial-value problem

ẋ(t) = [A− S11P 1(t)− S22P 2(t)]x(t), x(t0) = x1. (2.62)

Then for i = 1, 2

d

dt
[xTP i(t)x] = ẋTP i(t)x+ xT Ṗ i(t)x + xTP i(t)ẋ

= xT
{
(ATP i(t)− P 1(t)S11P i(t)− P 2(t)S22P i(t)) +

(P i(t)A − P i(t)S11P 1(t)− P i(t)S22P 2(t))−ATP i(t)−
P i(t)A−Qi + P i(t)SiiP i(t)−

∑
j �=i

P j(t)SijP j(t) +

∑
j �=i

(P i(t)SjjP j(t) + P j(t)SjjP i(t))
}
x

= −xT {Qi + P 1(t)Si1P 1(t) + P 2(t)Si2P 2(t)}x
where the previous equation follows from (2.60), (2.61) and (2.62). Now integrating from t0
to tf yields

xT1 P
i(t0)x1 =

∫ tf

t0

xT (τ)Q̃i(τ)x(τ)dτ + xT (tf )Q
i
fx(tf ) ≥ 0 (2.63)

where Q̃i := Qi + P 1Si1P 1 + P 2Si2P 2. Since x1 is arbitrary and Qi, Si1, Si2, P i(tf ) ≥ 0,
the result follows. �

The next theorem gives sufficient conditions for no finite-escape times for the solutions
P 1, P 2.

Theorem 2.3.3 Let Q ∈ �n×n be symmetric and suppose for all t ≤ tf

F (P 1(t), P 2(t), Q) := Q + (P 1(t) + P 2(t))(S11 + S22)(P 1(t) + P 2(t)) −
P 1(t)S21P 1(t)− P 2(t)S12P 2(t)− (P 1(t)S22P 1(t) +

P 2(t)S11P 2(t)) ≥ 0, (2.64)

and when P 1(t), P 2(t) exist, then the solutions P 1(t), P 2(t) of (2.60), (2.61) exist for all
t < tf with

0 ≤ P 1(t) + P 2(t) ≤ RQ(t), (2.65)

for some unique positive-semidefinite matrix function RQ(t) solution to the terminal value
problem:

ṘQ(t) = −RQ(t)A−ATRQ(t)− (Q1 +Q2 +Q), RQ(tf ) = Q1
f +Q2

f (2.66)

which exists for all t < tf .

Proof: The first inequality in (2.65) follows from Lemma 2.3.1. Further

(Ṗ 1 + Ṗ 2) = −AT (P 1 + P 2)− (P 1 + P 2A− (Q1 +Q2 +Q) + F (P 1(t), P 2(t), Q),

and by the monotonicity of solutions to Riccati equations [292], it follows that the second
inequality holds while F (P 1(t), P 2(t), Q) ≥ 0. �
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Remark 2.3.3 For a more extensive discussion of the existence of the solutions P 1, P 2 to
the coupled Riccati-ODEs, the reader is referred to reference [108]. However, we shall take
up the subject for the infinite-horizon case where tf →∞ in a later chapter.

We now give an example of a pursuit-evasion problem which can be solved as a two-player
nonzero-sum game [251].

Example 2.3.1 We consider a pursuit-evasion problem with the following dynamics

ṙ = v, v̇ = ap − ae
where r is the relative position vector of the two adversaries, ap, ae are the accelerations of
the pursuer and evader respectively, which also serve as the controls to the players.

The cost functions are taken to be

Jp =
1

2
q2pr

T
f rf +

1

2

∫ T

0

(
1

cp
aTp ap +

1

cpe
aTe ae)dt

Je = −1

2
q2er

T
f rf +

1

2

∫ T

0

(
1

ce
aTe ae +

1

cep
aTp ap)dt

where rf = r(T ) and the final time is fixed, while cp, ce, cpe, cep are weighting constants.
The Nash-equilibrium controls are obtained by applying the results of Corollary 2.3.1 as

ap = −cp[0 I]P p
[
r
v

]
, ae = ce[0 I]P e

[
r
v

]
,

where P p, P e are solutions to the coupled Riccati-ODES:

Ṗ p(t) = −P p
[

0 I
0 0

]
−
[

0 0
I 0

]
P p + cpP

p

[
0 0
0 I

]
P p + ceP

p

[
0 0
0 I

]
P e +

ceP
e

[
0 0
0 I

]
P p − c2e

cpe
P e

[
0 0
0 I

]
P e

Ṗ e(t) = −P e
[

0 I
0 0

]
−
[

0 0
I 0

]
P e + ceP

e

[
0 0
0 I

]
P e + cpP

e

[
0 0
0 I

]
P p +

cpP
p

[
0 0
0 I

]
P e − c2p

cep
P p

[
0 0
0 I

]
P p

P p(T ) = q2p

[
I 0
0 0

]
, P e(T ) = −q2e

[
I 0
0 0

]
.

It can be easily verified that the solutions to the above ODEs are given by

P p(t) =
1

cp
p̃(t)

[
I τI
τI τ2I

]
, P e(t) =

1

ce
ẽ(t)

[
I τI
τI τ2I

]
where τ = T − t is the time-to-go and p̃(t), ẽ(t) are solutions to the following ODES:

dp̃

dτ
= −τ2(p̃2 + 2p̃ẽ− aẽ2), p̃(0) = cpq

2
p, a =

cp
cpe

dẽ

dτ
= −τ2(ẽ2 + 2p̃ẽ− bp̃2), ẽ(0) = −ceq2e , b =

ce
cep

.
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Again we can specialize the result of Theorem 2.3.2 to the LQ case. We consider for this
case the system equation given by (2.57) and cost functionals represented as

−J1(u,w) = J2(u,w) := J =
1

2
xT (tf )Qfx(tf ) +

1

2

∫ tf

t0

[xT (t)Qx(t) +

uT (t)Ruu(t)− wT (t)Rww(t)]dt, (2.67)

where u is the minimizing player and w is the maximizing player, and without any loss of
generality, we can assume Rw = I. Then if we assume V (x(tf ), tf ) = φ(x(tf ), tf ) =

1
2x

TQfx
is quadratic, and also

V (x, t) =
1

2
xT (t)P (t)x(t), (2.68)

where P (t) is symmetric and P (T ) = Qf , then substituting these in the HJIE (2.50), we
get the following matrix Riccati ODE:

Ṗ (t) + P (t)Ã(t) + ÃT (t)P (t) + P (t)[B1(t)(B1(t))T −
B2(t)R−1

u (B2(t))T ]P (t) +Q = 0, P (tf ) = Qf . (2.69)

Furthermore, we have the following corollary to Theorem 2.3.2.

Corollary 2.3.2 Consider the two-player zero-sum continuous-time LQ dynamic game de-
scribed by equations (2.57) and (2.67). Suppose there exist bounded symmetric solutions to
the matrix ODE (2.69) for all t ∈ [t0, tf ], then there exists a unique feedback saddle-point
solution to the dynamic game under closed-loop memoryless information-structure. Further,
the unique strategies for the players are given by

u�(t) = −R−1
u (B2(t))TP (t)x(t), (2.70)

w�(t) = (B1(t))TP (t)x(t), (2.71)

and the optimal value of the game is given by

J(u�, w�) =
1

2
xT0 P (0)x0. (2.72)

Remark 2.3.4 In Corollary 2.3.1, the requirement that Qf ≥ 0 and Qi ≥ 0, i = 1, . . . , N
has been included to guarantee the existence of the Nash-equilibrium solution; whereas, in
Corollary 2.3.2 the existence of bounded solutions to the matrix Riccati ODE (2.69) is used.
It is however possible to remove this assumption if in addition to the requirement that Qf ≥ 0
and Q ≥ 0, we also have

[(B1(t))TB1(t)− (B2(t))TR−1
u B2(t)] ≥ 0 ∀t ∈ [t0, tf ].

Then the matrix Riccati equation (2.69) admits a unique positive-semidefinite solution [59].

2.4 Notes and Bibliography

The first part of the chapter on dynamic programmimg principle is based on the books
[47, 64, 164, 175], while the material on dynamic games is based in most part on the books
by Basar and Bernhard [57] and by Basar and Olsder [59]. The remaining material is based
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on the papers [250, 251]. On the other hand, the discussion on the existence, definiteness
and boundedness of the solutions to the coupled matrix Riccati-ODEs are based on the
Reference [108]. Moreover, the results on the stochastic case can also be found in [2].

We have not discussed theMinimum principle of Pontryagin [47] because all the problems
discussed here pertain to unconstrained problems. However, for such problems, the minimum
principle provides a set of necessary conditions for optimality. Details of these necessary
conditions can be found in [59]. Furthermore, a treatment of constrained problems using
the minimum principle can also be found in [73].





3

Theory of Dissipative Systems

The important concept of dissipativity developed by Willems [272, 273, 274], and later
studied by Hill and Moylan [131]-[134], [202] has proven very successful in many feedback
design synthesis problems [30]-[32], [233, 264, 272, 273]. This concept which was originally
inspired from electrical network considerations, in particular passive circuits [30, 31, 32],
generalizes many other important concepts of physical systems such as positive-realness
[233], passivity [77] and losslessness [74]. As such, many important mathematical relations
of dynamical systems such as the bounded-real lemma, positive-real lemma, the existence of
spectral-factorization and finite Lp-gain of linear and nonlinear systems have been shown to
be consequences of this important theory. Moreover, there has been a renewed interest lately
on this important concept as having been instrumental in the derivation of the solution to
the nonlinear H∞-control problem [264]. It has been shown that a sufficient condition for
the solvability of this problem is the existence of a solution to some dissipation-inequalities.

Our aim in this chapter is to review the theory of dissipative systems as far as is relevant
to the subject of this book, and to expand where possible to areas that complement the
material. We shall first give an exposition of the theory for continuous-time systems for
convenience, and then discuss the equivalent results for discrete-time systems.

In Section 1, we give basic definitions and prove fundamental results about continuous-
time dissipative systems for a general class of nonlinear state-space systems and then for
affine systems. We discuss the implications of dissipativity on the stability of the system
and on feedback interconnection of such systems. We also derive the nonlinear version of
the bounded-real lemma which provides a necessary and sufficient condition for an affine
nonlinear system to have finite L2-gain.

In Section 2, we discuss passivity and stability of continuous-time passive systems. We
also derive the nonlinear generalization of the Kalman-Yacubovitch-Popov (KYP) lemma
which also provides a necessary and sufficient condition for a linear system to be passive
or positive-real. We also discuss the implications of passivity on stability of the system. In
Section 3, we discuss the problem of feedback equivalence to a passive system, i.e., how to
render a given continuous-time nonlinear system passive using static state feedback only.
Because of the nice stability and stabilizability properties of passive systems, such as (global)
asymptotic stabilizability by pure-gain output-feedback [77], it is considerably desirable to
render certain nonlinear systems passive. A complete solution to this problem is provided.

In Section 4, we discuss the equivalent properties of dissipativity and passivity for
discrete-time nonlinear systems, and finally in Section 5, we discuss the problem of feedback-
equivalence to a lossless system. In contrast with the continuous-time case, the problem of
feedback-equivalence to a passive discrete-time system seems more difficult and more com-
plicated to achieve than the continuous-time counterpart. Hence, we settle for the easier
problem of feedback-equivalence to a lossless-system. A rather complete answer to this
problem is also provided under some mild regularity assumptions.

43
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3.1 Dissipativity of Continuous-Time Nonlinear Systems

In this section, we define the concept of dissipativity of a nonlinear system. We consider a
nonlinear time-invariant state-space system Σ defined on some manifold X ⊆ �n containing
the origin x = {0} in coordinates x = (x1, . . . , xn):

Σ :

{
ẋ = f(x, u), x(t0) = x0
y = h(x)

(3.1)

where x ∈ X is the state vector, u ∈ U is the input function belonging to an input space
U ⊂ Lloc(�p), y ∈ Y ⊂ �m is the output function which belongs to the output space Y.
The functions f : X ×U → X and h : X → Y are real Cr functions of their arguments such
that there exists a unique solution x(t, t0, x0, u) to the system for any x0 ∈ X and u ∈ U .
We begin with the following definitions.

Definition 3.1.1 The state-space X of the system Σ is reachable from the state x−1 if for
any state x ∈ X at t0, there exists an admissible input u ∈ U and a finite time t−1 ≤ t0
such that x = φ(t0, t−1, x−1, u).

Definition 3.1.2 A function s(u(t), y(t)) : U × Y → � is a supply-rate to the system Σ, if
s(., .) is piecewise continuous and locally integrable, i.e.,∫ t1

t0

|s(u(t), y(t))|dt <∞ (3.2)

for any (t0, t1) ∈ �2
+.

Remark 3.1.1 The supply-rate s(., .) is a measure of the instantaneous power into the
system. Part of this power is stored as internal energy and part of it is dissipated.

It follows from the above definition of supply-rate that, to infer about the internal
behavior of the system, it is sufficient to evaluate the expected total amount of energy
expended by the system over a finite time interval. This leads us to the following definition.

Definition 3.1.3 The system Σ is dissipative with respect to the supply-rate s(t) =
s(u(t), y(t)) if for all u ∈ U , t1 ≥ t0, and x(t0) = 0,∫ t1

t0

s(u(t), y(t))dt ≥ 0 (3.3)

when evaluated along any trajectory of the system starting at t0 with x(t0) = 0.

The above definition 3.1.3 being an inequality, postulates the existence of a storage-function
and a possible dissipation-rate for the system. It follows that, if the system is assumed to
have some stored energy which is measured by a function Ψ : X → � at t0, then for the
system to be dissipative, it is necessary that in the transition from t0 to t1, the total amount
of energy stored is less than the sum of the amount initially stored and the amount supplied.
This suggests the following alternative definition of dissipativity.

Definition 3.1.4 The system Σ is said to be locally dissipative with respect to the supply-
rate s(u(t), y(t)) if for all (t0, t1) ∈ �2

+, t1 ≥ t0, there exists a positive-semidefinite function
(called a storage-function) Ψ : N ⊂ X → �+ such that the inequality

Ψ(x1)−Ψ(x0) ≤
∫ t1

t0

s(u(t), y(t))dt; ∀t1 ≥ t0 (3.4)
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is satisfied for all initial states x0 ∈ N , where x1 = x(t1, t0, x0, u). The system is said to be
dissipative if it is locally dissipative for all x0, x1 ∈ X .

Remark 3.1.2 Clearly Definition 3.1.4 implies Definition 3.1.3, while 3.1.3 implies 3.1.4
if in addition Ψ(t0) = 0 or Ψ(x1) ≥ Ψ(x0) = 0. The inequality (3.4) is known as the
dissipation-inequality. If Ψ(.) is viewed as a generalized energy function, then we may as-
sume that there exists a point of minimum storage, xe, at which Ψ(xe) = infx∈X Ψ(x), and
Ψ can be nomalized so that Ψ(xe) = 0.

Finally, the above inequality (3.4) can be converted to an equality by introducing the
dissipation-rate δ : X × U → � according to the following equation

Ψ(x1)−Ψ(x0) =

∫ t1

t0

[s(t)− δ(t)]dt ∀t1 ≥ t0. (3.5)

Remark 3.1.3 The dissipation-rate is nonnegative if the system is dissipative. Moreover,
the dissipation-rate uniquely determines the storage-function Ψ(.) up to a constant [274].

We now define the concept of available-storage, the existence of which determines
whether the system is dissipative or not.

Definition 3.1.5 The available-storage Ψa(x) of the system Σ is the quantity:

Ψa(x) = sup
x0 = x, u ∈ U ,

t ≥ 0

(
−
∫ t

0

s(u(τ), y(τ))dτ

)
(3.6)

where the supremum is taken over all possible inputs u ∈ U , and states x starting at t = 0.

Remark 3.1.4 If the system is dissipative, then the available-storage is well defined (i.e.,
it is finite) at each state x of the system. Moreover, it determines the maximum amount of
energy which may be extracted from the system at any time. This is formally stated in the
following theorem.

Theorem 3.1.1 For the nonlinear system Σ, the available-storage, Ψa(.), is finite if, and
only if, the system is dissipative. Furthermore, any other storage-function is lower bounded
by Ψa(.), i.e., 0 ≤ Ψa(.) ≤ Ψ(.).

Proof: Notice that Ψa(.) ≥ 0 since it is the supremum over a set with the zero element (at
t = 0). Now assume that Ψa(.) < ∞. We have to show that the system is dissipative, i.e.,
for any (t0, t1) ∈ �2

+

Ψa(x0) +

∫ t1

t0

s(u(τ), y(τ))dτ ≥ Ψa(x1) ∀x0, x1 ∈ X . (3.7)

In this regard, notice that from (3.6)

Ψa(x0) = sup
x1,u[t0,t1]

(
−
∫ t1

t0

s(u(t), y(t))dt+Ψa(x1)

)
.

This implies that

Ψa(x0) +

∫ t1

t0

s(u(t), y(t))dt ≥ Ψa(x1)
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and hence Ψa(.) satisfies the dissipation-inequality (3.4).
Conversely, assume that Σ is dissipative, then the dissipation-inequality (3.4) implies

that for t0 = 0

Ψ(x0) +

∫ t1

0

s(u(t), y(t))dt ≥ Ψ(x1) ≥ 0 ∀x0, x1 ∈ X , ∀t1 ∈ �+ (3.8)

by definition. Therefore,

Ψ(x0) ≥ −
∫ t1

0

s(u(t), y(t))dt

which implies that

Ψ(x0) ≥ sup
x = x0, u ∈ U ,

t1 ≥ 0

−
∫ t1

0

s(u(t), y(t))dt = Ψa(x0).

Hence Ψa(x) <∞ ∀ x ∈ X . �

Remark 3.1.5 The importance of the above theorem in checking dissipativeness of the non-
linear system Σ cannot be overemphasized. It follows that, if the state-space of the system
is reachable from the origin x = 0, then by an appropriate choice of an input u(t), equiv-
alently s(u(t), y(t)), such that Ψa(.) is finite, then it can be rendered dissipative. However,
evaluating Ψa(.) is a difficult task without the output of the system specified a priori, or
solving the state equations. This therefore calls for an alternative approach for determining
the dissipativeness of the system.

We next introduce the complementary notion of required-supply. This is the amount of
supply (energy) required to bring the system from the point of minimum storage xe to the
state x(t0), t0 = 0.

Definition 3.1.6 The required-supply Ψr : X → �, of the system Σ with supply-rate
s(u(t), y(t)) is defined by

Ψr(x) = inf
xe�x,u∈U

∫ 0

t−1

s(u(t), y(t))dt, ∀t−1 ≤ 0, (3.9)

where the infimum is taken over all u ∈ U and such that x = x(t0, t−1, x
e, u).

Remark 3.1.6 The required-supply is the minimum amount of energy required to bring the
system to its present state from the state xe.

The following theorem defines dissipativeness of the system in terms of the required-supply.

Theorem 3.1.2 Assume that the system Σ is reachable from x−1. Then

(i) Σ is dissipative with respect to the supply-rate s(u(t), y(t)) if, and only if, there exists a
constant κ > −∞ such that

inf
x−1�x

∫ 0

t−1

s(u(t), y(t))dt ≥ κ ∀x ∈ X , ∀t−1 ≤ 0. (3.10)

Moreover,

Ψ(x) = Ψa(x−1) + inf
x−1�x

∫ 0

t−1

s(u(t), y(t))dt
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is a possible storage-function.

(ii) Let Σ be dissipative, and xe be an equilibrium-point of the system such that Ψ(xe) = 0.
Then Ψr(x

e) = 0, and 0 ≤ Ψa ≤ Ψ ≤ Ψr. Moreover, if Σ is reachable from xe, then
Ψr <∞ and is a possible storage-function.

Proof: (i) By reachability and Theorem 3.1.1, Σ is dissipative if, and only if, Ψa(x−1) <∞.
Thus, if we take κ ≤ −Ψa(x−1), then the above inequality in (i) is satisfied. Next, we show
that Ψ(x) given above is a possible storage-function. Note that this function is clearly
nonnegative. Further, if we take the system along a path from x−1 to x0 at t0 in the
state-space X via x1 at t1, then

Ψ(x1)−Ψ(x0) = inf
x−1�x1

∫ t1

t−1

s(u(t), y(t))dt− inf
x−1�x0

∫ 0

t−1

s(u(t), y(t))

≤ inf
x0�x1

∫ t1

t0

s(u(t), y(t))dt

≤
∫ t1

t0

s(u(t), y(t))dt.

(ii) That Ψr(x
e) = 0 follows from Definition 3.1.6. Moreover, for any u ∈ U which transfers

xe at t−1 to x at t = 0, the dissipation-inequality

Ψ(x)−Ψ(xe) ≤
∫ 0

t−1

s(u(t), y(t))dt

is satisfied. Hence

Ψ(x) ≤
∫ 0

t−1

s(u(t), y(t))dt

≤ inf
x−1�x

∫ 0

t−1

s(u(t), y(t))dt = Ψr(x).

Furthermore, if the state-space X of Σ is reachable, then clearly Ψr <∞. Finally, that Ψr
is a possible storage-function follows from (i). �

Remark 3.1.7 The inequality Ψa ≤ Ψ ≤ Ψr implies that a dissipative system can supply
to the outside only a fraction of what it has stored, and can store only a fraction of what
has been supplied.

The following theorem characterizes the set of all possible storage-functions for a dissi-
pative system.

Theorem 3.1.3 The set of possible storage-functions of a dissipative dynamical system
forms a convex set. Therefore, for a system whose state-space is reachable from xe, the
function Ψ = λΨa + (1− λ)Ψr, λ ∈ [0, 1] is a possible storage-function for the system.

Proof: The proof follows from the dissipation-inequality (3.4). �
While in electrical networks resistors are clearly dissipative elements, ideal capacitors

and inductors are not. Such elements do not dissipate power and consequently networks
made up of such ideal elements are called lossless. The following definition characterizes
such systems.



48 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

Definition 3.1.7 The dissipative dynamical system Σ is said to be lossless with respect to
the supply-rate s(u(t), y(t)) if there exists a storage-function Ψ : X → �+ such that for all
t1 ≥ t0, x0 ∈ X , u ∈ U ,

Ψ(x0) +

∫ t1

t0

s(u(t), y(t))dt = Ψ(x1) (3.11)

where x1 = x(t1, t0, x0, u).

Several interesting results about dissipative systems can be studied for particular supply-
rates and differentiable or C1 storage-functions; of particular significance are the following
supply-rates:

(i) General: s1(u, y) = yTQy+2yTSu+uTRu, whereQ ∈ �m×m, S ∈ �m×k, andR ∈ �k×k;
(ii) Finite-gain systems: s2(u, y) = γ2uTu− yT y, where 0 < γ <∞;

(iii) Passive systems: s3(u, y) = yTu.

Notice that (ii) and (iii) are special cases of (i). We study the implications of the quadratic
supply-rates s1(., .) and s2(., .) and defer the study of s3(., .) to the next section. For this
purpose, we consider the affine nonlinear system Σa defined on X ⊂ �n in coordinates
(x1, . . . , xn):

Σa :

{
ẋ = f(x) + g(x)u, x(t0) = x0
y = h(x) + d(x)u

(3.12)

where all the variables have their previous meanings, and f : X → V∞(X ), g : X →
Mn×k(X ), h : X → �m, d : X →Mm×k(X ). Moreover, f(0) = 0, h(0) = 0. Then we have
the following result.

Theorem 3.1.4 Assume the state-space of the system Σa is reachable from the origin x = 0
and the available-storage for the sytem if it exists is a C1-function. Then, a necessary
and sufficient condition for the system Σa to be dissipative with respect to the supply-rate
s(u, y) = yTQy + 2yTSu + uTRu, where Q, S, have appropriate dimensions, is that there
exists a C1-positive-semidefinite storage-function ψ : X → �, ψ(0) = 0, and C0-functions
l : X → �q, W : X → �q×k satisfying

ψx(x)f(x) = hT (x)Qh(x) − lT (x)l(x)
1
2ψx(x)g(x) = hT (x)Ŝ(x)− lT (x)W (x)

R̂(x) = W T (x)W (x)

⎫⎬⎭ (3.13)

for all x ∈ X , where

R̂ = R+ dT (x)S + STd(x) + dT (x)Qd(x), Ŝ(x) = Qd(x) + S.

Proof: (Sufficiency): Suppose that ψ(.), l(.), and W (.) exist and satisfy (3.13). Right-
multiplying the second equation in (3.13) by u on both sides and adding to the first equation,
we get

ψx(x)(f(x) + g(x)u) = hT (x)Qh(x) + 2hT (x)Ŝ(x)u − 2lT (x)W (x)u − lT (x)l(x)
= [(h+ d(x)u)TQ(h(x) + d(x)u) + 2(h(x) + d(x)u)TSu+ uTRu]−

(l(x) +W (x)u)T (l(x) +W (x)u).
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Then, integrating the above equation for any u ∈ U , t1 ≥ t0, and any x(t0), we get

ψ(x(t1))− ψ(x(t0)) =

∫ t1

t0

(yTQy + 2yTSu+ uTRu)dt

−
∫ t1

t0

(l(x) +W (x)u)T (l(x) +W (x)u)dt

=

∫ t1

t0

s(u, y)dt−
∫ t1

t0

(l(x) +W (x)u)T (l(x) +W (x)u)dt

≤
∫ t1

t0

s(u(t), y(t))dt.

Hence the system is dissipative by Definition 3.1.3.
(Necessity): We assume the system is dissipative and proceed to show that the available-

storage

ψa(x) = sup
u(.),T≥0

(
−
∫ T

0

s(u, y)dt

)
(3.14)

is finite by Theorem 3.1.1, and satisfies the system of equations (3.13) for some appropriate
functions l(.) and W (.).

Note that, by reachability, for any initial state x0 at t0 = 0, there exists a time t−1 < 0
and a u : [−t−1, 0]→ U such that x(t−1) = 0 and x(0) = x0. Then by dissipativity,∫ T

0

s(u, y)dt ≥ −
∫ 0

t−1

s(u, y)dt.

The right-hand-side (RHS) of the above equation depends on x0 and since u can be chosen
arbitrarily, then there exists a function κ : X → � such that∫ T

0

s(u, y)dt ≥ κ(x0) > −∞

whenever x(0) = x0. By taking the “sup” on the left-hand-side (LHS) of the above equation,
we get ψa <∞ for all x ∈ X . Moreover, ψa(0) = 0.

It remains to show that ψa satisfies the system (3.13). However, by dissipativity of the
system, ψa satisfies the dissipation-inequality

ψa(x1)− ψa(x0) ≤
∫ t1

t0

s(u, y)dt (3.15)

for any t1 ≥ t0, x1 = x(t1), and x0. Differentiating the above inequality along the trajectories
of the system and introducing a dissipation-rate δ : X × U → �, we get

ψa,x(x)(f(x) + g(x)u)− s(u, y) = −δ(x, u). (3.16)

Since s(u, y) is quadratic in u, then δ(., .) is also quadratic, and may be factorized as

δ(x, u) = [l(x) +W (x)u]T [l(x) +W (x)u]

for some suitable functions l : X → �q, W : X → �q×m and some appropriate integer
q ≤ k + 1. Subsituting now the expression for δ(., .) in (3.16) gives

−ψa,x(x)f(x) − ψa,x(x)g(x)u + hT (x)Qh(x) + 2hT (x)Ŝ(x)u + uT R̂u = lT (x)l(x) +

2lT (x)W (x)u + uTWT (x)W (x)u
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for all x ∈ X , u ∈ U . Finally, equating coefficients of corresponding terms in u gives (3.13)
with ψ = ψa. �

Remark 3.1.8 The system of equations (3.13) is also referred to as the differential or in-
finitesimal version of the dissipation-inequality (3.4). A more general case of this differential
version for affine nonlinear systems of the form Σa with any supply rate s(u, y) and a C1

storage-function is:
Ψx(f(x) + g(x)u) ≤ s(u, y). (3.17)

Furthermore, a special case of the above result of Theorem 3.1.4 is for finite-gain systems
(see [157, 234, 268] for a definition). For this class of nonlinear systems we set Q = −I,
S = 0 and R = γ2I, where the scalar γ > 0 is the gain of the system. Then (3.13) becomes

ψx(x)f(x) = −hT (x)h(x) − lT (x)l(x)
1
2ψx(x)g(x) = −hT (x)d(x) − lT (x)W (x)

γ2I − dT (x)d(x) = WT (x)W (x)

⎫⎬⎭ (3.18)

which is the generalization of the Bounded-real lemma for linear systems [30]. This condition
gives necessary and sufficient condition for the nonlinear system Σa to have finite L2-gain ≤
γ. We shall discuss this issue in Chapter 5, and the reader is also referred to [135] for
additional discussion.

The following corollary is immediate from the theorem.

Corollary 3.1.1 If the system Σa is dissipative with respect to the quadratic supply-rate
defined in Theorem 3.1.4 and under the same hypotheses as in the theorem, then there exists
a real positive-semidefinite function ψ(.), ψ(0) = 0 such that

dψ(x)

dt
= −[l(x) +W (x)u]T [l(x) +W (x)u] + s(u, y). (3.19)

Example 3.1.1 [274]. Consider the model of an elastic system (or a capacitive network)
defined by the state-space equations

ẋ = u, y = g(x).

where x ∈ �n, u ∈ �p, g : �n → �m is Lipschitz and all the variables have their previous
meanings. The problem is to derive conditions under which the above system is dissipative
with respect to the supply-rate s(u, y) = uT y.

Assuming the storage-function for the system is C2 (by the Lipschitz assumption on
g), then applying the results of Theorem 3.1.4 and Remark 3.1.8, we have the dissipation-
inequality

ψx(x).u ≤ uT g(x) ∀u ∈ �μ, x ∈ �n.
Then, clearly the above inequality will only hold if and only if g(x) is the gradient of a scalar
function. This implies that

∂gi(x)

∂xj
=
∂gj(x)

∂xi
∀i, j = 1, . . . ,m (3.20)

and the storage-function can be expressed explicitly and uniquely as

ψ(x) =

∫ x

x0

gT (α)dα.
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Example 3.1.2 [274]. Consider the previous example with a damping term introduced in
the output function which can be described by the equations:

ẋ = u, y = g1(x) + g2(u); g2(0) = 0,

where x ∈ �n, u ∈ �n, g1 : �n → �m, g2 : �n → �m is Lipschitz. Then if we again assume
ψ ∈ C2, we have the dissipation-inequality

ψx(x).u ≤ uT (g1(x) + g2(u)) ∀u ∈ �p, x ∈ �n.
Thus, the system is dissipative as in the previous example if and only if the condition (3.20)
holds for g = g1 and in addition, uT g2(u) ≥ 0. The dissipation-rate δ(x, u) is also unique
and is given by δ(x, u) = uT g2(u).

3.1.1 Stability of Continuous-Time Dissipative Systems

In the previous two sections we have defined the concept of dissipativity of general nonlinear
systems Σ and specialized it to affine systems of the form Σa. We have also derived necessary
and sufficient conditions for the system to be dissipative with respect to some supply-rate. In
this section, and motivated by the results in [273], we discuss the implications of dissipativity
on stability of the system, i.e., if the system is dissipative with respect to a supply-rate s(u, y)
and some storage-function ψ, under what condition can ψ be a Lyapunov-function for the
system, and hence guarantee its stability?

Consequently, we would like to first investigate under what conditions is ψ positive-
definite, i.e., ψ(x) > 0 for all x �= 0? We begin with the following definition.

Definition 3.1.8 The system (3.12) is said to be locally zero-state observable in N ⊂ X
containing x = 0, if for any trajectory of the system starting at x0 ∈ N and such that
u(t) ≡ 0, y(t) ≡ 0 for all t ≥ t0, implies x(t) ≡ 0.

We now show that, if the system Σa is dissipative with respect to the quadratic supply-rate
s1(., .) and zero-state observable, then the following lemma guarantees that ψ(.) > 0 for all
x ∈ X , x �= 0.

Lemma 3.1.1 If the system Σa is dissipative with a C1 storage-function with respect to
the quadratic supply-rate, s(u, y) = yTQy+2yTSu+ uTRu, and zero-state observable, then
all solutions of (3.13) are such that ψ(.) > 0 for all x �= 0, i.e., Ψ is positive-definite.

Proof: ψ(x) ≥ ψa(x) ≥ 0 ∀x ∈ X has already been established in Theorem 3.1.1. In
addition, ψa(x) ≡ 0 implies from (3.14) that u ≡ 0, y ≡ 0. This by zero-state observability
implies x ≡ 0. �

We now have the following main stability theorem.

Theorem 3.1.5 Suppose Σa is locally dissipative with a C1 storage-function with respect
to the quadratic supply-rate given in Lemma 3.1.1, and is locally zero-state observable. Then
the free system Σa with u ≡ 0, i.e., ẋ = f(x) is locally stable in the sense of Lyapunov if
Q ≤ 0, and locally asymptotically-stable if Q < 0.

Proof: By Lemma 3.1.1 and Corollary 3.1.1, there exists a locally positive-definite function
ψ(.) such that

dψ(x)

dt
= −lT (x)l(x) + hT (x)Qh(x) ≤ 0

along the trajectories of ẋ = f(x) for all x ∈ N ⊂ X . Thus ẋ = f(x) is stable for Q ≤ 0
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FIGURE 3.1
Feedback-Interconnection of Dissipative Systems

and locally asymptotically-stable if Q < 0 by Lyapunov’s theorem, Theorem 1.3.1 (see also
[157, 268]). �

Remark 3.1.9 The above theorem implies that a finite-gain system (see [157, 234, 268] for
a definition) which is dissipative with a C1 storage-function with respect to the supply-rate
s2(u, y) = γ2uTu − yT y (for which we can choose Q = −I, S = 0, R = γ2I in s1(., .)) if
zero-state observable, is locally asymptotically-stable. Moreover, local stability in the theorem
can be replaced by global stability by imposing global observability.

3.1.2 Stability of Continuous-Time Dissipative Feedback-Systems

In this subsection we continue with the discussion in the previous section on the implications
of dissipativity on the stability of feedback systems. We consider the feedback connection
shown in Figure 3.1, where H1 : u1 �→ y1, H2 : u2 �→ y2 are the input-output maps of the
subsystems whose state-space realizations are given by

Σi :

{
ẋi = fi(xi) + gi(xi)ui, fi(0) = 0
yi = hi(xi) + di(xi)ui, hi(0) = 0

(3.21)

i = 1, 2, where e1, e2 are external commands or disturbances, and all the other variables have
their usual meanings. Moreover, for the feedback-system to be well defined, it is necessary
that (I + d2(x2)d1(x1)) be nonsingular for all x1, x2.

Now assuming the two subsystems H1, H2 are dissipative, then the following theorem
gives a condition under which the feedback-system is stable.

Theorem 3.1.6 Suppose the subsystems H1, H2 are zero-state observable and dissipative
with respect to the quadratic supply-rates si(ui, yi) = yTi Qiyi + 2yTi Siui + uTi Riui, i = 1, 2.
Then the feedback-system (Figure 3.1) is stable (asymptotically-stable) if the matrix

Q̂ =

[
Q1 + λR2 −S1 + λST2
−ST1 + λS2 R1 + λQ2

]
(3.22)

is negative-semidefinite (negative-definite) for some λ > 0.

Proof: Consider as a Lyapunov-function candidate the linear combination of the storage-
functions for H1 and H2:

V (x1, x2) = ψ1(x1) + λψ2(x2).

Since H1, H2 are dissipative and zero-state observable, by Corollary 3.1.1, there exist real
functions ψi(.) > 0, ψi(0) = 0, li(.), Wi(.), i = 1, 2 such that

dψi(x)

dt
= −[li(x) +Wi(x)u]

T [li(x) +Wi(x)u] + si(ui, yi), i = 1, 2.
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Feedback-Interconnection of Dissipative Systems

Setting e1 = e2 = 0, u1 = −y2, u2 = y1, and differentiating V (., .) along a trajectory of the
feedback-system we get

dV (x1, x2)

dt
≤ s1(u1, y1) + λs2(u2, y2) = [yT1 yT2 ]Q̂

[
y1
y2

]
.

The result now follows from standard Lyapunov argument. �

Corollary 3.1.2 Take the same assumptions as in Theorem 3.1.6, and suppose Q̂ ≤ 0,
S1 = λST2 . Then the feedback-system (Figure 3.1) is asymptotically-stable if either of the
following conditions hold:

(i) the matrix (Q1 + λR2) is nonsingular and the composite system H1(−H2) is zero-state
observable;

(ii) the matrix (R1 + λQ2) is nonsingular and the composite system H2H1 is zero-state
observable.

Proof: (i) If Q̂ ≤ 0, then V̇ (x1, x2) ≤ 0 with equality only if y1 = 0. Thus, if (Q1 + λR2)
is nonsingular and H1(−H2) is zero-state observable, then y1(t) ≡ 0 implies that x1(t) ≡
x2(t) ≡ 0 and asymptotic stability follows from LaSalle’s invariance-principle. Case (ii) also
follows using similar arguments. �

The results of the previous theorem can also be extended to the case where H2 is a
memoryless nonlinearity, known as the Luré problem in the literature as shown in Figure
3.2. Assume in this case that the subsystem H2 is defined by the input-output relation

H2 : y2 = φ(u2)

where φ : U → Y is an unknown memoryless nonlinearity, but is such that the feedback-
interconnection is well defined, while H1 is assumed to have still the representation (3.21).
Assume in addition that H1 is dissipative with respect to the quadratic supply-rate

s1(u1, y1) = yT1 Q1y1 + 2yT1 S1u1 + uT1 R1u1 (3.23)

and H2 is dissipative in the sense that

s2(u2, y2) = yT2 Q2y2 + 2yT2 S2u2 + uT2 R2u2 ≥ 0 ∀u2, (3.24)

then the feedback-system in Figure 3.2 will be stable (asymptotically-stable) as in Theorem
3.1.6 and Corollary 3.1.2 with some additional constraints on the nonlinearity φ(.). The
following result is a generalized version of the Luré problem.

Theorem 3.1.7 Suppose d1(x1) = 0 for the subsystem H1 in Figure 3.2, the subsystem is
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zero-state observable and dissipative with a C1 storage-function with respect to the quadratic
supply-rate s1(., .) (3.23). Let φ(.) satisfy

(i) the condition (3.24); and

(ii) ∂
∂u{φ(u)} = ∂T

∂u {φ(u)}.

Then, the feedback-system (Figure 3.2) is stable (asymptotically-stable) if Q̂ ≤ 0 (Q̂ < 0),
where Q̂ is as given in equation (3.22).

Proof: Consider the Lyapunov-function candidate

V (x1, x2) = ψ1(x1) + λψ2(x2), λ > 0

where x2 is a fictitious state and ψ1(.), ψ2(.) are C
1-functions. Taking the time-derivative

of V (., .) along the trajectories of the feedback-system and by Corollary 3.1.1,

V̇ (x1, x2) ≤ s1(u1, y1) + λs2(u2, y2), λ > 0.

Finally, setting e1 = e2 = 0, u2 = y1 and u1 = −φ(y1), we get

V̇ (x1, x2) ≤ [yT1 yT2 ]Q̂

[
y1
y2

]
.

The result now follows as in Theorem 3.1.6 and using standard Lyapunov arguments. �

Remark 3.1.10 Condition (ii) in the theorem above ensures that φ is the gradient of a
scalar function.

Notice also that the conditions on Q̂ are the same as in Theorem 3.1.6. Similarly, the
following corollary is the counterpart of corollary 3.1.2 for the memoryless nonlinearity.

Corollary 3.1.3 Take the same assumptions as in Theorem 3.1.7 above, suppose Q̂ ≤ 0,
S1 = λST2 . Then the feedback (Figure 3.2) is asymptotically-stable if either one of the
following conditions holds:

(i) the matrix Q1 + λR2 is nonsingular and φ(0) = 0; or

(ii) the matrix R1 + λQ2 is nonsingular and φ(σ) = 0 implies σ = 0.

Proof: The proof follows using the same arguments as in Corollary 3.1.2. �

Remark 3.1.11 Other interesting corollaries of Theorem 3.1.7 could be drawn for different
configurations of the subsystems H1 and H2 including the case of a time-varying nonlinearity
φ(t, x). In this case, the corresponding assumption of uniform zero-state observability will
then be required.

3.2 L2-Gain Analysis for Continuous-Time Dissipative Systems

In this section, we discuss the relationship between the dissipativeness of a system and its
finite L2-gain stability. Again we consider the affine nonlinear system Σa defined by the
state equations (3.12). We then have the following definition.
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Definition 3.2.1 The nonlinear system Σa is said to have locally L2-gain ≤ γ > 0, in
N ⊂ X , if ∫ T

t0

‖y(t)‖2dt ≤ γ2
∫ T

t0

‖u(t)‖2dt+ β(x0) (3.25)

for all T ≥ t0, x0 ∈ N , u ∈ L2[t0, T ], y(t) = h(x(t, t0, x0, u))+ d(x(t, t0, x0, u))u, t ∈ [t0, T ],
and for some function β : N → �, β(0) = 0 [268]. Moreover, the system is said to have
L2-gain ≤ γ > 0 if N = X .

Without any loss of generality, we can take t0 = 0 in the above definition henceforth. We
now have the following important theorem which is also known as the Bounded-real lemma
for continuous-time nonlinear systems.

Theorem 3.2.1 Consider the system Σa and suppose d(x) = 0. Let γ > 0 be given, then
we have the following list of implications: (a)→ (b)↔ (c)→ (d), where:

(a) There exists a smooth solution V : X → �+ of the Hamilton-Jacobi equation (HJE):

Vx(x)f(x) +
1

2γ2
Vx(x)g(x)g

T (x)V Tx (x) +
1

2
hT (x)h(x) = 0, V (0) = 0. (3.26)

(b) There exists a smooth solution V ≥ 0 of the Hamilton-Jacobi inequality (HJI):

Vx(x)f(x) +
1

2γ2
Vx(x)g(x)g

T (x)V Tx (x) +
1

2
hT (x)h(x) ≤ 0, V (0) = 0. (3.27)

(c) There exists a smooth solution V ≥ 0 of the dissipation-inequality

Vx(x)f(x) + Vx(x)g(x)u ≤ 1

2
γ2‖u‖2 − 1

2
‖y‖2, V (0) = 0 (3.28)

for all u ∈ U , with y = h(x).

(d) The system has L2 − gain ≤ γ.

Conversely, suppose (d) holds, and the system is reachable from {0}, then the available-
storage Va and required-supply Vr defined by

Va(x) = − inf
x0 = x, u ∈ L2(0, T ),

T ≥ 0

∫ T

0

(γ2‖u(t)‖2 − ‖y(t)‖2)dt (3.29)

Vr(x) = inf
x0 = x, u ∈ L2(t−1, 0),
t−1 ≥ 0, x(t−1) = 0

∫ 0

t−1

(γ2‖u(t)‖2 − ‖y(t)‖2)dt (3.30)

respectively, are well defined functions for all x ∈ X . Moreover they satisfy

0 ≤ Va ≤ V ≤ Vr, Va(0) = V (0) = Vr(0) = 0, (3.31)

for any solution V of (3.26), (3.27), (3.28). Further, the functions Va, Vr are also storage-
functions and satisfy the integral dissipation-inequality

V (x(t1))− V (x(t0) ≤ 1

2

∫ t1

t0

(γ2‖u(t)‖2 − ‖y(t)‖2)dt (3.32)
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for all t1 ≥ t0 and all u ∈ L2(t0, t1), where x(t1) = x(t1, t0, x0, u). In addition, if Va and Vr
are smooth, then they satisfy the HJE (3.26).

Proof: (Sketch) (a) → (b) is easy. For (b) ↔ (c): Let V satisfy (3.27), then by completing
the squares we can rewrite (3.27) [264] as

Vx(x)f(x) + Vx(x)g(x)u ≤ 1

2
γ2‖u‖2 − 1

2
‖y‖2 − 1

2
γ2‖u− 1

γ2
gTV Tx (x)‖2

from which (3.28) follows. Conversely, let V satisfy (3.28). Then again by completing the
squares, we can write (3.28) as

Vx(x)f(x) + ‖y‖2 ≤ 1

2
γ2‖u− 1

γ2
gT (x)V Tx (x)‖2 − 1

2γ2
Vx(x)g(x)g

T (x)V Tx (x)

for all u ∈ U = �p. In particular, for u = 1
γ2 g

T (x)V Tx (x), we get (3.27).

(c)→ (d): By integrating (3.28) from t0 to some T > t0 we get the dissipation-inequality
(3.32). Since V ≥ 0 the latter implies L2-gain ≤ γ. Finally, the fact that Va and Vr satisfy
the dissipation-inequality (3.28) and are well defined has already been proved in Theorems
3.1.1 and 3.1.2 respectively. Notice also that sup−(.) = − inf(.). If in addition, Va, Vr are
smooth, then by the dynamic-programming principle, they satisfy the HJE (3.26). �

The implications of dissipativeness and finite L2-gain on asymptotic-stability are sum-
marized in the following theorem.

Theorem 3.2.2 Assume the system Σa is zero-state observable, d(x) = 0, and there is a
smooth solution V ≥ 0 of (3.26), or (3.27), or (3.28). Then, V > 0 for all x �= {0} and the
free-system ẋ = f(x) is locally asymptotically-stable. If however V is proper, i.e., for each
c > 0 the level set {x ∈ X | 0 ≤ V ≤ c} is compact, then the free-system ẋ = f(x) is globally
asymptotically-stable.

Proof: If Σa is zero-state observable then any V ≥ 0 satisfying (3.28) is such that V ≥
Va(x) > 0 ∀x �= 0 by Lemma 3.1.1 and Theorem 3.1.1. Then for u(t) ≡ 0 (3.28) implies
Vxf ≤ − 1

2‖h‖2, and local (global) asymptotic-stability follows by LaSalle’s invariance-
principle (Theorem 1.3.3). �

Remark 3.2.1 More general results about the relationship between finite Lp-gain and dis-
sipativity on the one hand and asymptotic-stability on the other hand, can be found in
reference [132].

3.3 Continuous-Time Passive Systems

Passive systems are a class of dissipative systems which are dissipative with respect to
the supply-rate s(u, y) = 〈u, y〉. Passivity plays an important role in the analysis and syn-
thesis of networks and systems. The concept of passivity also arises naturally in many
areas of science and engineering. Positive-realness which corresponds to passivity for linear
time-invariant dynamical systems, proved to be very essential in the development of major
control systems results, particularly in adaptive control; positive-realness guarantees the
stability of adaptive control systems. The practical significance of positive-real systems is
that they represent energy dissipative systems, such as large space structures with colocated
rate sensors and actuators. They are both input-output stable, and stable in the sense of
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Lyapunov. Furthermore, a negative feedback interconnection of two positive-real systems is
always internally stable.

In this section, we study passive systems and their properties. We present the results for
the general nonlinear case first, and then specialize them to linear systems. We begin with
the following formal definition.

Definition 3.3.1 The nonlinear system Σa is said to be passive if it is dissipative with
respect to the supply-rate s(u, y) = yTu and there exists a storage-function Ψ : X → � such
that Ψ(0) = 0. Hence, for a passive system, the storage-function satisfies

Ψ(x1)−Ψ(x0) ≤
∫ t1

t0

yTu dt, Ψ(0) = 0 (3.33)

for any t1 ≥ t0 and x1 = x(t1) ∈ X .

Remark 3.3.1 If we set u = 0 in equation (3.33), we see that Ψ(.) is decreasing along
any trajectory of the free-system Σa(u = 0) : ẋ = f(x). Hence, if Σa is passive with a
positive-definite storage-function Ψ(.), then it is stable in the sense of Lyapunov. In fact,
if Ψ(.) is C1 and positive-definite, then differentiating it along any trajectory of the system
will yield the same conclusion. However, Ψ(.) may not necessarily be C1. Similarly, setting
y = 0 in (3.33) will also imply that Ψ is decreasing along any trajectory of the “clamped
system” Σa(y = 0) : ẋ = f(x)+g(x)u. The dynamics of this resulting system is the internal
dynamics of the system Σa and is known as its zero-dynamics. Consequently, it implies that
a passive system with positive-definite storage-function has a Lyapunov-stable zero-dynamics
or is weakly minimum-phase [234, 268].

Remark 3.3.2 A passive system is also said to be strictly-passive if the strict inequality
holds in (3.33), or equivalently, there exists a positive-definite function Ξ : X → �+ such
that for all u ∈ U , x0 ∈ X , t1 ≥ t0,

Ψ(x1)−Ψ(x0) =

∫ t1

t0

yTu dt−
∫ t1

t0

Ξ(x(t))dt

where x1 = x(t1).

The following theorem is the equivalent of Theorem 3.1.4 for passive systems.

Theorem 3.3.1 A necessary and sufficient condition for the system Σa to be passive is
that there exists a C1-positive-semidefinite storage-function ψ : X → �, ψ(0) = 0, and
C0-functions l : X → �q, W : X → �q×m satisfying

ψx(x)f(x) = −lT (x)l(x)
1
2ψx(x)g(x) = hT (x) − lT (x)W (x)

d(x) + dT (x) = WT (x)W (x)

⎫⎬⎭ (3.34)

for all x ∈ X . Moreover, if d(.) is constant, then W may be constant too.

Proof: The proof follows along similar lines as Theorem 3.1.4. �

Example 3.3.1 [131]. Consider the second-order system

ẍ+ α(x)ẋ + β(x) = u



58 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

where x ∈ �, α, β : � → � are locally Lipschitz, u ∈ � is the input to the system. This
model represents many second-order systems including the Van-der-Pol equation. Letting
x1 = x, x2 = ẋ, F (x) :=

∫ x
0 α(σ)dσ, the system can be represented in state-space as

ẋ1 = −F (x1) + x2 (3.35)

ẋ2 = −β(x1) + u. (3.36)

Suppose also the output of the system is defined by

y = ax2 − bF (x1), 0 ≤ b ≤ a ∈ �.

For convenience, define also G(x) :=
∫ x
0
β(σ)dσ. Then it can be checked using the conditions

(3.34), that for a = 1
2 and b = 0, the system is passive with storage-function

Ψ1(x) =
1

2
(ẋ1 + F (x1))

2 +G(x1)

if
G(x1) ≥ 0, and β(x1)F (x1) ≥ 0.

And for a = b = 1
2 , if

G(x1) ≥ 0, α(x1) ≥ 0

with storage-function

Ψ2(x) =
1

2
ẋ21 +G(x1).

In the case of the linear time-invariant (LTI) system:

Σl :

{
ẋ = Ax +Bu
y = Cx +Du

(3.37)

where A ∈ �n×n, B ∈ �n×m, C ∈ �m×n, and D ∈ �m×m, the system is passive with
storage-function ψ(x) = 1

2x
TPx, for some matrix P = PT ≥ 0. The conditions (3.34)

reduce to the following matrix equations [30, 31] also known as the positive-real lemma

ATP + PA = −LTL
PB = CT − LTW

D +DT = WTW

⎫⎬⎭ (3.38)

for some constant matrices L, W of appropriate dimensions. Furthermore, the available-
storage and required-supply may be evaluated by setting up the infinite-horizon variational
problems:

Ψa(x0) = − lim
t1→∞ inf

u∈U

∫ t1

0

〈u(t), y(t)〉dt, subject to Σl, x(0) = x0,

Ψr(x0) = lim
t−1→−∞ inf

u∈U

∫ 0

t−1

〈u(t), y(t)〉dt, subject to Σl, x(t−1) = 0,

x(0) = x0.

Such infinite-horizon least-squares optimal control problems have been studied in Willems
[272] including the fact that because of the nature of the cost function, the optimization
problem may be singular. This is especially so whenever D + DT is singular. However, if
we assume that D + DT is nonsingular, then the problem reduces to a standard optimal
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control problem which may be solved by finding a suitable solution to the algebraic-Riccati
equation (ARE):

PA+ATP + (PB − CT )(D +DT )−1(BTP − C) = 0. (3.39)

The following lemma, which is an intermediate result, gives a necessary and sufficient con-
dition for Σl to be passive in terms of the solution to the ARE (3.39).

Lemma 3.3.1 Assume (A,B,C,D) is a minimal realization for Σl and D+DT is nonsin-
gular. Then the ARE (3.39) has a real symmetric positive-semidefinite solution if and only if
Σl is passive. In this case, there exists a unique real symmetric solution P− to the ARE such
that A− = A+B(D +DT )−1(BTP− −C) has Reλi(A−) ≤ 0, i = 1, . . . , n and similarly a
unique real symmetric solution P+ to the ARE such that A+ = A+B(D+DT )−1(BTP+−C)
has Reλi(A

+) ≥ 0, i = 1, . . . , n. Moreover, P− ≤ P ≤ P+.

Proof: The proof of the lemma is lengthy but can be found in [272] (see Lemma 2). �

Remark 3.3.3 If we remove the assumption D +DT is nonsingular in the above lemma,
then the problem becomes singular and the proof of the lemma becomes more complicated;
nevertheless it can be tackled using a limiting process (see reference [272]).

The following theorem then gives estimates of the available-storage and required-supply.

Theorem 3.3.2 Suppose (A,B,C,D) is a minimal-realization of Σl which is passive. Then
the solutions P+ and P− of the ARE (3.39) given in Lemma 3.3.1 and Remark 3.3.3 are well
defined, and the available-storage and the required-supply are given by Ψa(x) = 1

2x
TP−x

and Ψr(x) = 1
2x

TP+x respectively. Moreover, there exist ε > 0 and a number c > 0 such
that ε‖x‖2 ≤ Ψa(x) ≤ Ψ(x) ≤ Ψr(x) ≤ c‖x‖2.
Proof: Again the proof of the above theorem is lengthy but can be found in [274]. �

The conditions (3.38) of Theorem 3.3.1 for the linear system Σl can also be restated in
terms of matrix inequalities and related to the solutions P− and P+ of the ARE (3.39) in
the following theorem.

Theorem 3.3.3 Suppose (A,B,C,D) is a minimal-realization of Σl. Then the matrix in-
equalities [

ATP + PA PB − CT
BTP − C −D −DT

]
≤ 0, P = PT ≥ 0 (3.40)

have a solution if, and only if, Σl is passive. Moreover, Ψ(x) = 1
2x

TPx is a quadratic
storage-function for the system, and the solutions P− and P+ of (3.39) also satisfy (3.40)
such that 0 < P− ≤ P ≤ P+.

Proof: Differentiating Ψ(x) = 1
2x

TPx along the solutions of ẋ = Ax+Bu, gives

Ψ̇(x) =
1

2
xT (ATP + PA)x+ uTBTPx.

Substituting this in the dissipation-inequality (3.33) for the system Σl implies that Ψ(x) =
1
2x

TP must satisfy the inequality

1

2
xT (ATP + PA)x + uTBTPx− xTCTu− uTDu ≤ 0,
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which is equivalent to the inequality (3.40). Finally, if (A,B,C,D) is minimal and passive,
then by Theorem 3.3.2, P− and P+ exist such that

1

2
xTP−x = Ψa(x) ≤ Ψ(x) =

1

2
xTPx ≤ 1

2
xTP+x = Ψr(x). �

Remark 3.3.4 A frequency-domain criteria for passivity (positive-realness) in terms of the
transfer-function G(s) = D + C(sI −A)−1B also exists [30, 31, 274].

Definition 3.3.2 A passive system Σa is lossless if there exists a storage-function Ψ : X →
�, Ψ(0) = 0 such that for all u ∈ U , x0 ∈ X , t1 ≥ t0,

Ψ(x1)−Ψ(x0) =

∫ t1

t0

yTu dt, (3.41)

where x1 = x(t1, t0, x0, u).

In the case of the linear system Σl, we can state the following theorem for losslessness.

Theorem 3.3.4 Assume (A,B,C,D) is a minimal-realization of Σl. Then Σl is lossless if
and only if there exists a unique solution P = PT ≥ 0 of the system

ATP + PA = 0
PB = CT

D +DT = 0.

⎫⎬⎭ (3.42)

Moreover, if P exists, then P = P+ = P− and defines a unique storage-function Ψ(x) =
1
2x

TPx.

Proof: Proof follows from Theorem 3.3.1 and the system (3.38) by setting L = 0, W = 0.
�

A class of dissipative systems that are closely related and often referred to as passive
systems is called positive-real.

Definition 3.3.3 The system Σa is said to be positive-real if for all u ∈ U , t1 ≥ t0,∫ t1

t0

yTu dt ≥ 0

whenever x0 = 0.

Remark 3.3.5 A dissipative system Σa with respect to the supply-rate s(u, y) = uT y is
positive-real if and only if its available-storage satisfies Ψa(0) = 0. Consequently, a passive
system is positive-real, and conversely, a positive-real system with a C0 available-storage in
which any state is reachable from the origin x = 0, is passive.

Linear positive-real systems satisfy a celebrated property called the Kalman-
Yacubovitch-Popov (KYP) lemma [268]. A nonlinear version of this lemma can also be
stated.

Definition 3.3.4 A passive system Σa with d(x) = 0 is said to have the KYP property if
there exists a C1 storage-function Ψ : X → �, Ψ(0) = 0 such that

Ψx(x)f(x) ≤ 0
Ψx(x)g(x) = hT (x).

}
(3.43)



Theory of Dissipative Systems 61

Remark 3.3.6 The above relations (3.43) are nothing more than a restatement of the
conditions (3.34) which are also the differential or infinitesimal version of the dissipation-
inequality (3.33). Similarly, for a lossless system with C1 storage-function we have Ψxf(x) =
0 and for a strictly-passive system with C1 storage-function, Ψxf(x) = −Ξ(x) < 0. Thus, a
strictly passive system with a positive-definite storage-function has an asymptotically-stable
equilibrium-point at the origin x = 0.

Remark 3.3.7 It follows from the above and as can be easily shown, that a system Σa

which has the KYP property is passive with storage-function Ψ(.), and conversely, a passive
system with a C1 storage-function has the KYP property.

Remark 3.3.8 For the case of the linear system

Σl :

{
ẋ = Ax+Bu
y = Cx,

(3.44)

which is passive with the C2 storage-function Ψ(x) = 1
2x

TPx, P = P ≥ 0, the KYP
equations (3.43) yield

ATP + PA = −Q
BTP = CT

for some matrix Q ≥ 0.

The following corollary is the main stability result for passive systems. Additional results
on passive systems could also be obtained by specializing most of the results in the previous
section for the quadratic supply-rate to passive systems, in which Q = R = 0 and S = I.

Corollary 3.3.1 A passive system of the form Σa with u = 0 is stable.

Proof: Follows from Theorem 3.1.5 by taking Q = R = 0, S = I in s1(., .) to get

dφ(x)

dx
= −lT (x)l(x).

The rest follows from a Lyapunov argument and the fact that l(.) is arbitrary. �
We consider the following example to illustrate the ideas.

Example 3.3.2 [202]. Consider the second-order system described by the equation

ẍ+ α(x) + β(ẋ) = u, y = ẋ

where x ∈ �, α, β : � → � are locally Lipschitz, u ∈ � is the input to the system, and y ∈ �
is the output of the system. In addition

α(0) = 0, zα(z) > 0, β(0) = 0, zβ(z) > 0 ∀z �= 0, z ∈ (−a, a) ∈ �.
Letting x1 = x, x2 = ẋ, we can represent the model above in state-space as

ẋ1 = x2

ẋ2 = −α(x1)− β(x2) + u

y = x2.

Then it can be checked that the system is passive and satisfies the KYP conditions with the
storage-function:

V (x) =

∫ x1

0

α(s)ds +
1

2
x22.

Next, we discuss the problem of rendering the nonlinear system Σa, which may not be
passive, to a passive system using feedback.
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3.4 Feedback-Equivalence to a Passive Continuous-Time Nonlinear
System

In this section, we discuss the problem of feedback-equivalence to a passive nonlinear system,
i.e., how a nonlinear system can be rendered passive using static state-feedback control.
Because passive systems represent a class of systems for which feedback analysis and design
is comparatively simpler, more intuitive and better understood, the problem of feedback-
equivalence to a passive nonlinear system is a less stringent yet very appealing version of
the problem of feedback linearization. Graciously, this objective is achievable under some
mild regularity assumption. We shall be considering the following smooth affine nonlinear
system defined on the state-space manifold X ⊆ �n in coordinates x = (x1, . . . , xn) with
no feedthrough term:

Σa :

{
ẋ = f(x) + g(x)u
y = h(x),

(3.45)

where x ∈ X , g : X → Mn×m(X ), h : X → �m, i.e., Σa is square, and all the variables
have their usual meanings. We begin with the following definitions (see also the references
[234, 268] for further details).

Definition 3.4.1 The nonlinear system Σa is said to have vector relative-degree
{r1, . . . , rm} in a neighborhood O of x = 0 if

LgiL
k
fhi(x) = 0, for all 0 ≤ k ≤ ri − 2, i = 1, . . . ,m (3.46)

and the matrix

Ar(x) =

⎡⎢⎣ Lg1L
r1−1
f h1 . . . LgmL

r1−1
f h1

...
. . .

...

Lg1L
rm−1
f hm . . . LgmL

rm−1
f hm

⎤⎥⎦ (3.47)

is nonsingular for all x ∈ O, where,

Lξφ =
∂φ

∂x
ξ = (∇xφ(x))T ξ, for any vector field ξ : X → V∞(X ), φ : X → �,

is the Lie-derivative of φ in the direction of ξ.

Remark 3.4.1 Thus, the system Σa has vector relative-degree {1, . . . , 1} in O if the matrix
A1(x) = Lgh(x) is nonsingular for all x in O.
Definition 3.4.2 If the system Σa has relative-degree r = r1 + . . . + rm < n, then it can
be represented in the normal-form by choosing new coordinates as

ζj1 = hj, j = 1, . . . ,m (3.48)

ζji = Li−1
f hi, i = 2, . . . , ri, j = 2, . . . ,m. (3.49)

Then the r-differentials

dLjfhi, j = 0, . . . , ri − 1, i = 1, . . . ,m,

are linearly independent. They can be completed into a basis, if the distribution {g1, . . . , gm}



Theory of Dissipative Systems 63

is involutive, by choosing an additional n − r linearly independent real-valued functions
η1, . . . , ηn−r locally defined in a neighborhood of x = 0 and vanishing at x = 0 such that, in
this new coordinate the system is represented in the following normal-form

η̇ = c(η, ζ)

ζ̇ = b(η, ζ) + a(η, ζ)u
y = [ζ11 , . . . , ζ

m
1 ]T

⎫⎬⎭ (3.50)

for some functions c(., .), b(., .) and a(., .) which are related to f , g, h by the diffeomorphism
Φ : x �→ (ζ, η) and a(ζ, η) is nonsingular in the neighborhood of (η, ζ) = (0, 0).

Definition 3.4.3 The zero-dynamics of the system Σa is the dynamics of the system de-
scribed by the condition y = ζ = 0 in (3.50), and is given by

Σa0∗ : η̇ = c∗(η, 0). (3.51)

Moreover, it evolves on the (n− r)-dimensional submanifold

Z∗ = {x ∈ O : y ≡ 0}.
Remark 3.4.2 If the system Σa has vector relative-degree {1, . . . , 1}, in a neighborhood O
of x = 0, then r = m and the zero-dynamics manifold has dimension n−m.

In the x coordinates, the zero-dynamics can be described by the system

Σa∗ : ẋ = f∗(x), x ∈ Z∗ (3.52)

where
f∗(x) = (f(x) + g(x)u∗)|Z∗

with
u∗ = −[Lgh(x)]−1Lfh(x).

We have already defined in Remark 3.3.1 a minimum-phase system as having an
asymptotically-stable zero-dynamics. We further expand on this definition to include the
following.

Definition 3.4.4 The system Σa is said to be locally weakly minimum-phase if its zero-
dynamics is stable about η = 0, i.e., there exists a C r̂, r̂ ≥ 2 positive-definite function W (η)
locally defined around η = 0, with W (0) = 0 such that Lc∗W ≤ 0 for all η around η = 0.

The passivity of the system Σa also has implications on its vector relative-degree. The
following theorem goes to show that if the system is passive with a C2 storage-function,
then it will necessarily have a nonzero vector relative-degree at any regular point (a point
where rank(Lgh(x)) is constant).

In the sequel we shall assume without any loss of generality that rank{g(0)} =
rank{dh(0)} = m.

Theorem 3.4.1 Suppose Σa is passive with a C2 positive-definite storage-function, and let
the origin x = 0 be a regular point for the system. Then Lgh(0) is nonsingular and the
system has vector relative-degree {1, . . . , 1} locally at x = 0.

Proof: The reader is referred to [77] for the proof. �

Remark 3.4.3 A number of interesting corollaries of the theorem can also be drawn. In
particular, it can be shown that if either the storage-function is nondegenerate at x = 0
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(i.e., the Hessian matrix of V is nonsingular at x = 0) or x = 0 is a regular point of the
system Σa, then the system necessarily has a vector relative-degree {1, . . . , 1} about x = 0
and is locally weakly minimum-phase.

The main result of this section is how to render a nonpassive system Σa into a passive one
using a regular static state-feedback of the form

u = α(x) + β(x)v, (3.53)

where α(x) and β(x) are smooth functions defined locally around x = 0, with β(x) nonsin-
gular for all x in this neighborhood. The necessary conditions to achieve this, are that the
system is locally weakly minimum-phase and has vector relative-degree {1, . . . , 1}. More-
over, these two properties are also invariant under static-feedback of the form (3.53), and it
turns out that these two conditions are indeed also sufficient for “local feedback-equivalence
to a passive system.” We summarize the result in the following theorem.

Theorem 3.4.2 Suppose x = 0 is a regular point for the system Σa. Then Σa is locally
feedback-equivalent to a passive system with a C2 storage-function if, and only if, it has
vector relative-degree {1, . . . , 1} at x = 0 and is weakly minimum-phase.

Proof: Choose as new state variables the outputs of the system y = h(x) and complete
them with the n −m functions η = φ(x) to form a basis, so that in the new coordinates,
the system Σa is represented as

η̇ = c(η, y) + d(η, y)u

ẏ = b(η, y) + a(η, y)u

for some smooth functions a(., ), b(., .), c(., .) and d(., .) of appropriate dimensions, with a(., .)
nonsingular for all (η, y) in the neighborhood of (0, 0). Now apply the feedback-control

u = a−1(η, y)[−b(η, y) + v],

where v is an auxiliary input. Then the closed-loop system becomes

η̇ = θ(η, y) + ϑ(η, y)v

ẏ = v.

Notice that, in the above transformation, the zero-dynamics of the system is now contained
in the dynamics of the first equation η̇. Finally, apply the following change of variables

z = η − ϑ(η, 0)y

to get the resulting system

ż = f∗(z) + P (z, y)y +

(
m∑
i=1

qi(z, y)yi

)
v (3.54)

ẏ = v (3.55)

where f�(z) is the zero-dynamics vector-field expressed in the z coordinate, and P (z, y),
qi(z, y), i = 1, . . . ,m are matrices of appropriate dimensions. Now, if Σa is locally weakly
minimum-phase at x = 0, then there exists a positive-definite C2 Lyapunov-functionW �(z),
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W ∗(0) = 0, such that Lf∗W ∗(z) ≤ 0 for all z in the neighborhood of z = 0. Consequently,
define the matrix

Q(z, y) =

⎡⎢⎣ Lq1(z,y)W
∗(z)

...
Lqm(z,y)W

∗(z)

⎤⎥⎦ . (3.56)

Then, Q(0, y) = 0 and

v = [I +Q(z, y)]−1[−(LP (z,y)W
∗(z))T + w]

is well defined in a neighborhood of (0, 0). The resulting closed-loop system (3.54),(3.55)
with this auxiliary control is of the form[

ż
ẏ

]
= f̃(z, y) + g̃(z, y)w (3.57)

where f̃(z, y) and g̃(z, y) are suitable matrices of appropriate dimension. Finally, consider
the positive-definite C2 storage-function candidate for the closed-loop system

V (z, y) =W �(z) +
1

2
yT y.

Taking the time-derivative of V (., .) along the trajectories of (3.57) yields

V̇ (z, y) = L
˜fV (z, y) + Lg̃V (z, y)w = Lf∗W ∗(z) + yT [(LP (z,y)W

∗(z))T +

Q(z, y)v] + yT v

= Lf∗W ∗(z) + yTw ≤ yTw.

Thus, the closed-loop system is passive with the C2 storage-function V (., .) as desired. �

Remark 3.4.4 For the linear system

Σl :

{
ẋ = Ax+Bu
y = Cx,

(3.58)

if rank(B) = m, then x = 0 is always a regular point and a normal-form can be defined for
the system. It follows then from the result of the theorem that Σl is feedback-equivalent to a
passive linear system with a positive-definite storage-function V (x) = 1

2x
TPx if, and only

if, CB is nonsingular and Σl is weakly minimum-phase.

Remark 3.4.5 A global version of the above theorem also exists. It is easily seen that, if all
the local assumptions on the system are replaced by their global versions, i.e., if there exists
a global normal-form for the system and it is globally weakly minimum-phase (or globally
minimum-phase[77]), then it will be globally feedback-equivalent to a passive system with a
C2 storage-function which is positive-definite. Furthermore, a synthesis procedure for the
linear case is given in [233, 254].

3.5 Dissipativity and Passive Properties of Discrete-Time
Nonlinear Systems

In this section, we discuss the discrete-time counterparts of the previous sections. For this
purpose, we again consider a discrete-time nonlinear state-space system defined on X ⊆ �n
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containing the origin x = {0} in coordinates (x = x1, . . . , xn):

Σd :

{
xk+1 = f(xk, uk), x(k0) = x0

yk = h(xk, uk)
(3.59)

where xk ∈ X is the state vector, uk ∈ U ⊆ �m is the input function belonging to an input
space U , yk ∈ Y ⊆ �m is the output function which belongs to the output space Y (i.e.,
Σd is square). The functions f : X × U → X and h : X × U → Y are real Cr functions of
their arguments such that there exists a unique solution x(k, k0, x0, uk) to the system for
any x0 ∈ X and uk ∈ U .
Definition 3.5.1 A function s(k) = s(uk, yk) is a supply-rate to the system Σd if it is

locally absolutely summable, i.e.,
∑k1

k=k0
|s(k)| <∞ for all (k0, k1) ∈ Z× Z.

Then we have the following definition of dissipativity for the system Σd.

Definition 3.5.2 The nonlinear system Σd is locally dissipative with respect to the supply-
rate s(uk, yk) if there exists a C0 positive-semidefinite storage-function Ψ : N ⊂ X → �
such that

Ψ(xk1)−Ψ(xk0 ) ≤
k1∑
k=k0

s(uk, yk) (3.60)

for all k1 ≥ k0, uk ∈ U , and x(k0), x(k1) ∈ N . The system is said to be dissipative if it is
locally dissipative for all xk0 , xk1 ∈ X .

Again, we can move from the integral (or summation) version of the dissipation-inequality
(3.60) to its differential (or infinitesimal) version by differencing to get

Ψ(xk+1)−Ψ(xk) ≤ s(uk, yk), (3.61)

which is the discrete-time equivalent of (3.17). Furthermore, we can equally define the
dissipation-inequality as in (3.1.3) by

k1∑
k=k0

s(uk, yk) ≥ 0, x0 = 0 ∀k1 ≥ k0. (3.62)

The available-storage and required-supply of the system Σda can also be defined as follows:

Ψa(x) = sup
x0 = x, uk ∈ U ,

K ≥ 0

−
K∑
k=0

s(uk, yk) (3.63)

Ψr(x) = inf
xe → x,
uk ∈ U

k=0∑
k=k−1

s(uk, yk), ∀k−1 ≤ 0, (3.64)

where xe = arg infx∈X Ψ(x). Consequently, the equivalents of Theorems 3.1.1, 3.1.2 and
3.1.3 can be derived for the system Σd. However, of particular interest to us among discrete-
time dissipative systems, are those that are passive because of their nice properties which
are analogous to the continuous-time case. Hence, for the remainder of this section, we shall
concentrate on this class and the affine nonlinear discrete-time system:

Σda :

{
xk+1 = f(xk) + g(xk)uk, x(k0) = x0
yk = h(xk) + d(xk)uk

(3.65)
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where g : X → Mn×m(X ), d : X → �m, and all the other variables have their previous
meanings. We shall also assume for simplicity that f(0) = 0 and h(0) = 0. We proceed with
the following definition.

Definition 3.5.3 The system Σda is passive if it is dissipative with supply-rate s(uk, yk) =
yTk uk and the storage-function Ψ : X → � satisfies Ψ(0) = 0. Equivalently, Σda is passive
if, and only if, there exists a positive-semidefinite storage-function Ψ satisfying

Ψ(xk1)− Ψ(xk0) ≤
k1∑
k=k0

yTk uk, Ψ(0) = 0 (3.66)

for all k1 ≥ k0 ∈ Z, uk ∈ U , or the infinitesimal version:

Ψ(xk+1)−Ψ(xk) ≤ yTk uk, Ψ(0) = 0 (3.67)

for all k1 ≥ k0 ∈ Z, uk ∈ U .
For convenience of the presentation, we shall concentrate on the infinitesimal version of the
passivity-inequality (3.67).

Remark 3.5.1 Similarly, the discrete-time system Σda is strictly-passive if the strict in-
equality in (3.66) or (3.67) is satisfied, or there exists a positive-definite function Ξ : X →
�+ such that

Ψ(xk+1)−Ψ(xk) ≤ yTk uk − Ξ(xk) ∀uk ∈ U , ∀k ∈ Z. (3.68)

We also have the following definition of losslessness.

Definition 3.5.4 A passive system Σda with storage-function Ψ, is lossless if

Ψ(xk+1)−Ψ(xk) = yTk uk ∀uk ∈ U , k ∈ Z. (3.69)

The following lemma is the discrete-time version of the nonlinear KYP lemma given in
Theorem 3.3.1 and Definition 3.3.4 for lossless systems.

Lemma 3.5.1 The nonlinear system Σda with a C2 storage-function Ψ(.) is lossless if, and
only if,

(i)

Ψ(f(x)) = Ψ(x) (3.70)

∂Ψ(α)

∂α
|α=f(x)g(x) = hT (x) (3.71)

gT (x)
∂2Ψ(α)

∂α2
|α=f(x)g(x) = dT (x) + d(x) (3.72)

(ii) Ψ(f(x) + g(x)u) is quadratic in u.

Proof: (Necessity): If Σda is lossless, then there exists a positive-semidefinite storage-
function Ψ(.) such that

Ψ(f(x) + g(x)u)−Ψ(x) = (h(x) + d(x)u)T u. (3.73)

Setting u = 0, we immediately get (3.70). Differentiating both sides of the above equation
(3.73) with respect to u once and twice, and setting u = 0 we also arrive at the equations
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(3.71) and (3.72), respectively. Moreover, (ii) is also obvious from (3.72).
(Sufficiency:) If (ii) holds, then there exist functions p, q, r : X → � such that

Ψ(f(x) + g(x)u) = p(x) + q(x)u + uT r(x)u ∀u ∈ U (3.74)

where the functions p(.), q(.), r(.) correspond to the Taylor-series expansion of Ψ(f(x) +
g(x)u) about u:

p(x) = Ψ(f(x)) (3.75)

q(x) =
∂Ψ(f(x) + g(x)u)

∂u

∣∣∣∣
u=0

=
∂Ψ(α)

∂α

∣∣∣∣
α=f(x)

g(x) (3.76)

r(x) =
1

2

∂2Ψ(f(x) + g(x)u)

∂u2

∣∣∣∣
u=0

= g(x)
∂2Ψ(α)

∂α2

∣∣∣∣
α=f(x)

g(x). (3.77)

Therefore equation (3.74) implies by (3.70)-(3.72),

Ψ(f(x) + g(x)u)−Ψ(x) = (q(x) + uT r(x))u ∀u ∈ U
= {hT (x) + 1

2
uT (dT (x) + d(x))}u

= yTu ∀u ∈ U .
Hence Σda is lossless. �

Remark 3.5.2 In the case of the linear discrete-time system

Σdl :

{
xk+1 = Axk +Buk
yk = Cxk +Duk

where A, B, C and D are matrices of appropriate dimensions. The system is lossless with
C2 storage-function Ψ(xk) =

1
2x

T
k Pxk, P = PT and the KYP equations (3.70)-(3.72) yield:

ATPA = P
BTPA = C
BTPB = DT +D.

⎫⎬⎭ (3.78)

Remark 3.5.3 Notice from the above equations (3.78) that if the system matrix D = 0,
then since B �= 0, it implies that C = 0. Thus Σdl can only be lossless if yk = 0 when D = 0.
In addition, if rank(B) = m, then Σdl is lossless only if P ≥ 0.

Furthermore, DT + D ≥ 0 and D + DT > 0 if and only if rank(B) = m [74]. Thus,
D > 0 and hence nonsingular. This assumption is also necessary for the nonlinear system
Σda, i.e., d(x) > 0 and will consequently be adopted in the sequel.

The more general result of Lemma 3.5.1 for passive systems can also be stated.

Theorem 3.5.1 The nonlinear system Σda is passive with storage-function Ψ(.) which is
positive-definite if, and only if, there exist real functions l : X → �i, W : X →Mi×j(X ) of
appropriate dimensions such that

Ψ(f(x))−Ψ(x) = −1

2
lT (x)l(x) (3.79)

∂Ψ(α)

∂α

∣∣∣∣
α=f(x)

g(x) + lT (x)W (x) = hT (x) (3.80)

dT (x) + d(x) − gT (x)∂
2Ψ(α)

∂α2

∣∣∣∣
α=f(x)

g(x) = WT (x)W (x). (3.81)
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Proof: The proof follows from Lemma 3.5.1. �

Remark 3.5.4 In the case of the linear system Σdl the equations (3.79)-(3.81) reduce to
the following wellknown conditions for Σdl to be positive-real:

ATPA− P = −LTL
ATPB + LTW = CT

DT +D −BTPB = WTW.

The KYP lemma above can also be specialized to discrete-time bilinear systems. Fur-
thermore, unlike for the general nonlinear case above, the assumption that Ψ(f(x)+ g(x)u)
is quadratic in u can be removed. For this purpose, let us consider the following bilinear
state-space system defined on X ⊆ �n:

Σdbl :

{
xk+1 = Axk + [B(xk) + E]uk
yk = h(xk) + d(xk)uk, h(0) = 0,

(3.82)

where all the previously used variables and functions have their meanings, with A ∈ �n×n,
E ∈ �n×m, C ∈ �m×n constant matrices, while B : X → Mn×m(X ) is a smooth map
defined by

B(x) = [B1x, . . . , Bmx],

where Bi ∈ �n×n, i = 1, . . . ,m . We then have the following theorem.

Theorem 3.5.2 (KYP-lemma) The bilinear system Σdbl is passive with a positive-definite
storage-function, Ψ(x) = 1

2x
TPx if, and only if, there exists a real constant matrix L ∈ �n×q

and a real function W : X →Mi×j(X ) of appropriate dimensions, satisfying

ATPA− P = −LTL
xT [ATP (B(x) + E) + LTW (x) = hT (x)

dT (x) + d(x)− (B(x) + E)TP (B(x) + E) = WT (x)W (x)

for some symmetric positive-definite matrix P .

3.6 �2-Gain Analysis for Discrete-Time Dissipative Systems

In this section, we again summarize the relationship between the �2-gain of a discrete-time
system and its dissipativeness, as well as the implications on its stability analogously to
the continuous-time case discussed in Section 3.2. We consider the nonlinear discrete-time
system Σd given by the state equations (3.59). We then have the following definition.

Definition 3.6.1 The nonlinear system Σd is said to have locally in N ⊂ X , finite �2-gain
less than or equal to γ > 0 if for all uk ∈ �2[k0,K]

K∑
k=k0

‖yk‖2 ≤ γ2
K∑

k=k0

‖uk‖2 + β′(x0) (3.83)

for all K ≥ k0, and all x0 ∈ N , yk = h(xk, uk), k ∈ [k0,K], and for some function
β′ : X → �+. Moreover, the system is said to have �2-gain ≤ γ if N = X .
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Without any loss of generality, we can take k0 = 0 in the above definition. We now have the
following important theorem which is the discrete-time equivalent of Theorems 3.2.1, 3.2.2
or the Bounded-real lemma for discrete-time nonlinear systems.

Theorem 3.6.1 Consider the discrete-time system Σd. Then Σd has finite �2-gain ≤ γ
if Σd is finite-gain dissipative with supply-rate s(uk, yk) = (γ2‖uk‖2 − ‖yk‖2), i.e., it is
dissipative with respect to s(., .) and γ < ∞. Conversely, Σd is finite-gain dissipative with
supply-rate s(uk, yk) if Σ

d has �2-gain ≤ γ and is reachable from x = 0.

Proof: By dissipativity (Definition 3.5.2)

0 ≤ V (xK+1) ≤
K∑
k=0

(γ2‖uk‖2 − ‖yk‖2) + V (x0). (3.84)

=⇒
K∑
k=0

‖yk‖2 ≤ γ2
K∑
k=0

‖uk‖2 + V (x0). (3.85)

Thus, Σd has locally �2-gain ≤ γ by Definition 3.6.1. Conversely, if Σd has �2-gain ≤ γ, then

K∑
k=0

(‖yk‖2)− γ2‖uk‖2) ≤ β′(x0)

=⇒ Va(x) = − inf
x(0) = x, uk ∈ U ,

K ≥ 0

K∑
k=0

(‖uk‖2 − ‖yk‖2) ≤ β′(x0) <∞,

the available-storage, is well defined for all x in the reachable set of Σd from x(0) with
uk ∈ �2, and for some function β′. Consequently, Σd is finite-gain dissipative with some
storage-function V ≥ V a and supply-rate s(uk, yk). �

The following theorem is the discrete-time counterpart of Theorems 3.2.1, 3.2.2 relating
the dissipativity of the discrete-time system (3.65), its �2-gain and its stability, which is
another version of the Bounded-real lemma.

Theorem 3.6.2 Consider the affine discrete-time system Σda. Suppose there exists a C2

positive-definite function V : U → �+ defined locally in a neigborhood U of x = 0 satisfying

(H1)

gT (0)
∂2V

∂x2
(0)g(0) + dT (0)d(0)− γ2I < 0;

(H2)

0 = V (f(x) + g(x)μ(x)) − V (x) +
1

2
(‖h(x) + d(x)μ(x)‖2 − γ2‖μ(x)‖2) (3.86)

where u = μ(x), μ(0) = 0 is the unique solution of

∂V

∂λ

∣∣∣∣
λ=f(x)+g(x)u

g(x) + uT (dT (x)d(x) − γ2I) = −hT (x)d(x);

(H3) the affine system (3.65) is zero-state detectable, i.e., yk|uk=0 = h(xk) = 0 ⇒
limk→∞ xk = 0,
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then Σda is locally asymptotically-stable and has �2-gain ≤ γ.

Proof: Consider the Hamiltonian function for (3.65) under the �2 cost criterion J =∑∞
k=0[‖yk‖2 − γ2‖wk‖2]:

H(x, u) = V (f(x) + g(x)u)− V (x) +
1

2
(‖y‖2 − γ2‖u‖2).

Then

∂H

∂u
(x, u) =

∂V

∂λ

∣∣∣∣
λ=f(x)+g(x)u

g(x) + uT (dT (x)d(x) − γ2I) + hT (x)d(x) (3.87)

and
∂2H

∂u2
(x, u) = gT (x)

∂2V

∂λ2

∣∣∣∣
λ=f(x)+g(x)u

g(x) + dT (x)d(x) − γ2I.

It is easy to check that the point (x0, u0) = (0, 0) is a critical point of H(x, u) and the

Hessian matrix of H is negative-definite at this point by hypothesis (H1). Hence, ∂
2H
∂u2 (0, 0)

is nonsingular at (x0, u0) = (0, 0). Thus, by the Implicit-function Theorem, there exists an
open neighborhood N ⊂ X of x0 = 0 and an open neighborhood U ⊂ U of u0 = 0 such that
there exists a C1 solution u = μ(x), μ : N → U , to (3.87).

Expanding H(., .) about (x0, u0) = (0, 0) using Taylor-series formula yields

H(x, u) = H(x, μ(x)) +
1

2
(u− μ(x))T

(
∂2H

∂u2
(x, μ(x)) +O(‖u− μ(x)‖)

)
(u− μ(x)).

Again hypothesis H1 implies that there exists a neighborhood of x0 = 0 such that

∂2H

∂u2
(x, μ(x)) = gT (x)

∂2V

∂λ2

∣∣∣∣
λ=f(x)+g(x)μ(x)

g(x) + dT (x)d(x) − γ2I < 0.

This observation together with the hypothesis (H2) implies that u = μ(x) is a local max-
imum of H(x, u), and that there exists open neighborhoods N0 of x0 and U0 of u0 such
that

H(x, u) ≤ H(x, μ(x)) = 0 ∀x ∈ N0 and ∀u ∈ U0,

or equivalently

V (f(x) + g(x)u(x)) − V (x) ≤ 1

2
(γ2‖u‖2 − ‖h(x) + d(x)u‖2). (3.88)

Thus, Σda is finite-gain dissipative with storage-function V with respect to the supply-
rate s(uk, yk) and hence has �2-gain ≤ γ. To show local asymptotic stability, we substitute
x = 0, u = 0 in (3.88) to see that the equilibrium point x = 0 is stable and V is a Lyapunov-
function for the system. Moreover, by hypothesis (H3) and LaSalle’s invariance-principle,
we conclude that x = 0 is locally asymptotically-stable with u = 0. �

Remark 3.6.1 In the case of the linear discrete-time system Σdl, the conditions (H1),
(H2) in the above theorem reduce to the algebraic-equation and DARE respectively:

BTPB +DTD − γ2I ≤ 0,

ATPA− P − (BTPA+DTC)T (BTPB +DTD − γ2)−1(BTPA+DTC) + CTC = 0.
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3.7 Feedback-Equivalence to a Discrete-Time Lossless Nonlinear
System

In this section, we derive the discrete-time analogs of the results of Subsection 3.4; namely,
when can a discrete-time system of the form Σda be rendered lossless (or passive) via smooth
state-feedback? We present necessary and sufficient conditions for feedback-equivalence to
a lossless discrete-time system, and the results could also be modified to achieve feedback-
equivalence to a passive system. The results are remarkably analogous to the continuous-
time case, and the necessary conditions involve some mild regularity conditions and the
requirement of lossless zero-dynamics. The only apparent anomaly is the restriction that
d(x) be nonsingular for x in O � {0}.

We begin by extending the concepts of relative-degree and zero-dynamics to the
discerete-time case.

Definition 3.7.1 The nonlinear system Σda is said to have vector relative-degree {0, . . . , 0}
at x = 0 if d(0) is nonsingular. It is said to have uniform vector relative-degree {0, . . . , 0}
if d(x) is nonsingular for all x ∈ X .

Definition 3.7.2 If the system Σda has vector relative-degree {0, . . . , 0} at x = {0}, then
there exists an open neighborhood O of x = {0} such that d(x) is nonsingular for all x ∈ O
and hence the control

u∗k = −d−1(xk)h(xk), ∀x ∈ O
renders yk ≡ 0 and the resulting dynamics of the system

Σda0 ∗ : xk+1 = f∗(xk) = f(xk) + g(xk)u
∗
k, ∀xk ∈ O ⊆ X (3.89)

is known as the zero-dynamics of the system. Furthermore, the n-dimensional submanifold

Z∗ = {x ∈ O : yk = 0, k ∈ Z} ≡ O ⊆ X

is known as the zero-dynamics submanifold.

Remark 3.7.1 If Σda has uniform vector relative-degree {0, . . . , 0}, then

Z∗ = {x ∈ O : yk = 0, k ∈ Z} ≡ O ≡ X .

Notice that unlike in the continuous-time case with vector relative degree {1, . . . , 1} in which
the zero-dynamics evolves on an n−m-dimensional submanifold, for the discrete-time sys-
tem, the zero-dynamics evolves on an n-dimensional submanifold.

The following notion of lossless zero-dynamics replaces that of minimum-phase for feedback-
equivalence to a lossless system.

Definition 3.7.3 Suppose d(0) is nonsingular. Then the system Σda is said to have locally
lossless zero-dynamics if there exists a C2 positive-definite Lyapunov-function V locally
defined in the neighborhood O of x = {0} such that

(i) V (f∗(x)) = V (x), ∀x ∈ O.
(ii) V (f∗(x) + g(x)u) is quadratic in u.

The system is said to have globally lossless zero-dynamics if d(x) is nonsingular for all x ∈



Theory of Dissipative Systems 73

�n and there exists a C2 positive-definite Lyapunov-function V that satisfies the conditions
(i), (ii) above for all x ∈ �n.

The following lemma will be required in the sequel.

Lemma 3.7.1 (Morse-lemma [1]): Let p be a nondegenerate critical point for a real-valued
function υ. Then there exists a local coordinate system (y1, . . . , yn) in a neighborhood N
about p such that yi(p) = 0 for i = 1, . . . , n and υ is quadratic in N :

υ(y) = υ(p)− y21 − . . .− y2l + y2l+1 + . . .+ y2n

for some integer 0 ≤ l ≤ n.

Lemma 3.7.2 Consider the zero-dynamics Σda0 ∗ of the system Σda. Suppose there is a
Lyapunov-function V which is nondegenerate at x = 0 and satisfies V (f∗(x)) = V (x) for
all x ∈ O neighborhood of x = 0. Then there exists a change in coordinates x̃ = ϕ(x) such
that Σda∗ is described by

x̃k+1 = f̃∗(x̃k),

where f̃ := ϕ◦f∗ ◦ϕ−1, and has a positive-definite Lyapunov-function Ṽ which is quadratic
in x̃, i.e., Ṽ (x̃) = x̃TP x̃ for some P > 0, and satisfies Ṽ (f̃∗(x̃)) = Ṽ (x̃).

Proof: Applying the Morse-lemma, there exists a local change of coordinates x̃ = ϕ(x)
such that

Ṽ (x̃) = V (ϕ−1(x̃)) = x̃TP x̃

for some P > 0. Thus,

Ṽ (f̃∗(x̃)) = V (f∗ ◦ ϕ−1(x̃)) = V (ϕ−1(x̃)) = Ṽ (x̃). �

Since the relative-degree of the system Σda is obviously so important for the task at hand,
and as we have seen in the continuous-time case, the passivity (respectively losslessness)
of the system has implications on its vector relative-degree, therefore, we shall proceed in
the next few results to analyze the relative-degree of the system. We shall present sufficient
conditions for the system to be lossless with a {0, . . . , 0} relative-degree at x = 0. We begin
with the following preliminary result.

Proposition 3.7.1 Suppose Σda is lossless with a C2 positive-definite storage-function Ψ
which is nondegenerate at x = 0. Then

(i) rank{g(0)} = m if and only if d(0) + dT (0) > 0.

(ii) Moreover, as a consequence of (i) above, d(0) is nonsingular, and Σda has vector
relative-degree {0, . . . , 0} at x = 0.

Proof: (i)(only if): By Lemma 3.5.1, substituting x = 0 in equation (3.72), we have

gT (0)
∂2Ψ(λ)

∂λ2

∣∣∣∣
λ=0

g(0) = dT (0) + d(0).

Since the Hessian of V evaluated at λ = 0 is positive-definite, then

xT (dT (0) + d(0))x = (g(0)x)T
∂2Ψ(λ)

∂λ2

∣∣∣∣
λ=0

(g(0)x).
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Hence, rank{g(0)} = m implies that d(0) + dT (0) > 0.
(if): Conversely if d(0) + dT (0) > 0, then

(g(0)x)T
∂2Ψ(λ)

∂λ2

∣∣∣∣
λ=0

(g(0)x) > 0 =⇒ g(0)x �= 0 ∀x ∈ �m \ {0}.

Therefore g(0)x = 0 has a unique solution x = 0 when rank{g(0)} = m.
Finally, (ii) follows from (i) by positive-definiteness of d(0) + dT (0). �

Remark 3.7.2 Notice that for the linear discrete-time system Σdl with a positive-definite
storage-function Ψ(x) = 1

2x
TPx, P > 0, Ψ is always nondegenerate at x = 0 since the

Hessian of V is P > 0.

The following theorem is the counterpart of Theorem 3.4.1 for the discrete-time system
Σda.

Theorem 3.7.1 Suppose that rank{g(0)} = m and the system Σda is lossless with a C2

positive-definite storage-function Ψ(.) which is nondegenerate at x = 0. Then Σda has vector
relative-degree {0, . . . , 0} and a lossless zero-dynamics at x = 0.

Proof: By Proposition 3.7.1 Σda has relative-degree {0, . . . , 0} at x = 0 and its zero-
dynamics exists locally in the neighborhood O of x = 0. Furthermore, since Σda is lossless

Ψ(f(x) + g(x)u)−Ψ(x) = yTu, ∀u ∈ U . (3.90)

Setting u = u∗ = −d−1(x)h(x) gives

Ψ(f∗(x)) = Ψ(x) ∀x ∈ Z∗.

Finally, if we substitute u = u∗ + ũ in (3.74), it follows that Ψ(f∗(x) + g(x)ũ) is quadratic
in ũ. Thus, the zero-dynamics is lossless. �

Remark 3.7.3 A number of interesting corollaries which relate the losslessness of the
system Σda with respect to a positive-definite storage-function which is nondegenerate at
x = {0}, versus the rank{g(0)} and its relative-degree, could be drawn. It is sufficient here
however to observe that, under mild regularity conditions, the discrete-time system Σda

with d(x) ≡ 0 cannot be lossless; that Σda can only be lossless if it has vector relative-degree
{0, . . . , 0} and d(x) is nonsingular. Conversely, under some suitable assumptions, if Σda is
lossless with a positive-definite storage-function, then it necessarily has vector relative-degree
{0, . . . , 0} at x = 0.

We now present the main result of the section; namely, a necessary and sufficient condition
for feedback-equivalence to a lossless system using regular static state-feedback control of
the form:

uk = α(xk) + β(xk)vk, α(0) = 0 (3.91)

for some smooth C∞ functions α : N ⊆ X → �m, β : N → Mm×m(X ), 0 ∈ N , with β
invertible over N .

Theorem 3.7.2 Suppose Ψ is nondegenerate at x = {0} and rank{g(0)} = m. Then Σda is
locally feedback-equivalent to a lossless system with a C2 storage-function which is positive-
definite, if and only if, Σda has vector relative-degree {0, . . . , 0} at x = {0} and lossless
zero-dynamics.
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Proof: (Necessity): Suppose there exists a feedback control of the form (3.91) such that
Σda is feedback-equivalent to the lossless system

Σ̃da : xk+1 = f̃(xk) + g̃(xk)wk

yk = h̃(xk) + d̃(xk)wk

with a C2 storage-function Ψ, where wk is an auxiliary input and

f̃(x) = f(x) + g(x)α(x), g̃(x) = g(x)β(x) (3.92)

h̃(x) = h(x) + d(x)α(x), d̃(x) = d(x)β(x). (3.93)

Since β(0) is nonsingular, then rank{g̃(0)} = m. Similarly, by Proposition 3.7.1 d̃(0) is
nonsingular, and therefore d(0). Hence Σda has relative-degree {0, . . . , 0} at x = 0. Next we
show that Σda has locally lossless zero-dynamics.

The zero-dynamics of the equivalent system Σ̃da are governed by

Σ̃da0 ∗ : xk+1 = f̃∗(xk), x ∈ Z∗

where f̃∗(x) := f̃− g̃(x)d̃−1(x)h̃(x). These are identical to the zero-dynamics of the original
system Σda with f∗(x) = f(x)− g(x)d−1(x)h(x) since they are invariant under static state-
feedback. But Σ̃da lossless implies by Theorem 3.7.1 that

(i) Ψ(f̃∗(x)) = Ψ(x)

(ii) Ψ(f̃∗(x) + g̃(x)w) is quadratic in w.

Therefore, by the invariance of the zero-dynamics, we have Ψ(f∗(x)) = Ψ(x) and Ψ(f∗(x)+
g(x)u) is also quadratic in u. Consequently, Σda has locally lossless zero-dynamics.
(Sufficiency): If Σda has relative-degree {0, . . . , 0} at x = 0, then there exists a neighborhood
O of x = {0} in which d−1(x) is well defined. Applying the feedback

uk = u∗k + d−1(xk)vk = −d−1(xk)h(xk) + d−1(xk)vk

changes Σda into the system

xk+1 = f∗(xk) + g∗(xk)vk
yk = vk

where g∗(x) := g(x)d−1(x). Now let the output of this resulting system be identical to that

of the lossless system Σ̃da and have the equivalent system

Σ̃da1 : xk+1 = f∗(xk) + g∗(xk)h̃(xk) + g∗(xk)d̃(xk)wk
yk = h̃(xk) + d̃(xk)uk.

By assumption, Ψ is nondegenerate at x = 0 and rank{g(0)} = m, therefore there exists

a neighborhood N of x = 0 such that (g∗(x))T ∂
2Ψ
∂λ2

∣∣∣
λ=f∗(x)

g∗(x) is positive-definite for all

x ∈ N . Then

d̃(x) :=

(
1

2
(g∗(x))T

∂2Ψ

∂λ2

∣∣∣∣
λ=f∗(x)

g∗(x)

)−1

(3.94)

h̃(x) := d̃(x)

(
∂Ψ

∂λ

∣∣∣∣
λ=f∗(x)

g∗(x)

)T
(3.95)
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are well defined in N . It can now be shown that, with the above construction of d̃(x) and

h̃(x), the system Σ̃da1 is lossless with a C2 storage-function Ψ.
By assumption, Ψ(f∗(x)+g∗(x)u) is quadratic in u, therefore by Taylor-series expansion

about f∗(x), we have

Ψ(f∗(x) + g∗(x)h̃(x)) = Ψ(f∗(x)) +
∂Ψ

∂λ

∣∣∣∣
λ=f∗(x)

g∗(x)h̃(x) +

1

2
h̃T (x)(g∗(x))T

∂2Ψ

∂λ2

∣∣∣∣
λ=f∗(x)

g∗(x)h̃(x). (3.96)

It can then be deduced from the above equation (using again first-order Taylor’s expansion)
that

∂Ψ

∂λ

∣∣∣∣
λ=f∗(x)+g∗(x)h̃(x)

g∗(x) =
∂Ψ

∂α

∣∣∣∣
λ=f∗(x)

g∗(x)+ h̃T (x)(g∗)T (x)
∂2Ψ

∂λ2

∣∣∣∣
λ=f∗(x)

g∗(x) (3.97)

and

(g∗(x))T
∂2Ψ

∂λ2

∣∣∣∣
λ=f∗(x)+g∗(x)h̃(x)

g∗(x) = (g∗(x))T
∂2Ψ

∂λ2

∣∣∣∣
λ=f∗(x)

g∗(x). (3.98)

Using (3.94) and (3.95) in (3.97), (3.98), we get

∂Ψ

∂λ

∣∣∣∣
λ=f∗(x)+g∗(x)h̃(x)

g∗(x)d̃(x) = h̃T (x) (3.99)

and

(g∗(x)d̃(x))T
∂2Ψ

∂λ2

∣∣∣∣
λ=f∗(x)+g∗(x)h̃(x)

(g∗(x)d̃(x)) = d̃T (x) + d̃(x). (3.100)

Similarly, substituting (3.94) and (3.95) in (3.96) gives

Ψ(f∗(x) + g∗(x)h̃(x)) = Ψ(f∗(x)) − h̃T (x)d̃−1(x)h̃(x) + h̃T (x)d̃−1(x)h̃(x)

= Ψ(f∗(x)). (3.101)

Recall now that (f∗(x)+ g∗(x)h̃(x)) is the zero-dynamics of the system Σ̃da1. Together with
the fact that Ψ(f∗(x) + g∗(x)h̃(x) + g∗(x)d̃(x)w) is quadratic in w and (3.99)-(3.101) hold,

then by Lemma 3.5.1 and Definition 3.7.3, we conclude that the system Σ̃da1 is lossless with
a C2 storage-function Ψ. �

Remark 3.7.4 In the case of the linear discrete-time system Σdl, with rank(B) = m.
The quadratic storage-function Ψ(x) = 1

2x
TPx, P > 0 is always nondegenerate at x = 0,

and Ψ(Ax+Bu) is always quadratic in u. It therefore follows from the above theorem that
any linear discrete-time system of the form Σdl is feedback-equivalent to a lossless linear
system with a positive-definite storage-function Ψ(x) = 1

2x
TPx if, and only if, there exists

a positive-definite matrix P such that

(A−BD−1C)TP (A−BD−1C) = P.

Remark 3.7.5 A global version of the above theorem also exists. It is easily seen that, if
the local properties of the system are replaced by their global versions, i.e., if the system has
globally lossless zero-dynamics and uniform vector relative-degree {0, . . . , 0}, then it would be
globally feedback-equivalent to a lossless system with a C2 positive-definite storage-function.
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Remark 3.7.6 What is however missing, and what we have not presented in this section,
is the analogous synthesis procedure for feedback-equivalence of the discrete-time system
Σda to a passive one similar to the continuous-time case. This is because, for a passive
system of the form Σda, the analysis becomes more difficult and complicated. Furthermore,
the discrete-time equivalent of the KYP lemma is not available except for the restricted
case when Ψ(f(x) + g(x)u) is quadratic in u (Theorem 3.5.1). But Ψ(f(x) + g(x)u) is in
general not quadratic in u, and therefore the fundamental question: “When is the system
Σda passive, or can be rendered passive using smooth state-feedback?” cannot be answered
in general.
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4

Hamiltonian Mechanics and Hamilton-Jacobi Theory

Hamiltonian mechanics is a transformation theory that is an off-shoot of Lagrangian me-
chanics. It concerns itself with a systematic search for coordinate transformations which
exhibit specific advantages for certain types of problems, notably in celestial and quantum
mechanics. As such, the Hamiltonian approach to the analysis of a dynamical system, as
it stands, does not represent an overwhelming development over the Lagrangian method.
One ends up with practically the same number of equations as the Lagrangian approach.
However, the real advantage of this approach lies in the fact that the transformed equations
of motion in terms of a new set of position and momentum variables are easily integrated
for specific problems, and also the deeper insight it provides into the formal structure of me-
chanics. The equal status accorded to coordinates and momenta as independent variables
provides a new representation and greater freedom in selecting more relevant coordinate
systems for different types of problems.

In this chapter, we study Lagrangian systems from the Hamiltonian standpoint. We
shall consider natural mechanical systems for which the kinetic energy is a positive-definite
quadratic form of the generalized velocities, and the Lagrangian function is the difference
between the kinetic energy and the potential energy. Furthermore, as will be reviewed
shortly, it will be shown that the Hamiltonian transformation of the equations of motion of
a mechanical system always leads to the Hamilton-Jacobi equation (HJE) which is a first-
order nonlinear PDE that must be solved in order to obtain the required transformation
generating-function. It is therefore our aim in this chapter to give an overview of HJT with
emphasis to the HJE.

4.1 The Hamiltonian Formulation of Mechanics

To review the approach, we begin with the following definition.

Definition 4.1.1 A differentiable manifold M with a fixed positive-definite quadratic form
〈ξ, ξ〉 on every tangent space TMx, x ∈M , is called a Riemannian manifold. The quadratic
form is called a Riemannian metric.

Now, let the configuration space of the system be defined by a smooth n-dimensional
Riemannian manifold M . If (ϕ,U) is a coordinate chart, we write ϕ = q = (q1, . . . , qn)
for the local coordinates and q̇i = ∂

∂qi
in the tangent bundle TM |U = TU . We shall be

considering natural mechanical systems which are defined as follows.

Definition 4.1.2 A Lagrangian mechanical system on a Riemannian manifold is called
natural if the Lagrangian function L : TM × � → � is equal to the difference between the
kinetic energy and the potential energy of the system defined as

L(q, q̇, t) = T (q, q̇, t)− V (q, t), (4.1)

79
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where T : TM × � → � is the kinetic energy which is given by the symmetric Riemannian
quadratic form

T =
1

2
〈v, v〉, v ∈ TqM

and V : M × � → � is the potential energy of the system (which may be independent of
time).

More specifically, for natural mechanical systems, the kinetic energy is a positive-definite
symmetric quadratic form of the generalized velocities,

T (q, q̇, t) =
1

2
q̇TΨ(q, t)q̇. (4.2)

Further, it is well known from Lagrangian mechanics and as can be derived using Hamilton’s
principle of least action [37, 115, 122] (see also Theorem 4.2.1), that the equations of motion
of a holonomic conservative1 mechanical system satisfy Langrange’s equation of motion
given by

d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
= 0, i = 1, . . . , n. (4.3)

Therefore, the above equation (4.3) may always be written in the form

q̈ = g(q, q̇, t), (4.4)

for some function g : TU ×� → �n.
On the other hand, in the Hamiltonian formulation, we choose to replace all the q̇i by

independent coordinates, pi, in such a way that

pi :=
∂L

∂q̇i
, i = 1, . . . , n. (4.5)

If we let
pi = h(q, q̇), i = 1, . . . , n, (4.6)

then the Jacobian of h with respect to q̇, using (4.1), (4.2) and (4.5), is given by Ψ(q) which
is positive-definite, and hence equation (4.5) can be inverted to yield

q̇i = fi(q1, . . . , qn, p1, . . . , pn, t), i = 1, . . . , n, (4.7)

for some continuous functions fi, i = 1, . . . , n. In this framework, the coordinates q =
(q1, q2, . . . , qn)

T are referred to as the generalized-coordinates and p = (p1, p2, . . . , pn)
T are

the generalized-momenta. Together, these variables form a new system of coordinates for the
system known as the phase-space of the system. If (U,ϕ) where ϕ = (q1, q2, . . . , qn) is a chart
on M , then since pi : TU → �, i=1,. . . ,n, they are elements of T �U , and together with the
qi’s form a system of 2n local coordinates (q1, . . . , qn, p1, . . . , pn) for the phase-space T �U
of the system in U .

Now define the Hamiltonian function of the system H : T �M × � → � as the Legendre
transform2 of the Lagrangian function with respect to q̇ by

H(q, p, t) = pT q̇ − L(q, q̇, t), (4.8)

1Holonomic if the constraints on the system are expressible as equality constraints. Conservative if there
exists a time-dependent potential.

2To be defined later, see also [37].
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and consider the differential of H with respect to q, p and t as

dH =

(
∂H

∂p

)T
dp+

(
∂H

∂q

)T
dq +

∂H

∂t
dt. (4.9)

The above expression must be equal to the total differential of H given by (4.8) for p = ∂L
∂q̇ :

dH = q̇T dp−
(
∂L

∂q

)T
dq −

(
∂L

∂t

)T
dt. (4.10)

Thus, in view of the independent nature of the coordinates, we obtain a set of three rela-
tionships:

q̇ =
∂H

∂p
,

∂L

∂q
= −∂H

∂q
, and

∂L

∂t
= −∂H

∂t
.

Finally, applying Lagrange’s equation (4.3) together with (4.5) and the preceeding results,
one obtains the expression for ṗ. Since we used Lagrange’s equation, q̇ = dq

dt and ṗ = dp
dt ,

and the resulting Hamiltonian canonical equations of motion are then given by

dq

dt
=

∂H

∂p
(q, p, t), (4.11)

dp

dt
= −∂H

∂q
(q, p, t). (4.12)

Therefore, we have proven the following theorem.

Theorem 4.1.1 The system of Lagrange’s equations (4.3) is equivalent to the system of
2n first-order Hamilton’s equations (4.11), (4.12).

In addition, for time-independent conservative systems, H(q, p) has a simple physical inter-
pretation. From (4.8) and using (4.5), we have

H(q, p) = pT q̇ − L(q, q̇) = q̇T
∂L

∂q̇
− (T (q, q̇)− V (q))

= q̇T
∂T

∂q̇
− T (q, q̇) + V (q)

= 2T (q, q̇)− T (q, q̇) + V (q)

= T (q, q̇) + V (q).

That is, H(q, p, t) is the total energy of the system. This completes the Hamiltonian for-
mulation of the equations of motion, and can be seen as an off-shoot of the Lagrangian
formulation. It can also be seen that, while the Lagrangian formulation involves n second-
order equations, the Hamiltonian description sets up a system of 2n first-order equations
in terms of the 2n variables p and q. This remarkably new system of coordinates gives new
insight and physical meaning to the equations. However, the system of Lagrange’s equations
and Hamilton’s equations are completely equivalent and dual to one another.

Furthermore, because of the symmetry of Hamilton’s equations (4.11), (4.12) and the
even dimension of the system, a new structure emerges on the phase-space T �M of the
system. This structure is defined by a nondegenerate closed differential 2-form which in the
above local coordinates is defined as:

ω2 = dp ∧ dq =
n∑
i=1

dpi ∧ dqi. (4.13)
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Thus, the pair (T �M, ω2) form a symplectic-manifold, and together with the Cr Hamilto-
nian function H : T �M → �, define a Hamiltonian mechanical system. With this notation,
we have the following representation of a Hamiltonian system.

Definition 4.1.3 Let (T �M,ω2) be a symplectic-manifold and let H : T �M → � be a
Hamiltonian function. Then, the vector-field XH determined by the condition

ω2(XH , Y ) = dH(Y ) (4.14)

for all vector-fields Y , is called the Hamiltonian vector-field with energy function H. We
call the tuple (T �M, ω2, XH) a Hamiltonian system.

Remark 4.1.1 It is important to note that the nondegeneracy3 of ω2 guarantees that XH

exists, and is a Cr−1 vector-field. Moreover, on a connected symplectic-manifold, any two
Hamiltonians for the same vector-field XH have the same differential (4.14), so differ by a
constant only.

We also have the following proposition [1].

Proposition 4.1.1 Let (q1, . . . , qn, p1, . . . , pn) be canonical coordinates so that ω2 is given
by (4.13). Then, in these coordinates

XH =

(
∂H

∂p1
, . . . ,

∂H

∂pn
,−∂H

∂q1
, . . . ,− ∂H

∂qn

)
= J · ∇H

where J =

(
0 I

−I 0

)
. Thus, (q(t), p(t)) is an integral curve of XH if and only if Hamil-

ton’s equations (4.11), (4.12) hold.

4.2 Canonical Transformation

Now suppose that a transformation of coordinates is introduced qi → Qi, pi → Pi, i =
1, . . . , n such that every Hamiltonian function transforms as H(q1, . . . , qn, p1, . . . , pn, t) →
K(Q1, . . . , Qn, P1, . . . , Pn, t) in such a way that the new equations of motion retain the same
form as in the former coordinates, i.e.,

dQ

dt
=

∂K

∂p
(Q,P, t) (4.15)

dP

dt
= −∂K

∂q
(Q,P, t). (4.16)

Such a transformation is called canonical and can greatly simplify the solution to the equa-
tions of motion, especially if Q,P are selected such that K(., ., .) is a constant independent
of Q and P . When this happens, then Q and P will also be constants and the solution to
the equations of motion are immediately available (given the transformation). We simply
transform back to the original coordinates under the assumption that the transformation is
univalent and invertible. It therefore follows from this that:

3ω2 is nondegenerate if ω2(X1, X2) = 0 ⇒ X1 = 0 or X2 = 0 for all vector-fields X1, X2 which are
smooth sections of TT �M .
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1. The identity transformation is canonical;

2. The inverse of a canonical transformation is a canonical transformation;

3. The product of two or more canonical transformations is also a canonical trans-
formation;

4. A canonical transformation must preserve the differential-form ω2 = dp ∧ dq or
preserve the canonical nature of the equations of motion (4.15), (4.16).

The use of canonical invariants such as Poisson brackets [38, 115] can often be used to
check whether a given a transformation (q, p) → (Q,P ) is canonical or not. For any two
given C1-functions u(q, p), v(q, p), their Poisson bracket is defined as

[u, v]q,p =
n∑
i=1

(
∂u

∂qi

∂v

∂pi
− ∂u

∂pi

∂v

∂qi

)
. (4.17)

It can then be shown that a transformation (q, p) �→ (Q,P ) is canonical if and only if:

[Qi, Qk]q,p = 0, [Pi, Pk]q,p = 0, [Pi, Qk]q,p = δik, i, k = 1, 2, . . . , n (4.18)

are satisfied, where δik is the Kronecker delta.
Hamilton (1838) has developed a method for obtaining the desired transformation equa-

tions using what is today known as Hamilton’s principle which we introduce hereafter.

Definition 4.2.1 Let γ = {(t, q) : q = q(t), t0 ≤ t ≤ t1} be a curve in the (t, q) plane.
Define the functional Φ(γ) (which we assume to be differentiable) by

Φ(γ) =

∫ t1

t0

L(q(τ), q̇(τ))dτ.

Then, the curve γ is an extremal of the functional Φ(.) if δΦ(γ) = 0 or dΦ(γ) = 0 ∀t ∈
[t0, t1], where δ is the variational operator.

Theorem 4.2.1 (Hamilton’s Principle of Least-Action) [37, 115, 122, 127]. The motion of
a mechanical system with Lagrangian function L(., ., .), coincides with the extremals of the
functional Φ(γ).

Accordingly, define the Lagrangian function of the system L : TM×� → � as the Legendre
transform [37] of the Hamiltonian function by

L(q, q̇, t) = pT q̇ −H(q, p, t). (4.19)

Then, in the new coordinates, the new Lagrangian function is

L̄(Q, Q̇, t) = P T Q̇−K(Q,P, t). (4.20)

Since both L(., ., .) and L̄(., ., .) are conserved, each must separately satisfy Hamilton’s
principle. However, L(., ., .) and L̄(., ., .) need not be equal in order to satisfy the above
requirement. Indeed, we can write

L(q, q̇, t) = L̄(Q, Q̇, t) +
dS

dt
(q, p,Q, P, t) (4.21)

for some arbitrary function S : X × X̄ × � → �, where X , X̄ ⊂ T �M (see also [122], page
286). Since dS is an exact differential (i.e., it is the derivative of a scalar function),

δ

[∫ t1

t0

dS

dt
(q, p,Q, P, t)dt

]
= S(q, p,Q, P, t)|t1t0 = 0. (4.22)
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Now applying Hamilton’s principle to the time integral of both sides of equation (4.21), we
get

δ

[∫ t1

t0

L(q, q̇, t)dt

]
= δ

[∫ t1

t0

L̄(Q, Q̇, t)dt

]
+ δ

[∫ t1

t0

dS

dt
(q, p,Q, P, t)dt

]
= 0; (4.23)

and therefore by (4.22),

δ

[∫ t1

t0

L̄(Q, Q̇, t)dt

]
= 0. (4.24)

Thus, to guarantee that a given change of coordinates, say,

qi = φi(Q,P, t) (4.25)

pi = ψi(Q,P, t) (4.26)

is canonical, from (4.19), (4.20) and (4.21), it is enough that

pT q̇ −H = PT Q̇−K +
dS

dt
. (4.27)

This condition is also required [122]. Consequently, the above equation is equivalent to

pT dq − PTdQ = (H −K)(q, p,Q, P, t)dt+ dS(q, p,Q, P, t), (4.28)

which requires on the expression on the left side to be also an exact differential. Further, it
can be verified that the presence of S(.) in (4.21) does not alter the canonical structure of
the Hamiltonian equations. Applying Hamilton’s principle to the right-hand-side of (4.21),
we have from (4.24), the Euler-Lagrange equation (4.3), and the argument following it

dQ

dt
=

∂K

∂p
(Q,P, t) (4.29)

dP

dt
= −∂K

∂q
(Q,P, t). (4.30)

Hence the canonical nature of the equations is preserved.

4.2.1 The Transformation Generating Function

As proposed in the previous section, the equations of motion of a given Hamiltonian system
can often be simplified significantly by a suitable transformation of variables such that all
the new position and momentum coordinates (Qi, Pi) are constants. In this subsection, we
discuss Hamilton’s approach for finding such a transformation.

We have already seen that an arbitrary generating function S does not alter the canonical
nature of the equations of motion. The next step is to show that, first, if such a function
is known, then the transformation we so anxiously seek follows directly. Secondly, that the
function can be obtained by solving a certain partial-differential equation (PDE).

The generating function S relates the old to the new coordinates via the equation

S =

∫
(L− L̄)dt = f(q, p,Q, P, t). (4.31)

Therefore, S is a function of 4n+ 1 variables of which only 2n are independent. Hence, no
more than four independent sets of relationships among the dependent coordinates can exist.
Two such relationships expressing the old sets of coordinates in terms of the new set are
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given by equations (4.25), (4.26). Consequently, only two independent sets of relationships
among the coordinates remain for defining S and no more than two of the four sets of
coordinates may be involved. Therefore, there are four possibilities:

S1 = f1(q,Q, t); S2 = f2(q, P, t); (4.32)

S3 = f3(p,Q, t); S4 = f4(p, P, t). (4.33)

Any one of the above four types of generating functions may be selected, and a transfor-
mation obtained from it. For example, if we consider the generating function S1, taking its
differential, we have

dS1 =
n∑
i=1

∂S1

∂qi
dqi +

n∑
i=1

∂S1

∂Qi
dQi +

∂S1

∂t
dt. (4.34)

Again, taking the differential as defined by (4.28), we have

dS1 =
n∑
i=1

pidqi −
n∑
i=1

PidQi + (K −H)dt. (4.35)

Finally, using the independence of coordinates, we equate coefficients, and obtain the desired
transformation equations

pi = ∂S1

∂qi
(q,Q, t)

Pi = − ∂S1

∂Qi
(q,Q, t)

K −H = ∂S1

∂t (q,Q, t)

⎫⎪⎬⎪⎭ , i = 1, . . . , n. (4.36)

Similar derivation can be applied to the remaining three types of generating functions, and
in addition, we can also apply Legendre transformation. Thus, for the generating functions
S2(., ., .), S3(., ., .) and S4(., ., .), we have

pi = ∂S2

∂qi
(q, P, t)

Qi = ∂S2

∂Pi
(q, P, t)

K −H = ∂S2

∂t (q, P, t)

⎫⎬⎭ , i = 1, . . . , n, (4.37)

qi = −∂S3

∂pi
(p,Q, t)

Pi = − ∂S3

∂Qi
(p,Q, t)

K −H = ∂S3

∂t (p,Q, t)

⎫⎪⎬⎪⎭ , i = 1, . . . , n, (4.38)

qi = −∂S4

∂pi
(p, P, t)

Qi = ∂S4

∂Pi
(p, P, t)

K −H = ∂S4

∂t (p, P, t)

⎫⎬⎭ , i = 1, . . . , n, (4.39)

respectively. It should however be remarked that most of the canonical transformations
that are expressed using arbitrary generating functions often have the consequence that
the distinct meaning of the generalized coordinates and momenta is blurred. For example,
consider the generating function S = S1(q,Q) = qTQ. Then, it follows from the foregoing
that

pi = ∂S1

∂qi
= Qi

Pi = − ∂S1

∂Qi
= −qi

K = ∂S1

∂t = H(−P,Q, t)

⎫⎪⎬⎪⎭ , i = 1, . . . , n, (4.40)
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which implies that Pi and qi have the same units except for the sign change.
One canonical transformation that allows only the tranformation of corresponding co-

ordinates is called a point transformation. In this case, Q(q, t) does not depend on p but
only on q and possibly t and the meaning of the coordinates is preserved. This ability of a
point transformation can also be demonstrated using the genarating function S2. Consider
for instance the transformation Q = ψ(q, t) of the coordinates among each other such that

S = S2(q, P, t) = ψT (q, t)P. (4.41)

Then, the resulting canonical equations are given by

p = ∂S2

∂q =
(
∂ψ
∂q

)T
P,

Q = ∂S2

∂P = ψ(q, t),

K = H + ∂ψT (q,t)
∂t P

⎫⎪⎪⎬⎪⎪⎭ , (4.42)

and it is clear that the meaning of the coordinates is preserved in this case.

4.2.2 The Hamilton-Jacobi Equation (HJE)

In this subsection, we turn our attention to the last missing link in the Hamiltonian trans-
formation theory, i.e., an approach for determining the transformation generating function,
S. There is only one equation available

H(q, p, t) +
∂S

∂t
= K(P,Q, t). (4.43)

However, there are two unknown functions in this equation, namely, S and K. Therefore,
the best we can do is to assume a solution for one and then solve for the other. A convenient
and intuitive strategy is to arbitrarily set K to be identically zero! Under this condition,
Q̇ and Ṗ vanish, resulting in Q = α, and P = β, as constants. The inverse transformation
then yields the motion q(α, β, t), p(α, β, t) in terms of these constants of integration.

Consider now generating functions of the first type. Having forced a solution K ≡ 0, we
must now solve the PDE:

H(q,
∂S

∂q
, t) +

∂S

∂t
= 0 (4.44)

for S, where ∂S
∂q = ( ∂S∂q1 , . . . ,

∂S
∂qn

)T . This equation is known as the Hamilton-Jacobi equation

(HJE), and was improved and modified by Jacobi in 1838. For a given function H(q, p, t),
this is a first-order PDE in n + 1 variables for the unknown function S(q, α, t) which is
traditionally called Hamilton’s principal function. We need a solution for this equation
which depends on n arbitrary independent constants of integration α1, α2, . . . , αn. Such a
solution S(q, α, t) is called a “complete solution” of the HJE (4.44), and solving the HJE is
equivalent to finding the solution to the equations of motion (4.11), (4.12). On the other
hand, the solution of (4.44) is simply the solution of the equations (4.11), (4.12) using the
method of characteristics [95]. However, it is generally not simpler to solve (4.44) instead
of (4.11), (4.12).

If a complete solution S(q, α, t) of (4.44) can be found and if the generating function
S = S1(q,Q, t) is used, then one obtains

∂S1

∂qi
= pi, i = 1, . . . , n, (4.45)

∂S1

∂αi
= −βi, i = 1, . . . , n. (4.46)
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Moreover, since the constants αi are independent, the Jacobian matrix ∂2S1

∂q∂α is nonsingular
and therefore by the Implicit-function Theorem, the above two equations can be solved to
recover the original variables q(α, β, t) and p(α, β, t).

4.2.3 Time-Independent Hamilton-Jacobi Equation and Separation of
Variables

The preceding section has laid down a systematic approach to the solution of the equations
of motion via a transformation theory that culminates in the HJE. However, implementation
of the above procedure is difficult, because the chances of success are limited by the lack of
efficient mathematical techniques for solving nonlinear PDEs. At present, the only general
technique is the method of separation of variables. If the Hamiltonian is explicitly a function
of time, then separation of variables is not readily achieved for the HJE. On the other hand,
if the Hamiltonian is not explicitly a function of time or is independent of time, which
arises in many dynamical systems of practical interest, then the HJE separates easily. The
solution to (4.44) can then be formulated in the form

S(q, α, t) =W (q, α)− α1t. (4.47)

Consequently, the use of (4.47) in (4.44) yields the following restricted time-independent
HJE in W :

H(q,
∂W

∂q
) = α1, (4.48)

where α1, one of the constants of integration is equal to the constant value of H or is an
energy constant (if the kinetic energy of the system is homogeneous quadratic, the constant
equals the total energy, E). Moreover, since W does not involve time, the new and the old
Hamiltonians are equal, and it follows that K = α1. The function W , known as Hamilton’s
characteristic function, thus generates a canonical transformation in which all the new
coordinates are cyclic.4 Further, if we again consider generating functions of the first kind,
i.e., S = S1(q,Q, t), then from (4.45), (4.46) and (4.47), we have the following system

∂W
∂qi

= pi, i = 1, 2 . . . , n,
∂W
∂α1

= t+ β1,
∂W
∂αi

= βi, i = 2, . . . , n.

⎫⎪⎬⎪⎭ (4.49)

The above system of equations can then be solved for the qi in terms of αi, βi and time t.
At this point, it might appear that little practical advantage has been gained in solving

a first-order nonlinear PDE, which is notoriously difficult to solve, instead of a system of 2n
ODEs. Nevertheless, under certain conditions, and when the Hamiltonian is independent
of time, it is possible to separate the variables in the HJE, and the solution can then be
obtained by integration. In this event, the HJE becomes a useful computational tool.

Unfortunately, there is no simple criterion (for orthogonal coordinate systems the so-
called Staeckel conditions [115] have proven to be useful) for determining when the HJE
is separable. For some problems, e.g., the three-body problem, it is impossible to separate
the variables, while for others it is transparently easy. Fortunately, a great majority of
systems of current interest in quantum mechanics and atomic physics are of the latter class.
Moreover, it should also be emphasized that the question of whether the HJE is separable
depends on the system of generalized coordinates employed. Indeed, the one-body central
force problem is separable in polar coordinates, but not in cartesian coordinates.

4A coordinate qi is cyclic if it does not enter into the Lagrangian, i.e., ∂L
∂qi

= 0.
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To illustrate the Hamilton-Jacobi technique for the time-independent case, we consider
an example of the harmonic oscillator.

Example 4.2.1 [115]. Consider the harmonic oscillator with Hamiltonian function

Hh =
p2

2m
+
kq2

2
.

The corresponding HJE (4.48) is given by

1

2m

(
∂W

∂q

)2

+
kq2

2
= α

which can be immediately integrated to yield

W (q, α) =
√
mk

∫ √
2α

k
− q2 dq.

Thus,

S(q, α) =
√
mk

∫ √
2α

k
− q2 dq − αt,

and

β =
∂S

∂α
=

√
m

k

∫
dq√

2α
k − q2

− t.

The above equation can now be integrated to yield

t+ β = −
√
m

k
cos−1

(
q

√
k

2α

)
.

Now, if we let ω =
√

k
m , then the above equation can be solved for q to get the solution

q(t) =

√
2α

k
cos(ωt+ β)

with α, β constants of integration.

4.3 The Theory of Nonlinear Lattices

In this section, we discuss the theory of nonlinear lattices as a special class and an example
of Hamiltonian systems that are integrable. Later, we shall also show how the HJE arising
from the A2-Toda lattice can be solved.

Historically, the exact treatment of oscillations in nonlinear lattices became serious in
the early 1950’s when Fermi, Pasta and Ulam (FPU) numerically studied the problem of
energy partition. Fermi et al. wanted to verify by numerical experiment if there is energy flow
between the modes of linear-lattice systems when nonlinear interactions are introduced. He
wanted to verify what is called the equipartition of energy in statistical mechanics. However,
to their disappointment, only a little energy partition occurred, and the state of the systems
was found to return periodically to the initial state.



Hamiltonian Mechanics and Hamilton-Jacobi Theory 89

Later, Ford and co-workers [258] showed that by using pertubation and by numerical cal-
culation, though resonance generally enhances energy sharing, it has no intimate connection
to a periodic phenomenon, and that nonlinear lattices have rather stable-motion (periodic,
when the energy is not too high) or pulses (also known as solitons), which he called the
nonlinear normal modes. This fact also indicates that there will be some nonlinear lattice
which admits rigorous periodic waves, and certain pulses (lattice solitons) will be stable
there. This remarkable property led to the finding of an integrable one-dimensional lattice
with exponential interaction also known as the Toda lattice.

The Toda lattice as a Hamiltonian system describes the motion of n particles moving in a
straight line with “exponential interaction” between them. Mathematically, it is equivalent
to a problem in which a single particle moves in �n. Let the positions of the particles at
time t (in �) be q1(t), . . . , qn(t), respectively. We assume that each particle has mass 1. The
momentum of the i-th particle at time t is therefore pi = q̇i. The Hamiltonian function for
the finite (or non-periodic) lattice is defined to be

H(q, p) =
1

2

n∑
j=1

p2j +

n−1∑
j=1

e2(qj−qj+1). (4.50)

Therefore, the canonical equations for the system are given by

dqj
dt = pj j = 1, . . . , n,
dp1
dt = −2e2(q1−q2),
dpj
dt = −2e2(qj−qj+1) + 2e2(qj−1−qj), j = 2, . . . , n− 1,
dpn
dt = 2e2(qn−1−qn).

⎫⎪⎪⎬⎪⎪⎭ (4.51)

It may be assumed in addition that
∑n
j=1 qj =

∑n
j=1 pj = 0, and the coordinates

q1, . . . , qn can be chosen so that this condition is satisfied. While for the periodic lattice in
which the first particle interacts with the last, the Hamiltonian function is defined by

H̃(q, p) =
1

2

n∑
j=1

p2j +

n−1∑
j=1

e2(qj−qj+1) + e2(qn−q1). (4.52)

We may also consider the infinite lattice, in which there are infinitely many particles.
Nonlinear lattices can provide models for nonlinear phenomena such as wave propagation

in nerve systems, chemical reactions, certain ecological systems and a host of electrical
and mechanical systems. For example, it is easily shown that a linear lattice is equivalent
to a ladder network composed of capacitors C and inductors L, while a one-dimensional
nonlinear lattice is equivalent to a ladder circuit with nonlinear L or C. To show this, let
In denote the current, Qn the charge on the capacitor, Φn the flux in the inductance, and
write the equations for the circuit as

dQn

dt = In − In−1,
dΦn

dt = Vn − Vn+1.

}
. (4.53)

Now assume that the inductors and capacitors are nonlinear in such a way that

Qn = Cv0 ln(1 + Vn/v0)

Φn = Li0 ln(1 + In/i0)

where (C, v0, L, i0) are constants. Then equations (4.53) give

dQn
dt

= i0(e
Φn−1
Li0 − e Φn

Li0 )

dΦn
dt

= v0(e
Qn−1
Cv0 − e Qn

Cv0 )
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which are in the form of a lattice with exponential interaction (or Toda system).
Stimulated by Ford’s numerical work which revealed the likely integrability of the Toda

lattice, Henon and Flaschka [258] independently showed the integrability of the Toda lattice
analytically, and began an analytical survey of the lattice. At the same time, the inverse
scattering method of solving the initial value problem for the Kortoweg-de Vries equation
(KdV) had been firmly formulated by Lax [258], and this method was applied to the infinite
lattice to derive a solution using matrix formalism which led to a simplification of the
equations of motion. To introduce this formalism, define the following matrices

L =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

p1 Q1,2 0 · · · 0 0
Q1,2 p2 Q2,3 · · · 0 0
0 Q2,3 p3 · · · 0 0
...

...
...

...
...

0 0 0 · · · pn−1 Qn−1,n

0 0 0 · · · Qn−1,n pn

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(4.54)

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

0 Q1,2 0 · · · 0 0
−Q1,2 0 Q2,3 · · · 0 0

0 −Q2,3 0 · · · 0 0
...

...
...

...
...

0 0 0 · · · 0 Qn−1,n

0 0 0 · · · −Qn−1,n 0

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(4.55)

where Qi,j = e(qi−qj). We then have the following propoposition [123].

Proposition 4.3.1 The Hamiltonian system for the non-periodic Toda lattice (4.50)-(4.51)
is equivalent to the Lax equation L̇ = [L,M ], where the function L, M take values in sl(n,�)
5 and [., .] is the Lie bracket operation in sl(n,�).

Using the above matrix formalism, the solution of the Toda system (4.51) can be derived
[123, 258].

Theorem 4.3.1 The solution of the Hamiltonian system for the Toda lattice is given by

L(t) = Ad(exp tV )−1
1 V,

where V = L(0), Ad(g)X = d
dtg exp(tX)g−1

∣∣
t=0

= gXg−1 for any X ∈ SL(n,�),
g ∈ sl(n,�), and the subscript 1 represents the projection (exp−tW )1 = exp−tπ1W =
exp−tW1 onto the first component in the decomposition of W =W1W2 ∈ sL(n,�).
The solution can be explicitly written in the case of n = 2. Letting q1 = −q, q2 = q, p1 = −p
and p2 = p, we have

L =

(
p Q
Q −p

)
, M =

(
0 Q
−Q 0

)
, (4.56)

where Q = c−2q. Then the solution of L̇ = [L, M ] with

L(0) =

(
0 v
v 0

)
,

5The Lie-algebra of SL(n,�), the special linear group of matrices on � with determinant ±1 [38].
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is

L(t) = Ad

[
exp t

(
0 v
v 0

)]−1

I

(
0 v
v 0

)
.

Now

exp t

(
0 v
v 0

)
=

(
cosh tv sinh tv
sinh tv cosh tv

)
.

The decomposition SL2(2,�) = SO2N̂ ′
2 is given by(

a b
c d

)
=

[
1√

b2 + d2

(
d b
−b d

)][
1√

b2 + d2

(
1 0

ab+ cd b2 + d2

)]
.

Hence, [
exp t

(
0 v
v 0

)]
1

=
1√

sinh2 tv + cosh2 tv

(
cosh tv sinh tv
− sinh tv cosh tv

)
.

Therefore,

L(t) =
v

sinh2 tv + cosh2 tv

( −2 sinh tv cosh tv 1
1 2 sinh tv cosh tv

)
.

Which means that

p(t) = −v sinh 2tv

cosh 2tv
, Q(t) =

v

cosh 2tv
.

Furthermore, if we recall that Q(t) = e−2q(t), it follows that

q(t) = −1

2
log

( v

cosh 2tv

)
= −1

2
log v +

1

2
log cosh 2vt. (4.57)

4.3.1 The G2-Periodic Toda Lattice

In the study of the generalized periodic Toda lattice, Bogoyavlensky [72] showed that var-
ious models of the Toda lattice which admit the [L,M ]-Lax representation correspond to
certain simple Lie-algebras which he called the A, B, C,D and G2 periodic Toda systems. In
particular, the G2 is a two-particle system and corresponds to the Lie algebra g2 which is 14-
dimensional, and has been studied extensively in the literature [3, 4, 201]. The Hamiltonian
for the g2 system is given by

H(q, p) =
1

2
(p21 + p22) + e(1/

√
3)q1 + e−(

√
3/2)q1+(1/2)q2 + e−q2 , (4.58)

and the Lax equation corresponding to this system is given by dA/dt = [A, B], where

A(t) = a1(t)(X−β3 +Xβ3) + a2(t)(X−γ1 +Xγ1) + a3(t)(s
−1X−γ3 + sXγ3) +

b1(t)H1 + b2H2

B(t) = a1(t)(X−β3 −Xβ3) + a2(t)(X−γ1 −Xγ1) + a3(t)(s
−1X−γ3 − sXγ3),

s is a parameter, βi, i = 1, 2, 3 and the γj , j = 1, 2, 3 are the short and long roots of the g2
root system respectively, while X(−) are the corresponding Chevalley basis vectors. Using
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the following change of coordinates [201]:

a1(t) =
1

2
√
6
e(1/2

√
3)q1(t), a2(t) =

1

2
√
2
e−(

√
3/4)q1(t)+(1/4)q2(t),

a3(t) =
1

2
√
2
e−(1/2)q2(t),

b1(t) =
−1
2
√
3
p1(t) +

1

4
p2(t), b2(t) =

1

2
√
3
p1(t),

we can represent the g2 lattice as

ȧ1 = a1b2, ȧ2 = a2(b1 − b2), ȧ3 = a3(−2b1 − b2),
ḃ1 = 2(a21 − a22 + a23), ḃ2 = −4a21 + 2a22,

H =
1

2
〈A(t), A(t)〉 = 8(3a21 + a22 + a23 + a23 + b21 + b1b2 + b22).

Here, the coordinate a2(t) may be regarded as superfluous, and can be eliminated using
the fact that 4a31a

2
2a3 = c (a constant) of the motion.

4.4 The Method of Characteristics for First-Order Partial-
Differential Equations

In this section, we present the wellknown method of characteristics for solving first-order
PDEs. It is by far the most generally known method for handling first-order nonlinear PDEs
in n independent variables. It involves converting the PDE into an appropriate system of
first-order ordinary differential-equations (ODE), which are in turn solved together to obtain
the solution of the original PDE. It will be seen during the development that the Hamilton’s
canonical equations are nothing but the characteristic equations of the Hamilton-Jacobi
equation; and thus, solving the canonical equations is equivalent to solving the PDE and
vice-versa. The presentation will follow closely those from Fritz-Johns [109] and Evans [95].

4.4.1 Characteristics for Quasi-Linear Equations

We begin with a motivational discussion of the method by considering quasi-linear equations,
and then we consider the general first-order nonlinear equation.

The general first-order equation for a function v = v(x, y, . . . , z) in n variables is of the
form

f(x, y, . . . , z, v, vx, vy, . . . , vz) = 0, (4.59)

where x, y, . . . , z ∈ �, v : �n → �. The HJE and many first-order PDEs in classical and
continuum mechanics, calculus of variations and geometric optics are of the above type. A
simpler case of the above equation is the quasi-linear equation in two variables:

a(x, y, v)vx + b(x, y, v)vy = c(x, y, v) (4.60)

in two independent variables x, y. The function v(x, y) is represented by a surface z =
v(x, y) called an integral surface which corresponds to a solution of the PDE. The functions
a(x, y, z), b(x, y, z) and c(x, y, z) define a field of vectors in the xyz-space, while (vx, vy,−1)
is the normal to the surface z = v(x, y).
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We associate to the field of characteristic directions (a, b, c) a family of characteristic
curves that are tangent to these directions. Along any characteristic curve (x(t), y(t), z(t)),
where t is a parameter, the following system of ODEs must be satisfied:

dx

dt
= a(x, y, z),

dy

dt
= b(x, y, z),

dz

dt
= c(x, y, z). (4.61)

If a surface S : z = v(x, y) is a union of characteristic curves, then S is an integral surface;
for then through any point P of S, there passes a characteristic curve Γ contained in S.

Next, we consider the Cauchy problem for the quasi-linear equation (4.60). It is desired
to find a definite method for finding solutions of the PDE from a given “data” on the
problem. A simple way of selecting a particular candidate solution v(x, y) out of an infinite
set of solutions, consists in prescribing a curve Γ in xyz-space which is to be contained
in the integral surface z = v(x, y). Without any loss of generality, we can represent Γ
parametrically by

x = f(s), y = g(s), z = h(s), (4.62)

and we seek for a solution v(x, y) such that

h(s) = v(f(s), g(s)), ∀s. (4.63)

The above problem is the Cauchy problem for (4.60). Our first aim is to derive conditions for
a local solution to (4.60) in the vicinity of x0 = f(s0), y0 = g(s0). Accordingly, assume the
functions f(s), g(s), h(s) ∈ C1 in the neighborhood of some point P0 that is parameterized
by s0, i.e.,

P0 = (x0, y0, z0) = (f(s0), g(s0), h(s0)). (4.64)

Assume also the coefficients a(x, y, z), b(x, y, z), c(x, y, z) ∈ C1 near P0. Then, we can de-
scribe Γ near P0 by the solution

x = X(s, t), y = Y (s, t), z = Z(s, t) (4.65)

of the characteristic equations (4.61) which reduces to f(s), g(s), h(s) at t = 0. Therefore,
the functions X, Y, Z must satisfy

Xt = a(X,Y, Z), Yt = b(X,Y, Z), Zt = c(X,Y, Z) (4.66)

identically in s, t and also satisfy the initial conditions

X(s, 0) = f(s), Y (s, 0) = g(s), Z(s, 0) = h(s). (4.67)

By the theorem on existence and uniqueness of solutions to systems of ODEs, it follows
that there exists unique set of functions X(s, t), Y (s, t), Z(s, t) of class C1 satisfying (4.66),
(4.67) for (s, t) near (s0, 0). Further, if we can solve equation (4.65) for s, t in terms of x, y,
say s = S(x, y) and t = T (x, y), then z can be expressed as

z = v(x, y) = Z(S(x, y), T (x, y)), (4.68)

which represents an integral surface Σ. By (4.64), (4.67), x0 = X(s0, 0), y0 = Y (s0, 0), and
by the Implicit-function Theorem, there exist solutions s = S(x, y), t = T (x, y) of

x = X(S(x, y), T (x, y)), y = Y (S(x, y), T (x, y)) (4.69)

of class C1 in a neighborhood of (x0, y0) and satisfying

s0 = S(x0, y0), 0 = T (x0, y0)



94 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

provided the Jacobian determinant∣∣∣∣ Xs(s0, 0) Ys(s0, 0)
Xt(s0, 0) Yt(s0, 0)

∣∣∣∣ �= 0. (4.70)

By (4.66), (4.67) the above condition is further equivalent to∣∣∣∣ fs(s0) gs(s0)
a(x0, y0, z0) b(x0, y0, z0)

∣∣∣∣ �= 0. (4.71)

The above gives the local existence condition for the solution of the Cauchy problem for
the quasi-linear equation. Uniqueness follows from the following theorem [109].

Theorem 4.4.1 Let P = (x0, y0, z0) lie on the integral surface z = v(x, y), and Γ be the
characteristic curve through P . Then Γ lies completely on S.

Example 4.4.1 [109] Consider the initial value problem for the quasi-linear equation

vy + cvx = 0, c a constant, and v(x, 0) = h(x).

Solution:
Parametrize the initial curve Γ corresponding to the initial condition above by

x = s, y = 0, z = h(x).

Then the characteristic equations are given by

dx

dt
= c,

dy

dt
= 1,

dz

dt
= 0.

Solving these equations gives

x = X(s, t) = s+ ct, y = Y (s, t) = t, z = Z(s, t) = h(s).

Finally, eliminating s and t from the above solutions, we get the general solution of the
equation

z = v(x, y) = h(x− cy).

Next, we develop the method for the general first-order equation (4.59) in n independent
variables.

4.4.2 Characteristics for the General First-Order Equation

We now consider the general nonlinear first-order PDE (4.59) written in vectorial notation
as

F (Dv, v, x) = 0, x ∈ U ⊆ �n, subject to the boundary condition v = g on O (4.72)

where Dv = (vx1 , vx2 , . . . , vxn), O ⊆ ∂U , g : O → �, and F ∈ C∞(�n×�×U), g ∈ C∞(�).
Now suppose v solves (4.72), and fix any point x ∈ U . We wish to calculate v(x) by

finding some curve lying within U , connecting x with a point x0 ∈ O and along which we
can compute v. Since v(x0) = g(x0), we hope to be able to find v along the curve connecting
x0 and x.

To find the characteristic curve, let us suppose that it is described parametrically by
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the function x(s) = (x1(s), x2(s), . . . , xn(s)), the parameter s lying in some subinterval of
�. Assume v is a C2 solution of (4.72), and let

z(s) = v(x(s)), (4.73)

p(s) = Dv(x(s)); (4.74)

i.e., p(s) = (p1(s), p2(s), . . . , pn(s)) = (vx1(s), vx2(s), . . . , vxn(s)) . Then,

ṗi(s) =

n∑
j=1

vxixj (x(s))ẋ
j(s), (4.75)

where the differentiation is with respect to s. On the other hand, differentiating (4.72) with
respect to xi, we get

n∑
j=1

∂F

∂pj
(Dv, v, x)vxjxi +

∂F

∂z
(Dv, v, x)vxi +

∂F

∂xi
(Dv, v, x) = 0. (4.76)

Now, if we set
dxj
ds

(s) =
∂F

∂pj
(p(s), z(s),x(s)), j = 1, . . . , n, (4.77)

and assuming that the above relation holds, then evaluating (4.76) at x = x(s), we obtain
the identity

n∑
j=1

∂F

∂pj
(p(s), z(s),x(s))vxjxi +

∂F

∂z
(p(s), z(s),x(s))pi(s) +

∂F

∂xi
(p(s), z(s),x(s)) = 0.

(4.78)
Next, substituting (4.77) in (4.75) and using the above identity (4.78), we get

ṗi(s) = − ∂F
∂xi

(p(s), z(s),x(s)) − ∂F

∂z
(p(s), z(s),x(s))pi(s), i = 1, . . . , n. (4.79)

Finally, differentiating z we have

ż(s) =

n∑
j=1

∂v

∂xj
(x(s))ẋj(s) =

n∑
j=1

pj(s)
∂F

∂pj
(p(s), z(s),x(s)). (4.80)

Thus, we finally have the following system of ODEs:

ṗ(s) = −DxF (p(s), z(s),x(s)) −DzF (p(s), z(s),x(s))p(s)
ż(s) = DpF (p(s), z(s),x(s)).p(s)
ẋ(s) = DpF (p(s), z(s),x(s)),

⎫⎬⎭ (4.81)

where Dx, Dp, Dz are the derivatives with respect to x, p, z respectively. The above system
of 2n + 1 first-order ODEs comprises the characteristic equations of the nonlinear PDE
(4.72). The functions p(s), z(s), x(s) together are called the characteristics while x(s) is
called the projected characteristic onto the physical region U ⊆ �n. Furthermore, if v ∈ C2

solves the nonlinear PDE (4.72) in U and assume x solves the last equation in (4.81), then
p(s) solves the first equation and z(s) solves the second for those s such that x(s) ∈ U .

Example 4.4.2 [95] Consider the fully nonlinear equation

vx1vx2 = v, x ∈ U = {x1 > 0}
v = x22 on Γ = {x1 = 0} = ∂U.
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Solution
Thus, F (Dv, v, x) = F (p, z, x) = p1p2 − z, and the characteristic equations (4.81) become

ṗ1 = p1

ṗ2 = p2

ẋ1 = p2

ẋ2 = p1

ż = 2p1p2.

Integrating the above system, we get

x1(s) = p02(e
s − 1),

x2(s) = x0 + p01(e
s − 1), x0 ∈ �

p1(s) = p01e
s

p2(s) = p02e
s

z(s) = z0 + p01p
0
2(e

2s − 1), z0 = (x0)2.

We must now determine the initial parametrization: p0 = (p01, p
0
2). Since v = x22 on Γ, then

p02 = vx2(0, x
0) = 2x0. Then from the PDE, we get vx1 = v/vx2 ⇒ p01 = (x0)2/2x0 = x0/2.

Upon substitution now in the above equations, we get

x1(s) = 2x0(es − 1)

x2(s) =
x0

2
(es + 1)

p1(s) =
x0

2
es

p2(s) = 2x0es

z(s) = (x0)2e2s.

Finally, we must eliminate s and x0 in the above system to obtain the general solution. In
this regard, fix (x1, x2) ∈ U and select x0 such that (x1, x2) = (x1(s), x2(s)) = (2x0(es −
1), x

0

2 (es + 1)). Consequently, we get

x0 =
4x2 − x1

4
, es =

x1 + 4x2
4x2 − x1 ,

and

v(x1, x2) = z(s) = (x0)2e2s =
(x1 + 4x2)

2

16
.

4.4.3 Characteristics for the Hamilton-Jacobi Equation

Let us now consider the characteristic equations for our Hamilton-Jacobi equation discussed
in the beginning of the chapter, which is a typical nonlinear first-order PDE:

G(Dv, , vt, v, x, t) = vt +H(Dv, x) = 0, (4.82)

where Dv = Dxv and the remaining variables have their usual meaning. For convenience,
let q = (Dv, vt) = (p, pn+1), y = (x, t). Therefore,

G(q, z, y) = pn+1 +H(p, x); (4.83)
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and
DqG = (DpH(p, x), 1), DyG = (DxH(p, x), 0), DzG = 0.

Thus, the characteristic equations (4.81) become

ẋi(s) = ∂H
∂pi

(p(s),x(s)), (i = 1, 2, . . . , n),

ẋn+1(s) = 1,
ṗi(s) = − ∂H

∂xi
(p(s),x(s)), (i = 1, 2, . . . , n),

ṗn+1(s) = 0
ż(s) = DpH(p(s),x(s)).p(s) + pn+1,

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
(4.84)

which can be rewritten in vectorial form as

ṗ(s) = −DxH(p(s),x(s))
ẋ(s) = DpH(p(s),x(s))
ż(s) = DpH(p(s),x(s)).p(s) −H(p(s),x(s)).

⎫⎬⎭ (4.85)

The first two of the above equations are clearly Hamilton’s canonical equations, while the
third equation defines the characteristic surface. The variable z is also termed as the action-
variable which represents the cost-functional for the variational problem

z(t) = min
x(.)

∫ t

0

L(x(s), ẋ(s))ds

corresponding to the Hamilton-Jacobi equation, where L(x, ẋ) is the Lagrangian function

L(x, ẋ) = pẋ−H(x,p).

Thus, we have made a connection between Hamilton’s canonical equations and the
Hamilton-Jacobi equation, and it is clear that a solution for one implies a solution for
the other. Nevertherless, neither is easy to solve in general, although, for some systems,
the PDE does sometimes offer some leeway, and in fact, this is the motivation behind
Hamilton-Jacobi theory.

4.5 Legendre Transform and Hopf-Lax Formula

Though the method of characteristics provides a remarkable way of integrating the HJE,
in general the characteristic equations and in particular the Hamilton’s canonical equations
(4.85) are very difficult to integrate. Thus, other approaches for integrating the HJE had
to be sought. One method due to Hopf and Lax [95] which applies to Hamiltonians that
are independent of q deserves mention. For simplicity we shall assume that M is an open
subset of �n, and consider the initial-value problem for the HJE

vt +H(Dv) = 0 in �n × (0,∞)
v = g on �n × {t = 0}

}
(4.86)

where g : �n → � and H : �n → � is the Hamiltonian function which is independent of q.
Let the Lagrangian function L : TM → � satisfy the following assumptions.

Assumption 4.5.1 The Lagrangian function is convex and limq→∞
L(q)
|q| = +∞.
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Note that the convexity in the above assumption also implies continuity. Furthermore,
for simplicity, we have dropped the q̇ dependence of L. We then have the following definition.

Definition 4.5.1 The Legendre transform of L is the Hamiltonian function H defined by

H(p) = sup
q∈�n

{p.q − L(q)}, p ∈ T �q �n = �n

= p.q� − L(q�)
= p.q(p)− L(q(p)),

for some q� = q(p).

We note that the “sup” in the above definition is really a “max,” i.e., there exists some
q� ∈ �n for which the mapping q �→ p.q − L(q) has a maximum at q = q�. Further, if L is
differentiable, then the equation p = DL(q�) is solvable for q in terms of p, i.e., q� = q(p),
and hence the last expression above.

An important property of the Legendre transform [37] is that it is involutive, i.e., if Lg is
the Legendre transform, then L2

g(L) = L and Lg(H) = L. A stronger result is the following.

Theorem 4.5.1 (Convex duality of Hamiltonians and Lagrangians). Assume L satisfies
Assumption 4.5.1, and define H as the Legendre transform of L. Then, H also satisfies the
following:

(i) the mapping p �→ H(p) is convex,

(ii) lim|p|→∞
H(p)
|p| = +∞.

We now use the variational principle to obtain the solution of the initial-value prob-
lem (4.86), namely, the Hopf-Lax formula. Accordingly, consider the following variational
problem of minimizing the action function:∫ t

0

L(ẇ(s))ds+ g(w(0)) (4.87)

over functions w : [0, t] → �n with w(t) = x. The value-function (or cost-to-go) for this
minimization problem is given by

v(x, t) := inf

{∫ t

0

L(ẇ(s))ds+ g(q) |w(0) = y, w(t) = x

}
, (4.88)

with the infimum taken over all C1 functions w(.) with w(t) = x. Then we have the following
result.

Theorem 4.5.2 (Hopf-Lax Formula). Assume g is Lipschitz continuous, and if x ∈ �n,
t > 0, then the solution v = v(x, t) to the variational problem (4.87) is

v(x, t) = min
y∈�n

{
tL

(
x− y
t

)
+ g(y)

}
. (4.89)

The proof of the above theorem can be found in [95].
The next theorem asserts that the Hopf-Lax formula indeed solves the initial-value

problem of the HJE (4.86) whenever v in (4.89) is differentiable.

Theorem 4.5.3 Assume H is convex, lim|p|→∞
H(p)
|p| =∞. Further, suppose x ∈ �n, t > 0,
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and v in (4.89) is differentiable at a point (x, t) ∈ �n × (0,∞). Then (4.89) satisfies the
HJE (4.86) with the initial value v(x, 0) = g(x).

Again the proof of the above theorem can be found in [95]. The Hopf-Lax formula provides
a reasonably weak solution (a Lipschitz-continuous function which satisfies the PDE almost
everywhere) to the initial-value problem for the HJE. The Hopf-Lax formula is useful for
variational problems and mechanical systems for which the Hamiltonians are independent
of configuration coordinates, but is very limited for the case of more general problems.

4.5.1 Viscosity Solutions of the HJE

It was long recognized that the HJE being nonlinear, may not admit classical (or smooth
solutions) even for simple situations [56, 98, 287]. To overcome this difficulty, Crandall
and Lions [186] introduced the concept of viscosity (or generalized) solutions in the early
1980s [56, 83, 98, 186, 287] which have had wider application. Under the assumption of
differentiability of v, any solution v of the HJE will be referred to as a classical solution if
it satisfies it for all x ∈ X . In most cases however, the Hamiltonian function H fails to be
differentiable at some point x ∈ X , and hence may not satisfy the HJE everywhere in X . In
such cases, we would like to consider solutions that are closest to being differentiable in an
extended sense. The closest such idea is that of Lipschitz continuous solutions. This leads
to the concept of generalized solutions which we now define [83, 98].

Definition 4.5.2 Consider the more general form of the Hamiltonian function H : T �M →
� and the Cauchy problem

H(x,Dxv(x)) = 0, v(x, 0) = g(x) (4.90)

where Dxv(x) denotes some derivative of v at x, which is not necessarily a classical deriva-
tive. Now suppose v is locally Lipschitz on N , i.e., for every compact set O ⊂ N and
x1, x2 ∈ O there exists a constant kO > 0 such that

|v(x1)− v(x2)| ≤ kO‖x1 − x2‖

(it is Lipschitz if KO = k, independent of O), then v is a generalized solution of (4.90) if
it satisfies it for almost all x ∈ X .

Moreover, since every locally Lipschitz function is differentiable at almost all points x ∈ N ,
the idea of generalized solutions indeed makes sense. However, the concept also implies the
lack of uniqueness of generalized solutions. Thus, there can be infinitely many generalized
solutions. In this section, we shall restrict ourselves to the class of generalized solutions
referred to as viscosity solutions, which are unique. Other types of generalized solutions such
as “minimax” and “proximal” are also available in the literature [83]. We define viscosity
solutions next.

Assume v is continuous in N , and define the following sets which are respectively the
superdifferential and subdifferential of v at x ∈ N

D+v(x) =

{
p ∈ �n : lim

x′→x
sup
x′∈N

v(x′)− v(x) − p.(x′ − x)
‖x′ − x‖ ≤ 0

}
, (4.91)

D−v(x) =
{
q ∈ �n : lim

x′→x
inf
x′∈N

v(x′)− v(x)− q.(x′ − x)
‖x′ − x‖ ≥ 0

}
. (4.92)

Remark 4.5.1 If both D+v(x) and D−v(x) are nonempty at some x, then D+v(x) =
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D−v(x) and v is differentiable at x. We now have the following definitions of viscosity
solutions.

Definition 4.5.3 A continuous function v is a viscosity solution of HJE (4.90) if it is both a
viscosity subsolution and supersolution, i.e., it satisfies respectively the following conditions:

H(x, p) ≤ 0; ∀x ∈ N, ∀p ∈ D+v(x) (4.93)

H(x, q) ≥ 0; ∀x ∈ N, ∀q ∈ D−v(x) (4.94)

respectively.

An alternative definition of viscosity subsolutions and supersolutions is given in terms of
test functions as follows.

Definition 4.5.4 A continuous function v is a viscosity subsolution of HJE (4.90) if for
any ϕ ∈ C1,

H(x,Dϕ(x)) ≤ 0

at any local maximum point x of v − ϕ. Similarly, v is a viscosity supersolution if for any
ϕ ∈ C1,

H(x,Dϕ(x)) ≥ 0

at any local minimum point x of v − ϕ.
Finally, for the theory of viscosity solutions to be meaningful, it should be consistent with
the notion of classical solutions. Thus, we have the following relationship between viscosity
solutions and classical solutions [56].

Proposition 4.5.1 If v ∈ C(N) is a classical solution of HJE (4.90), then v(x) is a vis-
cosity solution, and conversely if v ∈ C1(N) is a viscosity solution of (4.90), then v is a
classical solution.

Which states in essense that, every classical solution is a viscosity solution. Furthermore,
the following proposition gives a connection with Lipschitz-continuous solutions [56].

Proposition 4.5.2 (a) If v ∈ C(N) is a viscosity solution of (4.90), then

H(x,Dxv) = 0

at any point x ∈ N where v is differentiable; (b) if v is locally Lipschitz-continuous and it
is a viscosity solution of (4.90), then

H(x,Dxv) = 0

almost everywhere in N .

Lastly, the following proposition guarantees uniqueness of viscosity solutions [95, 98].

Proposition 4.5.3 Suppose H(x, p) satisfies the following Lipschitz conditions:

|H(x, p)−H(x, q)| ≤ k‖p− q‖
|H(x, p)−H(x′, p)| ≤ k‖x− x′‖(1 + ‖p‖)

for some k ≥ 0, x, x′, p, q ∈ �n, then there exists at most one viscosity solution to the HJE
(4.90).

The theory of viscosity solutions is however not limited to the HJE. Indeed, the theory
applies to any first-order equation of the types that we have discussed in the beginning of
the chapter and also second-order equations of parabolic type.
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5

State-Feedback Nonlinear H∞-Control for
Continuous-Time Systems

In this chapter, we discuss the nonlinear H∞ sub-optimal control problem for continuous-
time affine nonlinear systems using state-feedback. This problem arises when the states
of the system are available, or can be measured directly and used for feedback. We de-
rive sufficient conditions for the solvability of the problem, and we discuss the results for
both time-invariant (or autonomous) systems and time-varying (or nonautonomous) sys-
tems, as well as systems with a delay in the state. We also give a parametrization of all
full-information stabilizing controllers for each system. Moreover, understanding the state-
feedback problem will facilitate the understanding of the dynamic measurement-feedback
problem which is discussed in the subsequent chapter.

The problem of robust control in the presence of modelling errors and/or parameter
variations is also discussed. Sufficient conditions for the solvability of this problem are
given, and a class of controllers is presented.

5.1 State-Feedback H∞-Control for Affine Nonlinear Systems

The set-up for this configuration is shown in Figure 5.1, where the plant is represented by
an affine causal state-space system defined on a smooth n-dimensional manifold X ⊆ �n in
local coordinates x = (x1, . . . , xn):

Σa :

⎧⎨⎩ ẋ = f(x) + g1(x)w + g2(x)u; x(t0) = x0
y = x
z = h1(x) + k12(x)u

(5.1)

where x ∈ X is the state vector, u ∈ U ⊆ �p is the p-dimensional control input, which
belongs to the set of admissible controls U , w ∈ W is the disturbance signal, which belongs
to the set W ⊂ L2([t0,∞),�r) of admissible disturbances, the output y ∈ �n is the states-
vector of the system which is measured directly, and z ∈ �s is the output to be controlled.
The functions f : X → V∞(X ), g1 : X → Mn×r(X ), g2 : X → Mn×p(X ), h1 : X → �s,
and k12 : X → Mp×m(X ) are assumed to be real C∞-functions of x. Furthermore, we
assume without loss of generality that x = 0 is a unique equilibrium point of the system
with u = 0, w = 0, and is such that f(0) = 0, h1(0) = 0. We also assume that the system
is well defined, i.e., for any initial state x(t0) ∈ X and any admissible input u(t) ∈ U , there
exists a unique solution x(t, t0, x0, u) to (5.1) on [t0,∞) which continuously depends on the
initial conditions, or the system satisfies the local existence and uniqueness theorem for
ordinary differential-equations [157].

Again Figure 5.1 also shows that for this configuration, the states of the plant are
accessible and can be directly measured for the purpose of feedback control. We begin with
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K

Σaz w
y=x u

FIGURE 5.1
Feedback Configuration for State-Feedback Nonlinear H∞-Control

the definition of smooth-stabilizability and also recall the definition of L2-gain of the system
Σa.

Definition 5.1.1 (Smooth-stabilizability). The nonlinear system Σa (or simply [f, g2]) is
locally smoothly-stabilizable if there exists a C0-function F : U ⊂ X → �p, F (0) = 0, such
that ẋ = f(x)+g2(x)F (x) is locally asymptotically stable. The system is smoothly-stabilizable
if U = X .

Definition 5.1.2 The nonlinear system Σa is said to have locally L2-gain from w to z in
U ⊂ X , less than or equal to γ, if for any x0 ∈ U and fixed u, the response z of the system
corresponding to any w ∈ W satisfies:∫ T

t0

‖z(t)‖2dt ≤ γ2
∫ T

t0

‖w(t)‖2dt+ β(x0), ∀T > t0,

for some bounded C0 function β : U → � such that β(0) = 0. The system has L2-gain ≤ γ
if the above inequality is satisfied for all x ∈ X , or U = X .

Since we are interested in designing smooth feedback laws for the system to make it asymp-
totically or internally stable, the requirement of smooth-stabilizability for the system will
obviously be necessary for the solvability of the problem before anything else. The subop-
timal state-feedback nonlinear H∞-control or local disturbance-attenuation problem with
internal stability, can then be formally defined as follows.

Definition 5.1.3 (State-Feedback Nonlinear H∞ (Suboptimal)-Control Problem (SFBNL-
HICP)). The state-feedback H∞ suboptimal control or local disturbance-attenuation problem
with internal stability for the system Σa, is to find a static state-feedback control function
of the form

u = α(x, t), α : �+ ×N → �p, N ⊂ X (5.2)

for some smooth function α depending on x and possibly t only, such that the closed-loop
system:

Σaclp :

{
ẋ = f(x) + g1(x)w + g2(x)α(x, t); x(t0) = x0
z = h1(x) + k12(x)α(x, t)

(5.3)

has, for all initial conditions x(t0) ∈ N , locally L2-gain from the disturbance signal w to
the output z less than or equal to some prescribed number γ� > 0 with internal stability, or
equivalently, the closed-loop system achieves local disturbance-attenuation less than or equal
to γ� with internal stability.
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Internal stability of the system in the above definition means that all internal signals
in the system, or trajectories, are bounded, which is also equivalent to local asymptotic-
stability of the closed-loop system with w = 0 in this case.

Remark 5.1.1 The optimal problem in the above definition is to find the minimum γ� > 0
for which the L2-gain is minimized. This problem is however more difficult to solve.

One way to measure the L2-gain (or with an abuse of the terminology, H∞-norm) of the
system (5.1), is to excite it with a periodic input wT ∈ W , where W ⊂ W is the subspace
of periodic continuous-time functions (e.g., a sinusoidal signal), and to measure the steady-
state output response zss(.) corresponding to the steady-state state response xss(.). Then
the L2-gain can be calculated as

‖Σa‖H∞ = sup
w∈W

‖zss‖T
‖w‖T

where

‖w‖T =
1

T

(∫ t0+T

t0

‖w(s)‖2ds
) 1

2

, ‖zss‖T =
1

T

(∫ t0+T

t0

‖w(s)‖2ds
) 1

2

.

Returning now to the SFBNLHICP , to derive sufficient conditions for the solvability
of this problem, we apply the theory of differential games developed in Chapter 2. It is
fairly clear that the problem of choosing a control function u�(.) such that the L2-gain
of the closed-loop system from w to z is less than or equal to γ > 0, can be formulated
as a two-player zero-sum differential game with u the minimizing player’s decision, w the
maximizing player’s decision, and the objective functional:

min
u∈U

max
w∈W

J(u,w) =
1

2

∫ T

t0

[‖z(t)‖2 − γ2‖w(t)‖2]dt, (5.4)

subject to the dynamical equations (5.1) over a finite time-horizon T > t0.
At this point, we separate the problem into two subproblems; namely, (i) achieving lo-

cal disturbance-attenuation and (ii) achieving local asymptotic-stability. To solve the first
problem, we allow w to vary over all possible disturbances including the worst-case distur-
bance, and search for a feedback control function u : X ×� → U depending on the current
state information, that minimizes the objective functional J(., .) and renders it nonpositive
for all w starting from x0 = 0. By so doing, we have the following result.

Proposition 5.1.1 Suppose for γ = γ� there exists a locally defined feedback-control func-
tion u� : N × � → �p, 0 ∈ N ⊂ X , which is possibly time-varying, and renders J(., .)
nonpositive for the worst possible disturbance w� ∈ W (and hence for all w ∈ W) for all
T > 0. Then the closed-loop system has locally L2-gain ≤ γ�.

Proof:
J(u�, w�) ≤ 0⇒ ‖z‖L2[t0,T ] ≤ γ�‖w‖L2[t0,T ] ∀T > 0. �

To derive the sufficient conditions for the solvability of the first sub-problem, we define
the value-function for the game V : X × [0, T ]→ � as

V (t, x) = inf
u

sup
w

1

2

∫ T

t

[‖z(τ)‖2 − γ‖w(τ)‖2]dτ
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and apply Theorem 2.4.2 from Chapter 2. Consequently, we have the following theorem.

Theorem 5.1.1 Consider the SFBNLHICP problem as a two-player zero-sum differential
game with the cost functional (5.4). A pair of strategies (u�(x, t), w�(x, t)) provides, under
feedback information structure, a saddle-point solution to the game such that

J(u�, w) ≤ J(u�, w�) ≤ J(u,w�),

if the value-function V is C1 and satisfies the HJI-PDE (HJIE):

−Vt(x, t) = min
u

sup
w

{
Vx(x, t)[f(x) + g1(x)w + g2(x)u] +

1

2
(‖z‖2 − γ2‖w‖2)

}
= sup

w
min
u

{
Vx(x, t)[f(x) + g1(x)w + g2(x)u] +

1

2
‖z‖2 − 1

2
γ2‖w‖2

}
= Vx(x, t)[f(x) + g1(x)w

�(x, t) + g2(x)u
�(x, t)] +

1

2
‖h1(x) + k12(x)u

�(x, t)‖2 −
1

2
γ2‖w�(x, t)‖2; V (x, T ) = 0. (5.5)

Next, to find the pair of feedback strategy (u�, w�) that satisfies Isaac’s equation (5.5), we
form the Hamiltonian function H : T �X × U ×W → � for the problem:

H(x, p, u, w) = pT (f(x) + g1(x)w + g2(x)u) +
1

2
‖h1(x) + k12(x)u‖2 − 1

2
γ2‖w‖2, (5.6)

and search for a unique saddle-point (u�, w�) such that

H(x, p, u�, w) ≤ H(x, p, u�, w�) ≤ H(x, p, u, w�) (5.7)

for each (u,w) and each (x, p), where p is the adjoint variable.
Since the function H(., ., ., .) is C2 in both u and w, the above problem can be solved by

applying the necessary conditions for an unconstrained optimization problem. However, the
only problem that might arise is if the coefficient matrix of u is singular. This more general
problem will be discussed in Chapter 9. But in the meantime to overcome this problem, we
need the following assumption.

Assumption 5.1.1 The matrix

R(x) = kT12(x)k12(x)

is nonsingular for all x ∈ X .

Under the above assumption, the necessary conditions for optimality for u and w provided
by the minimum (maximum) principle [175] are

∂H

∂u
(u�, w) = 0,

∂H

∂w
(u,w�) = 0

for all (u,w). Application of these conditions gives

u�(x, p) = −R−1(x)(gT2 (x)p+ kT12(x)h1(x)), (5.8)

w�(x, p) =
1

γ2
gT1 (x)p. (5.9)
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Moreover, since by assumption R(.) is nonsingular and therefore positive-definite, and γ > 0,
the above equilibrium-point is clearly an optimizer of J(u,w). Further, we can write

H(x, p, u, w) = H�(x, p) +
1

2
‖u− u�‖2R(x) −

1

2
γ2‖w − w�‖2, (5.10)

where
H�(x, p) = H(x, p, u�(x, p), w�(x, p))

and the notation ‖a‖Q stands for aTQa for any a ∈ �n, Q ∈ �n×n. Substituting u� and w�

in turns in (5.10) show that the saddle-point conditions (5.7) are satisfied.
Now assume that there exists a C1 positive-semidefinite solution V : X → � to Isaac’s

equation (5.5) which is defined in a neighborhood N of the origin, that vanishes at x = 0
and is time-invariant (this assumption is plausible since H(., ., ., .) is time-invariant). Then
the feedbacks (u�, w�) necessarily exist, and choosing

p = V Tx (x)

in (5.10) yields the identity:

H(x, V Tx (x), w, u) = Vx(x)(f(x) + g1(x)w + g2(x)u) +
1

2
‖h1(x) + k12(x)u‖2 − 1

2
γ2‖w‖2

= H�(x, V Tx (x)) +
1

2
‖u− u�‖2R(x) +

1

2
γ2‖w − w�‖2.

Finally, notice that for u = u� and w = w�, the above identity yields

H(x, V Tx (x), w�, u�) = H�(x, V Tx (x))

which is exactly the right-hand-side of (5.5), and for this equation to be satisfied, V (.) must
be such that

H�(x, V Tx (x)) = 0. (5.11)

The above condition (5.11) is the time-invariant HJIE for the disturbance-attenuation prob-
lem. Integration of (5.11) along the trajectories of the closed-loop system with α(x) =
u�(x, V Tx (x)) (independent of t!) starting from t = t0 and x(t0) = x0, to t = T > t0 and
x(T ) yields

V (x(T ))− V (x0) ≤ 1

2

∫ T

t0

(γ2‖w‖2 − ‖z‖2)dt ≥ 0 ∀w ∈ W .

This means J(u�, w) is nonpositive for all w ∈ W , and consequently implies the L2-gain
of the system is less than or equal to γ. This also solves part (i) of the state-feedback
suboptimal H∞-control problem. Before we consider part (ii) of the problem, we make the
following simplifying assumption.

Assumption 5.1.2 The output vector h1(.) and weighting matrix k12(.) are such that

kT12(x)k12(x) = I

and
hT1 (x)k12(x) = 0

for all x ∈ X . Equivalently, we shall henceforth write z =

[
h1(x)
u

]
under this assumption.
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Remark 5.1.2 The above assumption implies that there are no cross-product terms in the
performance or cost-functional (5.4), and the weighting on the control is unity.

Under the above assumption 5.1.2, the HJIE (5.11) becomes

Vx(x)f(x) +
1

2
Vx(x)[

1

γ2
g1(x)g

T
1 (x) − g2(x)gT2 (x)]V Tx (x) +

1

2
hT1 (x)h1(x) = 0, V (0) = 0,

(5.12)
and the feedbacks (5.8), (5.9) become

u�(x) = −gT2 (x)V Tx (x) (5.13)

w�(x) =
1

γ2
gT1 (x)V

T
x (x). (5.14)

Thus, the above condition (5.12) together with the associated feedbacks (5.13), (5.14) pro-
vide a sufficient condition for the solvability of the state-feedback suboptimal H∞ problem
on the infinite-time horizon when T →∞.

On the other hand, let us consider the finite-horizon problem as defined by the cost
functional (5.4) with T <∞. Assuming there exists a time-varying positive-semidefinite C1

solution V : X × � → � to the HJIE (5.5) such that

p = V Tx (x, t),

then substituting in (5.8), (5.9) and the HJIE (5.5) under the Assumption 5.1.2, we have

u�(x, t) = −gT2 (x)V Tx (x, t) (5.15)

w�(x, t) =
1

γ2
gT1 (x)V

T
x (x, t), (5.16)

where V satisfies the HJIE

Vt(x, t) + Vx(x, t)f(x) +
1

2
Vx(x, t)[

1

γ2
g1(x)g

T
1 (x) − g2(x)gT2 (x)]V Tx (x, t) +

1

2
hT (x)h1(x) = 0, V (x, T ) = 0. (5.17)

Therefore, the above HJIE (5.17) gives a sufficient condition for the solvability of the finite-
horizon suboptimal H∞ control problem and the associated feedbacks.

Let us consider an example at this point.

Example 5.1.1 Consider the nonlinear system with the associated penalty function

ẋ1 = x2

ẋ2 = −x1 − 1

2
x32 + x2w + u

z =

[
x2
u

]
.

The HJIE (5.12) corresponding to this system and penalty function is given by

x2Vx1 − x1Vx2 −
1

2
x32Vx2 +

1

2

x22(x
2
2 − γ2)
γ2

+
1

2
x22 = 0.

Let γ = 1 and choose
Vx1 = x1, Vx2 = x2.
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Then we see that the HJIE is solved with V (x) = 1
2 (x

2
1 + x22) which is positive-definite. The

associated feedbacks are given by

u� = −x2, w� = x22.

It is also interesting to notice that the above solution V to the HJIE (5.12) is also a
Lyapunov-function candidate for the free system: ẋ1 = x2, ẋ2 = −x1 − 1

2x
3
2.

Next, we consider the problem of asymptotic-stability for the closed-loop system (5.3),
which is part (ii) of the problem. For this, let

α(x) = u�(x) = −gT2 (x)V Tx (x),

where V (.) is a smooth positive-semidefinite solution of the HJIE (5.12). Then differentiating
V along the trajectories of the closed-loop system with w = 0 and using (5.12), we get

V̇ (x) = Vx(x)(f(x) − g2(x)gT2 (x)Vx(x))
= −1

2
‖u�‖2 − 1

2
γ2‖w�‖2 − 1

2
hT (x)h1(x) ≤ 0,

where use has been made of the HJIE (5.12). Therefore, V̇ is nonincreasing along trajectories
of the closed-loop system, and hence the system is stable in the sense of Lyapunov. To
prove local asymptotic-stability however, an additional assumption on the system will be
necessary.

Definition 5.1.4 The nonlinear system Σa is said to be locally zero-state detectable if there
exists a neighborhood U ⊂ X of x = 0 such that, for all x(t0) ∈ U , if z(t) ≡ 0, u(t) ≡ 0 for
all t ≥ t0, it implies that limt→∞ x(t, t0, x0, u) = 0. It is zero-state detectable if U = X .

Thus, if we assume the system Σa to be locally zero-state detectable, then it is seen that
for any trajectory of the system x(t) ∈ U such that V̇ (x(t)) ≡ 0 for all t ≥ ts for some ts ≥ t0,
it is necessary that u(t) ≡ 0 and z(t) ≡ 0 for all t ≥ ts. This by zero-state detectability
implies that limt→∞ x(t) = 0. Finally, since x = 0 is the only equilibrium-point of the
system in U , by LaSalle’s invariance-principle, we can conclude local asymptotic-stability.

The above result is summarized as the solution to the state-feedback H∞ sub-optimal
control problem (SFBNLHICP) in the next theorem after the following definition.

Definition 5.1.5 A nonnegative function V : X → � is proper if the level set V −1([0, a]) =
{x ∈ X|0 ≤ V (x) ≤ a} is compact for each a > 0.

Theorem 5.1.2 Consider the nonlinear system Σa and the SFBNLHICP for the system.
Assume the system is smoothly-stabilizable and locally zero-state detectable in N ⊂ X .
Suppose also there exists a smooth positive-semidefinite solution to the HJIE (5.12) in N .
Then the control law

u� = α(x) = −gT2 (x)V Tx (x), x ∈ N (5.18)

solves the SFBNLHICP locally in N . If in addition Σa is globally zero-state detectable
and V is proper, then u� solves the problem globally.

Proof: The first part of the theorem has already been proven in the above developments.
For the second part regarding global asymptotic-stability, note that, if V is proper, then
V is a global solution of the HJIE (5.11), and the result follows by application of LaSalle’s
invariance-principle from Chapter 1 (see also the References [157, 268]). �
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The existence of a C2 solution to the HJIE (5.12) is related to the existence of an
invariant-manifold for the corresponding Hamiltonian system:

XH�
γ
:

{
dx
dt =

∂H�
γ (x,p)

∂p
dp
dt = −∂H�

γ (x,p)

∂x ,
(5.19)

where

H�
γ (x, p) = pT f(x) +

1

2
pT [

1

γ2
g1(x)g

T
1 (x)− g2(x)gT2 (x)]p+

1

2
hT1 (x)h1(x).

It can be seen then that, if V is a C2 solution of the Isaacs equation, then differentiating
H�(x, p) in (5.11) with respect to x we get(

∂H�
γ

∂x

)
p=V T

x

+

(
∂H�

γ

∂p

)
p=V T

x

∂V Tx
∂x

= 0,

and since the Hessian matrix
∂V Tx
∂x

is symmetric, it implies that the submanifold

M = {(x, p) : p = V Tx (x)} (5.20)

is invariant under the flow of the Hamiltonian vector-field XH�
γ
, i.e.,(

∂H�
γ

∂x

)
p=V T

x

= −
(
∂H�

γ

∂p

)
p=V T

x

∂V Tx
∂x

.

The above developments have considered the SFBNLHICP from a differential games
perspective. In the next section, we consider the same problem from a dissipative point of
view.

Remark 5.1.3 With p = V Tx (x), for some smooth solution V ≥ 0 of the HJIE (5.12), the
disturbance w� = 1

γ2 g1(x)V
T
x (x), x ∈ X is referred to as the worst-case disturbance affecting

the system. Hence the title “worst-case” design for H∞-control design.

Let us now specialize the results of Theorem 5.1.2 to the linear system

Σl :

⎧⎨⎩
ẋ = Fx+G1w +G2u; x(0) = x0

z =

[
H1x
u

]
,

(5.21)

where F ∈ �n×n, G1 ∈ �n×r, G2 ∈ �n×p, and H1 ∈ �m×n are constant matrices. Also,
let the transfer function w �→ z be Tzw, and assume x(0) = 0. Then the H∞-norm of the
system from w to z is defined by

‖Tzw‖∞ Δ
= sup

0�=w∈L2[0,∞)

‖z‖2
‖w‖2 .

We then have the following corollary to the theorem.

Corollary 5.1.1 Consider the linear system (5.21) and the SFBNLHICP for it. Assume
(F,G2) is stabilizable and (H1, F ) is detectable. Further, suppose for some γ > 0, there
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exists a symmetric positive-semidefinite solution P ≥ 0 to the algebraic-Riccati equation
(ARE):

FTP + PF + P [
1

γ2
G1G

T
1 −G2G

T
2 ]P +HT

1 H1 = 0. (5.22)

Then the control law
u = −GT2 Px

solves the SFBNLHICP for the system Σl, i.e., renders its H∞-norm less than or equal to
a prescribed number γ > 0 and (F −G2G

T
2 P ) is asymptotically-stable or Hurwitz.

Remark 5.1.4 Note that the assumptions (F,G2) stabilizable and (H1, F ) detectable in the
above corollary actually guarantee the existence of a symmetric solution P ≥ 0 to the Riccati
equation (5.22) [292]. Moreover, any solution P = PT ≥ 0 of (5.22) is stabilizing.

Remark 5.1.5 Again, the assumption (H1, F ) detectable in the corollary can be replaced
by the linear equivalent of the zero-state detectability assumption for the nonlinear case,
which is

rank

(
A− jωI G2

H I

)
= n+m ∀ω ∈ �.

This condition also means that the system does not have a stable unobservable mode on the
jω-axis.

The converse of Corollary 5.1.1 also holds, and is stated in the following theorem which
is also known as the Bounded-real lemma [160].

Theorem 5.1.3 Assume (H1, F ) is detectable and let γ > 0. Then there exists a linear
feedback-control

u = Kx

such that the closed-loop system (5.21) with this feedback is asymptotically-stable and has
L2-gain ≤ γ if, and only if, there exists a solution P ≥ 0 to (5.22). In addition, if P =
P T ≥ 0 is such that

σ

(
F −G2G

T
2 P +

1

γ2
G1G

T
1 P

)
⊂ C−,

where σ(.) denotes the spectrum of (.), then ‖Tzw‖∞ < γ.

5.1.1 Dissipative Analysis

In this section, we reconsider the SFBNLHICP for the affine nonlinear system (5.1) from a
dissipative system’s perspective developed in Chapter 3 (see also [131, 223]). In this respect,
the first part of the problem (subproblem (i)) can be regarded as that of finding a static
state-feedback control function u = α(x) such that the closed-loop system (5.3) is rendered
dissipative with respect to the supply-rate

s(w(t), z(t)) =
1

2
(γ2‖w(t)‖2 − ‖z(t)‖2)

and a suitable storage-function. For this purpose, we first recall the following definition from
Chapter 3.

Definition 5.1.6 The nonlinear system (5.1) is locally dissipative with respect to the
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supply-rate s(w, z) = 1
2 (γ

2‖w‖2−‖z‖2), if there exists a storage-function V : N ⊂ X → �+

such that for any initial state x(t0) = x0 ∈ N , the inequality

V (x1)− V (x0) ≤
∫ t1

t0

1

2
(γ2‖w(t)‖2 − ‖z(t)‖2)dt (5.23)

is satisfied for all w ∈ L2[t0,∞), where x1 = x(t1, t0, x0, u).

Remark 5.1.6 Rewriting the above dissipation-inequality (5.23) as (since V ≥ 0)

1

2

∫ t1

t0

‖z(t)‖2dt ≤ 1

2

∫ t1

t0

γ2‖w(t)‖2dt+ V (x0)

and allowing t1 →∞, it immediately follows that dissipativity of the system with respect to
the supply-rate s(w, z) implies finite L2-gain ≤ γ for the system.

We can now state the following proposition.

Proposition 5.1.2 Consider the nonlinear system (5.3) and the the SFBNLHICP using
static state-feedback control. Suppose for some γ > 0, there exists a smooth solution V ≥ 0
to the HJIE (5.12) or the HJI-inequality:

Vx(x)f(x) +
1

2
Vx(x)[

1

γ2
g1(x)g

T
1 (x) − g2(x)gT2 (x)]V Tx (x) +

1

2
hT1 (x)h1(x) ≤ 0, V (0) = 0,

(5.24)
in N ⊂ X . Then, the control function (5.18) solves the problem for the system in N .

Proof: The equivalence of the solvability of the HJIE (5.12) and the inequality (5.24)
has been shown in Chapter 3. For the local disturbance-attenuation property, rewrite the
HJ-inequality as

V̇ (x) = Vx(x)[f(x) + g1(x)w − g2(x)g
T
2 (x)V

T
x (x)], x ∈ N

≤ −1

2
‖h‖2 − γ2

2
‖w − 1

γ2
gT1 (x)V

T
x (x)‖2 + 1

2
γ2‖w‖2 − 1

2
‖u�‖2. (5.25)

Integrating now the above inequality from t = t0 to t = t1 > t0, and starting from x(t0),
we get

V (x(t1))− V (x(t0)) ≤
∫ t1

t0

1

2
(γ2‖w‖2 − ‖z�‖2)dt, x(t0), x(t1) ∈ N,

where z� =

[
h1(x)
u�

]
. Hence, the system is locally dissipative with respect to the supply-

rate s(w, z), and consequently by Remark 5.1.6 has the local disturbance-attenuation prop-
erty. �

Remark 5.1.7 Note that the inequality (5.25) is obtained whether the HJIE is used or the
HJI-inequality is used.

To prove asymptotic-stability for the closed-loop system, part (ii) of the problem, we have
the following theorem.

Theorem 5.1.4 Consider the nonlinear system (5.3) and the SFBNLHICP. Suppose the
system is smoothly-stabilizable, zero-state detectable, and the assumptions of Proposition
5.1.1 hold for the system. Then the control law (5.18) renders the closed-loop system (5.3)
locally asymptotically-stable in N with w = 0 and therefore solves the SFBNLHICP for
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the system locally in N . If in addition the solution V ≥ 0 of the HJIE (or inequality) is
proper, then the system is globally asymptotically-stable with w = 0, and the problem is
solved globally.

Proof: Substituting w = 0 in the inequality (5.25), it implies that V̇ (t) ≤ 0 and the system
is stable. Further, if the system is zero-state detectable, then for any trajectory of the system
such that V̇ (x(t)) ≡ 0, for all t ≥ ts for some ts ≥ t0, it implies that z(t) ≡ 0, u�(t) ≡ 0, for
all t ≥ ts, which in turn implies that limt→∞ x(t) = 0. The result now follows by application
of Lasalle’s invariance-principle. For the global asymptotic-stability of the system, we note
that if V is proper, then V is a global solution of the HJI-inequality (5.24), and the result
follows by applying the same arguments as above. �

We consider another example.

Example 5.1.2 Consider the nonlinear system defined on the half-space N 1
2
= {x|x1 >

1
2x2}

ẋ1 =
− 1

4x
2
1 − x22

2x1 − x2 + w

ẋ2 = x2 + w + u

z = [x1 x2 u]
T .

The HJI-inequality (5.24) corresponding to this system for γ =
√
2 is given by

(
− 1

4x
2
1 − x22

2x1 − x2 )Vx1 + (x2)Vx2 +
1

4
V 2
x1

+
1

2
Vx1Vx2 −

1

4
V 2
x2

+
1

2
(x21 + x22) ≤ 0.

Then, it can be checked that the positive-definite function

V (x) =
1

2
x21 +

1

2
(x1 − x2)2

globally solves the above HJI-inequality in N with γ =
√
2. Moreover, since the system is

zero-state detectable, then the control law

u = x1 − x2
asymptotically stabilizes the system over N 1

2
.

Next, we investigate the relationship between the solvability of the SFBNLHICP for
the nonlinear system Σa and its linearization about x = 0:

Σ̄l :

⎧⎨⎩
˙̄x = F x̄+G1w̄ +G2ū; x̄(0) = x̄0

z̄ =

[
H1x̄
ū

]
(5.26)

where F = ∂f
∂x(0) ∈ �n×n, G1 = g1(0) ∈ �n×r, G2 = g2(0) ∈ �n×p, H1 = ∂h

∂x (0), and
ū ∈ �p, x̄ ∈ �n, w̄ ∈ �r. A number of interesting results relating the L2-gain of the
linearized system Σl and that of the system Σ̄a can be concluded [264]. We summarize here
one of these results.

Theorem 5.1.5 Consider the linearized system Σ̄l, and assume the pair (H1, F ) is de-
tectable [292]. Suppose there exists a state-feedback ū = Kx̄ for some p × n matrix K,
such that the closed-loop system is asymptotically-stable and has L2-gain from w̄ to z̄
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less than γ > 0. Then, there exists a neighborhood O of x = 0 and a smooth positive-
semidefinite function V : O → � that solves the HJIE (5.12). Furthermore, the control law
u� = −g2(x)V Tx (x) renders the L2-gain of the closed-loop system (5.3) less than or equal to
γ in O.

We defer a full study of the solvability and algorithms for solving the HJIE (5.12)
which are crucial to the solvability of the SFBNLHICP , to a later chapter. However, it is
sufficient to observe that, based on the results of Theorems 5.1.3 and 5.1.5, it follows that
the existence of a stabilizing solution to the ARE (5.22) guarantees the local existence of
a positive-semidefinite solution to the HJIE (5.12). Thus, any necessary condition for the
existence of a symmetric solution P ≥ 0 to the ARE (5.22) becomes also necessary for the
local existence of solutions to (5.11). In particular, the stabilizability of (F,G2) is necessary,
and together with the detectability of (H1, F ) are sufficient. Further, it is well known from
linear systems theory and the theory of Riccati equations [292, 68] that the existence of a
stabilizing solution P = PT to the ARE (5.22) implies that the two subspaces

X−(H̄�
γ ) and Im

[
0
I

]
are complementary and the Hamiltonian matrix

H̄�
γ =

[
F ( 1

γ2G1G
T
1 −G2G

T
2 )

−HTH −FT
]

does not have imaginary eigenvalues, where X−(H̄�
γ ) is the stable eigenspace of H̄�

γ . Trans-
lated to the nonlinear case, this requires that the stable invariant-manifold M− of the
Hamiltonian vector-field XH�

γ
through (x, V Tx (x)) = (0, 0) (which is of the form (5.20)) to

be n-dimensional and tangent to X−(H̄�
γ ) := span

[
I
P

]
at (x, V Tx ) = (0, 0), and the matrix

H̄�
γ corresponding to the linearization of H�

γ does not have purely imaginary eigenvalues.
The latter condition is referred to as being hyperbolic and this situation will be regarded
as the noncritical case. Thus, the detectability of (H1, F ) excludes the condition that H̄�

γ

has imaginary eigenvalues, but this is not necessary. Indeed, the HJIE (5.12) can also have
smooth solutions in the critical case in which the Hamiltonian matrix H̄�

γ is nonhyperbolic.
In this case, the manifold M is not entirely the stable-manifold, but will contain a nontrivial
center-stable manifold.

Proof: (of Theorem 5.1.5): By Theorem 5.1.3 there exists a solution P ≥ 0 to (5.22).
It follows that the stable invariant manifold M− is tangent to X−(H̄�

γ ) at (x, p) = (0, 0).
Hence, locally about x = 0, there exists a smooth solution V − to the HJIE (5.12) satisfying
∂2V −
∂x2 (0) = P . In addition, since F − G2G

T
2 P is asymptotically-stable, the vector-field

f − g2gT2 ∂V −
∂x is asymptotically-stable. Rewriting the HJIE (5.12) as

V −
x (x)(f(x) − g2(x)gT2 (x)V −T

x (x)) +
1

2
V −
x (x)[

1

γ2
g1(x)g

T
1 (x) + g2(x)g

T
2 (x)]V

−T
x (x) +

1

2
hT1 (x)h1(x) = 0,

it implies by the Bounded-real lemma (Chapter 3) that locally about x = 0, V − ≥ 0 and
the closed-loop system has L2-gain ≤ γ for all w ∈ W such that x(t) remains in O. �

In the next section, we discuss controller parametrization.
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FIGURE 5.2
Controller Parametrization for FI-State-Feedback Nonlinear H∞-Control

5.1.2 Controller Parametrization

In this subsection, we discuss the state-feedback H∞ controller parametrization problem
which deals with the problem of specifying a set (or all the sets) of possible state-feedback
controllers that solves the SFBNLHICP for the system (5.1) locally.

The basis for the controller parametrization we discuss is the Youla (or Q)-
parametrization for all stabilizing controllers for the linear problem [92, 195, 292] which
has been extended to the nonlinear case [188, 215, 214]. Although the original Youla-
parametrization uses coprime factorization, the modified version presented in [92] does not
use coprime-factorization. The structure of the prametrization is shown in Figure 5.2. Its
advantage is that it is given in terms of a free parameter which belongs to a linear space,
and the closed-loop map is affine in this free parameter. Thus, this gives an additional
degree-of-freedom to further optimize the closed-loop maps in order to achieve other design
objectives.

Now, assuming Σa is smoothly-stabilizable and the disturbance signal w ∈ L2[0,∞) is
fully measurable, also referred to as the full-information (FI) structure, then the following
proposition gives a parametrization of a family of full-information controllers that solves
the SFBNLHICP for Σa.

Proposition 5.1.3 Assume the nonlinear system Σa is smoothly stabilizable and zero-state
detectable. Suppose further, the disturbance signal is measurable and there exists a smooth
(local) solution V ≥ 0 to the HJIE (5.12) or inequality (5.24) such that the SFBNLHICP is
(locally) solvable. Let FG denote the set of finite-gain (in the L2 sense) asymptotically-stable
(with zero input and disturbances) input-affine nonlinear plants, i.e.,

FG Δ
= {Σa|Σa(u = 0, w = 0) is asymptotically-stable and has L2-gain ≤ γ}.

Then, the set

KFI = {u|u = u� +Q(w − w�), Q ∈ FG, Q : inputs �→ outputs} (5.27)

is a paremetrization of all FI-state-feedback controllers that solves (locally) the SFBNLHICP
for the system Σa.

Proof: Apply u ∈ KFI to the system Σa resulting in the closed-loop system:

Σau�(Q) :

⎧⎨⎩ ẋ = f(x) + g1(x)w + g2(x)(u
� +Q(w − w�)); x(0) = x0

z =

[
h1(x)
u

]
.

(5.28)
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If Q = 0, then the result follows from Theorem 5.1.2 or 5.1.4. So assume Q �= 0, and since

Q ∈ FG, r Δ
= Q(w − w�) ∈ L2[0,∞). Let V ≥ 0 be a (local) solution of (5.12) or (5.24) in

N for some γ > 0. Then, differentiating this along a trajectory of the closed-loop system,
completing the squares and using (5.12) or (5.24), we have

d

dt
V = Vx[f + g1w − g2g

T
2 V

T
x + g2r]

= Vxf +
1

2
Vx[

1

γ2
g1g

T
1 − g2g

T
2 ]V

T
x +

1

2
‖h1‖2 − 1

2
‖h1‖2 −

γ2

2
‖w − 1

γ2
gT1 V

T
x ‖2 +

1

2
γ2‖w‖2 − 1

2
‖r − gT2 V

T
x (x)‖2 + 1

2
‖r‖2

≤ 1

2
γ2‖w‖2 − 1

2
‖h1‖2 − 1

2
‖u‖2 + 1

2
‖r‖2 − γ2

2
‖w − 1

γ2
gT1 V

T
x ‖2. (5.29)

Now, integrating the above inequality (5.29) from t = t0 to t = t1 > t0, starting from x(t0)
and using the fact that∫ t1

t0

‖r‖2dt ≤ γ2
∫ t1

t0

‖w − w�‖2dt ∀t1 ≥ t0, ∀w ∈ W ,

we get

V (x(t1))− V (x(t0)) ≤
∫ t1

t0

1

2
(γ2‖w‖2 − ‖z‖2)dt, ∀x(t0), x(t1) ∈ N. (5.30)

This implies that the closed-loop system (5.28) has L2-gain ≤ γ from w to z. Finally, the
part dealing with local asymptotic-stability can be proven as in Theorems 5.1.2, 5.1.4. �

Remark 5.1.8 Notice that the set FG can also be defined as the set of all smooth input-
affine plants Q : r �→ v with the realization

ΣQ :

{
ξ̇ = a(ξ) + b(ξ)r
v = c(ξ)

(5.31)

where ξ ∈ X , a : X → V∞(X ), b : X → Mn×p, c : X → �m are smooth functions, with
a(0) = 0, c(0) = 0, and such that there exists a positive-definite function ϕ : X → �+

satisfying the bounded-real condition:

ϕξ(ξ)a(ξ) +
1

2γ2
ϕξ(ξ)b(ξ)b

T (ξ)ϕTξ (ξ) +
1

2
cT (ξ)c(ξ) = 0.

5.2 State-Feedback Nonlinear H∞ Tracking Control

In this section, we consider the traditional state-feedback tracking, model-following or ser-
vomechanism problem. This involves the tracking of a given reference signal which may be
any one of the classes of reference signals usually encountered in control systems, such as
steps, ramps, parabolic or sinusoidal signals. The objective is to keep the error between the
system output y and the reference signal arbitrarily small. Thus, the problem can be treated
in the general framework discussed in the previous section with the penalty variable z rep-
resenting the tracking error. However, a more elaborate design scheme may be necessary in
order to keep the error as desired above.
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The system is represented by the model (5.1) with the penalty variable

z =

[
h1(x)
u

]
, (5.32)

while the signal to be tracked is generated as the output ym of a reference model defined by

Σm :

{
ẋm = fm(xm), xm(t0) = xm0

ym = hm(xm)
(5.33)

xm ∈ �l, fm : �l → V∞(�l), hm : �l → �m and we assume that this system is completely
observable [212]. The problem can then be defined as follows.

Definition 5.2.1 (State-Feedback Nonlinear H∞ (Suboptimal) Tracking Control Problem
(SFBNLHITCP)). Find if possible, a static state-feedback control function of the form

u = αtrk(x, xm), αtrk : No ×Nm → �p (5.34)

No ⊂ X , Nm ⊂ �l, for some smooth function αtrk, such that the closed-loop system (5.1),
(5.34), (5.33) has, for all initial conditions starting in No × Nm neighborhood of (0, 0),
locally L2-gain from the disturbance signal w to the output z less than or equal to some
prescribed number γ� > 0 and the tracking error satisfies limt→∞{y − ym} = 0.

To solve the above problem, we follow a two-step procedure:
Step 1: Find a feedforward-control law u� = u�(x, xm) so that the equilibrium point

x = 0 of the closed-loop system

ẋ = f(x) + g2(x)u�(x, 0) (5.35)

is exponentially stable, and there exists a neighborhood U = No × Nm of (0, 0) such that
for all initial conditions (x0, xm0) ∈ U the trajectories (x(t), xm(t)) of{

ẋ = f(x) + g2(x)u�(x, xm)
ẋm = fm(xm)

(5.36)

satisfy
lim
t→∞{h1(θ(xm(t))) − hm(xm(t))} = 0.

To solve this step, we seek for an invariant-manifold

Mθ = {x|x = θ(xm)}

and a control law u� = αf (x, xm) such that the submanifold Mθ is invariant under the
closed-loop dynamics (5.36) and h1(θ(xm(t))) − hm(xm(t)) ≡ 0. Fortunately, there is a
wealth of literature on how to solve this problem [143]. Under some suitable assumptions,
the following equations give necessary and sufficient conditions for the solvability of this
problem:

∂θ

∂xm
(xm)(fm(xm) = f(θ(xm)) + g2(θ(xm)ū�(xm) (5.37)

h1(θ(xm(t))− hm(xm(t)) = 0, (5.38)

where ū�(xm) = αf (θ(xm), xm).
The next step is to design an auxiliary feedback control v so as to drive the system
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onto the above submanifold and to achieve disturbance-attenuation as well as asymptotic
tracking. To formulate this step, we consider the combined system{

ẋ = f(x) + g1(x)w + g2(x)u
ẋm = fm(xm),

(5.39)

and introduce the following change of variables

ξ = x− θ(xm)

v = u− ū�(xm).

Then

ξ̇ = F (ξ, xm) +G1(ξ, xm)w +G2(ξ, xm)v

ẋm = fm(xm)

where

F (ξ, xm) = f(ξ + θ(xm))− ∂θ

∂xm
(xm)fm(xm) + g2(ξ + θ(xm))ū�(xm)

G1(ξ, xm) = g1(ξ + θ(xm))

G2(ξ, xm) = g2(ξ + θ(xm)).

Similarly, we redefine the tracking error and the new penalty variable as

z̃ =

[
h1(ξ + θ(xm))− hm(xm)

v

]
.

Step 2: Find an auxiliary feedback control v� = v�(ξ, xm) so that along any trajectory
(ξ(t), xm(t)) of the closed-loop system (5.40), the L2-gain condition∫ T

t0

‖z̃(t)‖2dt ≤ γ2
∫ T

t0

‖w(t)‖2dt+ κ(ξ(t0), xm0)

⇐⇒
∫ T

t0

{‖h1(ξ + θ(xm))− hm(xm)‖2 + ‖v‖2}dt ≤ γ2
∫ T

t0

‖w(t)‖2dt+ κ(ξ(t0), xm0)

is satisfied for some function κ, for all w ∈ W , for all T < ∞ and all initial conditions
(ξ(t0), xm0) in a neighborhood N̄o × Nm of the origin (0, 0). Moreover, if ξ(t0) = 0 and
w(t) ≡ 0, then we may set v�(t) ≡ 0 to achieve perfect tracking.

Clearly, the above problem is now a standard state-feedback H∞-control problem, and
the techniques discussed in the previous sections can be employed to solve it. The following
theorem then summarizes the solution to the SFBNLHITCP .

Theorem 5.2.1 Consider the nonlinear system (5.1) and the SFBNLHITCP for this
system. Suppose the control law u� = u�(x, xm) and invariant-manifold Mθ can be found
that solve Step 1 of the solution to the tracking problem. Suppose in addition, there exists a
smooth solution Ψ : N̄o ×Nm → �, Ψ(ξ, xm) ≥ 0 to the HJI-inequality

Ψξ(ξ, xm)F (ξ, xm) + Ψxm(ξ, xm)fm(xm) +

1

2
Ψξ(ξ, xm)

[ 1

γ2
G1(ξ, xm)GT1 (ξ, xm)−G2(ξ, xm)GT2 (ξ, xm)

]
ΨTξ (ξ, xm) +

1

2
‖h1(ξ + xm)− hm(xm)‖2 ≤ 0, x ∈ N̄o, ξ ∈ Nm, Ψ(0, 0) = 0. (5.40)
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Then the SFBNLHITCP is locally solvable with the control laws u = ū� and

v� = −GT2 (ξ, xm)ΨTξ (ξ, xm).

Moreover, if Ψ is proper with respect to ξ (i.e., if Ψ(ξ, xm) → ∞ when ‖ξ‖ → ∞) and
the system is zero-state detectable, then limt→∞ ξ(t) = 0 also for all initial conditions
(ξ(t0), xm0) ∈ N̄o ×Nm.

5.3 Robust Nonlinear H∞ State-Feedback Control

In this section, we consider the state-feedback H∞-control problem for the affine nonlin-
ear system Σa in the presence of unmodelled dynamics and/or parameter variations. This
problem has been considered in many references [6, 7, 209, 223, 245, 261, 265, 284]. The
approach presented here is based on [6, 7] and is known as guaranteed-cost control. It is
an extension of quadratic-stabilization, and was first developed by Chang [78] and later
popularized by Petersen [226, 227, 235]. For this purpose, the system is represented by the
model:

ΣaΔ :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ = f(x) + Δf(x, θ, t) + g1(x)w + [g2(x) + Δg2(x, θ, t)]u;

x(t0) = x0
y = x

z =

[
h1(x)
u

] (5.41)

where all the variables and functions have their previous meanings and in addition Δf :
X → V∞(X ), Δg2 : X → Mn×p(X ) are unknown functions which belong to the set Ξ of
admissible uncertainties, and θ ∈ Θ ⊂ �r are the system parameters which may vary over
time within the set Θ. Usually, a knowledge of the sets Ξ and Θ is necessary in order to be
able to synthesize robust control laws.

Definition 5.3.1 (Robust State-Feedback Nonlinear H∞-Control Problem (RSFBNL-
HICP)) Find (if possible!) a static control function of the form

ũ = β(x, t), β : N ×� → �p (5.42)

for some smooth function β depending on x and t only, such that the closed-loop system:

ΣaΔ,cl :

⎧⎪⎪⎨⎪⎪⎩
ẋ = f(x) + Δf(x, θ, t) + g1(x)w + [g2(x) + Δg2(x, θ, t)]β(x, t);

x(t0) = x0

z =

[
h1(x)
β(x, t)

] (5.43)

has locally L2-gain from the disturbance signal w to the output z less than or equal to some
prescribed number γ� > 0 with internal-stability, or equivalently, the closed-loop system
achieves local disturbance-attenuation less than or equal to γ� with internal stability, for all
perturbations Δf, Δg2 ∈ Ξ and all parameter variations in Θ.

To solve the above problem, we first characterize the sets of admissible uncertainties of the
system Ξ and Θ.
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Assumption 5.3.1 The admissible uncertainties of the system are structured and matched,
and they belong to the following sets:

ΞΔ = {Δf,Δg2 |Δf(x, θ, t) = H2(x)F (x, θ, t)E1(x), Δg2(x, θ, t) = g2(x)F (x, θ, t)E2(x),

‖F (x, θ, t)‖2 ≤ 1 ∀x ∈ X , θ ∈ Θ, t ∈ �}
Θ = {θ|0 ≤ θ ≤ θu}

where H2(.), F (., .), E1(.), E2(.) have appropriate dimensions.

Remark 5.3.1 The conditions of Assumption 5.3.1 are called “matching-conditions” and
these types of uncertainties are known as “structured uncertainties.”

Now, define the following cost functional:

Jgc(u,w) =
1

2

∫ T

t0

(‖z(t)‖2 − γ2‖w(t)‖2)dt, T > t0. (5.44)

Then we have the following definition:

Definition 5.3.2 The function β(., .) is a guaranteed-cost control for the system (5.43)
if there exists a positive-(semi)definite C1 function V : N ⊂ X → �+ that satisfies the
inequality

∂V (x, t)

∂t
+
∂V (x, t)

∂x

{
f(x) + Δf(x, θ, t) + g1(x)w + [g2(x) + Δg2(x, θ, t)]β(x, t)

}
+

1

2
(‖z‖2 − γ2‖w‖2) ≤ 0 ∀x ∈ N, ∀w ∈ L2[0,∞), ∀Δf,Δg2 ∈ ΞΔ, θ ∈ Θ. (5.45)

It can now be observed that, since the cost function Jgc is exactly the H∞-control cost
function (equation (5.4)), then a guaranteed cost control β(., .) which stabilizes the system
(5.43) clearly solves the robust H∞-control problem. Moreover, integrating the inequality
(5.45) from t = t0 to t = t1 > t0 and starting at x(t0), we get the dissipation inequal-
ity (5.23). Thus, a guaranteed-cost control with cost function (5.44) renders the system
(5.43) dissipative with respect to the supply-rate s(w, z). Consequently, the guaranteed-
cost framework solves the RSFBNLHICP for the nonlinear uncertain system (5.43) from
both perspectives. In addition, we also have the following proposition for the optimal cost
of this policy.

Proposition 5.3.1 If the control law β(., .) satisfies the guaranteed-cost criteria, then the
optimal cost J�gc(u

�, w�) of the policy is bounded by

V a(x, t) ≤ J�gc(u
�, w�) ≤ V (t0, x0)

where

V a(x, t) = sup
x(0)=x,u∈U ,t≥0

−
∫ t

0

s(w(τ), z(τ))dτ

is the available-storage of the system defined in Chapter 3.

Proof: Taking the supremum of −Jgc(., ) over U and starting at x0, we get the lower bound.
To get the upper bound, we integrate the inequality (5.45) from t = t0 to t = t1 to get the
disssipation inequality (5.23) which can be expressed as

V (t1, x(t1)) +

∫ t1

t0

1

2
(‖z‖2 − γ2‖w‖2)dt ≤ V (t0, x(t0)), ∀x(t0), x(t1) ∈ N.
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Since V (., .) ≥ 0, the result follows. �
The following lemma is a nonlinear generalization of [226, 227] and will be needed in

the sequel.

Lemma 5.3.1 For any matrix functions H2(.), F (., ., .) and E(.) of appropriate dimensions
such that ‖F (x, θ, t)‖ ≤ 1 for all x ∈ X , θ ∈ Θ, and t ∈ �, then

Vx(x)H2(x)F (x, θ, t)E(x) ≤ 1

2
[Vx(x)H2(x)H

T
1 (x)V Tx (x) + ET (x)E(x)]

F (x, θ, t)E(x) ≤ I +
1

4
ET (x)E(x)

for some C1 function V : X → �, for all x ∈ X , θ ∈ Θ and t ∈ �.
Proof: For the first inequality, note that

0 ≤ ‖HT
2 (x)V

T
x (x) − F (x, θ, t)E(x)‖2 = Vx(x)H2(x)H

T
2 (x)V Tx (x)−

2Vx(x)H2(x)F (x, θ, t)E(x) + ET (x)E(x),

from which the result follows. Similarly, to get the second inequality, we have

0 ≤ ‖I − 1

2
F (x, θ, t)E(x)‖2 = I − F (x, θ, t)E(x) +

1

4
ET (x)E(x)

and the result follows. �
Next we present one approach to the solution of the RSFBNLHICP which is the main

result of this section.

Theorem 5.3.1 Consider the nonlinear uncertain system ΣaΔ and the problem of synthesiz-
ing a guaranteed-cost control β(., .) that solves the RSFBNLHICP locally. Suppose the system
is smoothly-stabilizable, zero-state detectable, and there exists a positive-(semi)definite C1

function Ṽ : N ⊂ X → �, 0 ∈ N satisfying the following HJIE(inequality):

Ṽx(x)f(x) +
1

2
Ṽx(x)

[
1

γ2
g1(x)g

T
1 (x) +H2(x)H

T
2 (x)− g2(x)gT2 (x)

]
Ṽ Tx (x) +

1

2
hT1 (x)h1(x) +

1

2
E1(x)E

T
1 (x) ≤ 0, Ṽ (0) = 0, x ∈ N. (5.46)

Then the problem is solved by the control law

ũ = β(x) = −gT2 (x)Ṽ Tx (x). (5.47)

Proof: Consider the left-hand-side (LHS) of the inequality (5.45). Using the results of
Lemma 5.3.1 and noting that it is sufficient to have the function Ṽ dependent on x only,
then

LHS = Ṽx(x)f(x) +
1

2
Ṽx(x)H2(x)H

T
2 (x)Ṽ Tx (x) +

1

2
ET1 (x)E1(x) +

Ṽx(x)g1(x)w + Ṽx(x)g2(x)(2I +
1

4
ET2 (x)E2(x))ũ +

1

2
‖z‖2 − γ2‖w‖2

= Ṽx(x)f(x) +
1

2
Ṽx(x)[g1(x)g

T
1 (x) +H2(x)H

T
2 (x) − g2(x)gT (x)]Ṽ Tx (x) +

1

2
hT1 (x)h1(x) +

1

2
ET1 (x)E1(x) − 1

2
‖w − 1

γ2
gT1 (x)Ṽ

T
x (x)‖2 −

1

2
Ṽxg2(x)[3I +

1

2
ET2 (x)E2(x)]g

T
2 (x)Ṽ

T
x (x), ∀x ∈ N, ∀w ∈ L2[0,∞).
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Now using the HJIE (5.46), we obtain

LHS = −1

2
‖w − 1

γ2
gT1 (x)Ṽ

T
x (x)‖2 − 1

2
Ṽxg2(x)[3I +

1

2
ET

2 (x)E2(x)]g
T
2 (x)Ṽ

T
x ≤ 0,

∀x ∈ N, ∀w ∈ L2[0,∞),

which implies that the control law (5.47) is a guaranteed-cost control for the system (5.41)
and hence solves the RSFBNLHICP. �

Theorem 5.3.1 above gives sufficient conditions for the existence of a guaranteed-cost
control law for the uncertain system ΣaΔ. With a little more effort, one can obtain a necessary
and sufficient condition in the following theorem.

Theorem 5.3.2 Consider the nonlinear uncertain system ΣaΔ and the problem of synthe-
sizing a guaranteed-cost control β(., .) that solves the RSFBNLHICP locally. Assume the
system is smoothly-stabilizable and zero-state detectable. Then, a necessary and sufficient
condition for the existence of such a control law is that there exists a positive-(semi)definite

C1 function Ṽ : N ⊂ X → �, 0 ∈ N satisfying the following HJIE (inequality)

Ṽx(x)f(x) +
1
2 Ṽx(x)

[
1
γ2 g1(x)g

T
1 (x) +H2(x)H

T
2 (x) − g2(x)(2I+

1
4E

T
2 (x)E2(x))g

T
2 (x)

]
Ṽ Tx (x) + 1

2h
T
1 (x)h1(x) +

1
2E1(x)E

T
1 (x) ≤ 0, Ṽ (0) = 0. (5.48)

Moreover, the problem is solved by the optimal feedback control law:

ũ� = β(x) = −gT2 (x)Ṽ Tx (x). (5.49)

Proof:We shall only give the proof for the necessity part of the theorem only. The sufficiency
part can be proven similarly to Theorem 5.3.1. Define the Hamiltonian of the system H :
T �X × U ×W → � by

H(x, Ṽ Tx , u, w) = Ṽx(x)[f(x) + Δf(x, θ, t) + g1(x)w +Δg2(x)(x, θ, t)u] +

1

2
‖z‖2 − 1

2
γ2‖w‖2.

Then from Theorem 5.1.1, a necessary condition for an optimal control is that the inequality

min
U

sup
W,ΞΔ,Θ

H(x, Ṽx, u, w) ≤ 0, (5.50)

or equivalently, the saddle-point condition:

Jgc(u
�, w) ≤ Jgc(u

�, w�) ≤ Jgc(u,w
�) ∀u ∈ U , w ∈ W ,Δf, Δg2 ∈ ΞΔ, θ ∈ Θ, (5.51)

be satisfied for all admissible uncertainties. Further, by Lemma 5.3.1,

sup
ΞΔ,Θ

H(x, Ṽx, u, w) ≤ Ṽx(x)f(x) +
1

2
Ṽx(x)H2(x)H

T
2 (x)Ṽ T

x (x) +
1

2
ET

1 (x)E1(x) +

Ṽx(x)g1(x)w + Ṽx(x)g2(x)(2I +
1

4
ET

2 (x)E2(x))u+

1

2
(hT

1 (x)h1(x) + uTu)− 1

2
γ2‖w‖2.

Setting the above inequality to an equality and differentiating with respect to u and w
respectively, results in the optimal feedbacks:

u� = −(2I + 1

4
ET2 (x)E2(x))

T gT2 (x)Ṽ
T
x (x)

w� =
1

γ2
gT1 (x)Ṽ

T
x (x).
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It can also be checked that the above feedbacks satisfy the saddle-point conditions (5.51)
and that u� minimizes Jgc while w� maximizes it. Finally, substituting the above optimal
feedbacks in (5.50) we obtain the HJIE (5.48). �

The above result, Theorem 5.3.1, can be specialized to linear uncertain systems of the
form

ΣlΔ :

⎧⎨⎩
ẋ = [F +ΔF (x, θ, t)]x +G1w + [G2 +ΔG2(x, θ, t)]u; x(0) = x0

z =

[
H1x
u

]
,

(5.52)

where the matrices F ,G1, G2 andH2 are as defined in (5.21) and ΔF (., ., .), Δg2(., ., .) ∈ ΞΔ

have compatible dimensions. Moreover, ΞΔ, Θ in this case are defined as

ΞΔ,l = {ΔF,ΔG2|ΔF (x, θ, t) = H2F̃ (x, θ, t)E1, ΔG2(x, θ, t) = G2F̃ (x, θ, t)E2,

‖F̃ (x, θ, t)‖2 ≤ 1 ∀x ∈ X , θ ∈ Θ, t ∈ �},
Θl = {θ|0 ≤ θ ≤ θu},

where H2, F̃ (., .), E1, E2(.) have appropriate dimensions. Then we have the following corol-
lary to the theorem.

Corollary 5.3.1 Consider the linear uncertain system (5.52) and the RSFBNLHICP for
it. Assume (F,G2) is stabilizable and (H,F ) is detectable. Suppose there exists a symmetric
positive-semidefinite solution P ≥ 0 to the ARE:

FTP + PF + P [
1

γ2
G1G

T
1 +H2H

T
2 −G2G

T
2 ]P +HT

1 H1 + ET1 E1 = 0. (5.53)

Then the control law
ũ = −GT2 Px

solves the RSFBNLHICP for the system ΣlΔ.

The above results for the linear uncertain system can be further extended to a class of
nonlinear uncertain systems with nonlinearities in the system matrices ΔF , ΔG2 and some
additional unknown C0 drift vector-field f : X ×� → V∞(�q), which is Caratheodory,1 as
described by the following model:

ΣlΔσ
:

⎧⎪⎪⎨⎪⎪⎩
ẋ = [F +ΔF (x, θ, t)]x +G1w + [G2 +ΔG2(x, θ, t)]u +G2f(x, t);

x(t0) = x0

z =

[
H1x
u

]
,

(5.54)

where all the variables and matrices have their previous meanings, and in addition, the set
of admissible uncertainties is characterized by

ΞΔf
= {ΔF,ΔG2, f |ΔF (x, θ, t) = H2F̃ (x, θ, t)E1, ΔG2(x, θ, t) = G2R(x,

θ, t), ‖F̃ (x, θ, t)‖2 ≤ ζ ∀t > t0, ‖f(x, θ, t)‖ ≤ ρ(x, t) ∈ class K wrt x,

positive wrt t and lim
t→∞ ρ(x, t) <∞, ‖R(x, θ, t)‖∞ ≤ η, 0 ≤ η < 1

∀x ∈ X , θ ∈ Θ}.
1A function σ : �n × � → �q is a Caratheodory function if: (i) σ(x, .) is Lebesgue measurable for all

x ∈ �n; (ii) σ(., t) is continuous for each t ∈ �; and (iii) for each compact set O ⊂ �n × �, there exists a
Lebesgue integrable function m : � → � such that ‖σ(x, t)‖ ≤ m(t) ∀(x, t) ∈ O.
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We can now state the following theorem.

Theorem 5.3.3 Consider the nonlinear uncertain system ΣaΔf
and the RSFBNLHICP for

it. Assume the nominal system (F,G2) is stabilizable and (H1, F ) is detectable. Suppose
further there exists an ε > 0 and a symmetric positive-definite matrix Q ∈ �n×n such that
the ARE:

FTP + PF + P [εζH2H
T
2 − 2G2G

T
2 + γ−2G1G

T
1 ]P +

1

ε
ET1 E1 +HT

1 H1 +Q = 0 (5.55)

has a symmetric positive-definite solution P . Then the control law

ur = −Kx− 1
(1−η)φr(x, t)

φr(x, t) = (ρ(x,t)+η‖Kx‖)2
Kx(ρ(x,t)+η‖Kx‖)+ε�‖x‖2Kx

K = GT2 P

ε� < λmin(Q)
2

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (5.56)

solves the RSFBNLHICP for the system.

Proof: Suppose there exist a solution P > 0 to the ARE (5.55) for some ε > 0, Q > 0. Let

V (x(t)) = xT (t)Px(t)

be a Lyapunov function candidate for the closed-loop system (5.54), (5.56). We need to
show that the closed-loop system is dissipative with this storage-function and the supply-
rate s(w, z) = (γ2‖w‖2 − ‖z‖2) for all admissible uncertainties and disturbances, i.e.,

V̇ (x(t)) − (γ2‖w‖2 − ‖z‖2) ≤ 0, ∀w ∈ W , ∀ΔF, ΔG2, f ∈ ΞΔf
, θ ∈ Θ.

Differentiating V (.) along a trajectory of this closed-loop system and completing the squares,
we get

V̇ (x(t)) = xT [(F +ΔF )TP + P (F +ΔF )]x+ 2xTP (G2 +ΔG2)u+
Δ
= 2xTPG1w + 2xTPG2f(x, t)A1(x, t) +A2(x, t) +A3(x, t)−

‖z‖2 + γ2‖w‖2

where

A1(x, t) = xT [(F +ΔF )TP + P (F +ΔF ) + γ2PG1G
T
1 P +HT

1 H1 −
2PG2G

T
2 P ]x

A2(x, t) = −2xTP
[
(G2 +ΔG2)

1

1 − ηφr(x, t) + ΔG2G
T
2 Px−G2f(x, t)

]
A3(x,w) = −γ2[w − γ−2GT1 Px]

T [w − γ−2GT1 Px].

Consider the terms A1(x, t), A2(x, t), A3(x, t), and noting that

xTPΔFx = xTPH2F (x, t)E1x ≤ 1

2
xT

{
εζPH2H

T
2 P +

1

ε
ET1 E1

}
x ∀x ∈ �n,

ε > 0. Then,

A1(x, t) ≤ xT [(FTP + PF + εζPH2H
T
2 P +

1

ε
ET1 E1 + γ2PG1G

T
1 P +HT

1 H1 −
2PG2G

T
2 P ]x

≤ −xTQx,
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where the last inequality follows from the ARE (5.53). Next,

A2(x, t) = −2xTPG2(I +R(x, t))
1

1 − ηφr(x, t)− 2xTPG2[R(x, t)Kx− f(x, t)]
≤ −2xTPG2φr(x, t)− 2xTPG2[R(x, t)Kx− f(x, t)]
≤ 2xTPG2[f(x, t)−R(x, t)Kx]− ‖Kx‖2(ρ(x, t) + η‖Kx‖)2

‖Kx‖(ρ(x, t) + η‖Kx‖) + ε�‖x‖2

≤
{
‖Kx‖(ρ(x, t) + η‖Kx‖)− ‖Kx‖2(ρ(x, t) + η‖Kx‖)2

‖Kx‖(ρ(x, t) + η‖Kx‖) + ε�‖x‖2
}

≤ 2

{ ‖Kx‖(ρ(x, t) + η‖Kx‖)ε�‖x‖2
‖Kx‖(ρ(x, t) + η‖Kx‖) + ε�‖x‖2

}
≤ 2ε�‖x‖2.

Therefore,

V̇ (x(t)) ≤ −xTQx+ 2ε�xTx− ‖z‖2 + γ2‖w‖2
= −‖z‖2 + γ2‖w‖2 − xT (Q− 2ε�I)x (5.57)

and
V̇ (x(t)) + ‖z‖2 − γ2‖w‖2 ≤ −xT (Q− 2ε�I)x ≤ 0.

Thus, the closed-loop system is dissipative and hence has L2-gain ≤ γ from w to z for all
admissible uncertainties and all disturbances w ∈ W . Moreover, from the above inequality,
with w = 0, we have

V̇ (x(t)) ≤ −xT (Q − 2ε�I)x < 0

since ε� < λmin(Q)
2 . Consequently, by Lyapunov’s theorem, we have exponential-stability of

the closed-loop system. �

Example 5.3.1 [209]. Consider the system (5.54) with

F =

[
0 1
0 0

]
, G1 =

[
1
0

]
, G2 =

[
1
0

]
, H2 =

[
0.1
0.2

]
(5.58)

H1 = [0.5 0], E1 = [0.1 0.2], ‖f(x, t)‖ ≤ |1
3
x2|3.

Applying the result of Theorem 5.3.3 with γ = 1, ε = 1 and

Q =

[
0.5 0
0 0.5

]
,

the ARE (5.55) has a symmetric positive-definite solution

P =

[
3.7136 2.7514
2.7514 2.6671

]
=⇒ K = [2.7514 2.6671].

5.4 State-Feedback H∞-Control for Time-Varying Affine Nonlinear
Systems

In this section, we consider the state-feedback H∞-control problem for affine nonlinear
time-varying systems (TV SFBNLHICP ). Such systems are called nonautonomous, as the
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dynamics of the system is explicitly a function of time and can be represented by the model:

Σat :

⎧⎪⎪⎨⎪⎪⎩
ẋ(t) = f(x, t) + g1(x, t)w + g2(x, t)u; x(0) = x0
y(t) = x(t)

z(t) =

[
h(x, t)
u

] (5.59)

where all the variables have their usual meanings, while the functions f : X × � → V∞,
g1 : X × � → Mn×r(X × �), g2 : X × � → Mn×p(X × �), h : X × � → �s, and
h2 : X × � → �m are real C∞,0(X ,�) functions, i.e., are smooth with respect to x and
continuous with respect to t. We also assume without any loss of generality that x = 0 is
the only equilibrium point of the system with u = 0, w = 0, and is such that f(0, t) = 0,
h(0, t) = 0.

Furthermore, since the system is time-varying, we are here interested in finding control
laws that solve the TV SFNLHICP for any finite time-horizon [0, T ]. Moreover, since most
of the results on the state-feedback H∞-control problem for the time-invariant case carry
through to the time-varying case with only slight modifications to account for the time
variation, we shall only summarize here the main result [189].

Theorem 5.4.1 Consider the nonlinear system (5.59) and the TV SFBNLHICP for it.
Assume the system is uniformly (for all t) smoothly-stabilizable and uniformly zero-state
detectable, and for some γ > 0, there exists a positive-definite function V : N1 ⊂ X ×
[0, T ]→ �+ such that V (x, T ) ≥ PT (x) and V (x, 0) ≤ P0(x) ∀x ∈ N1, for some nonnegative
functions PT , P0 : X → �+, with PT (0) = P0(0) = 0, which satisfies the time-varying HJIE
(inequality):

Vt(x, t) + Vx(x, t)f(x, t) +
1

2
Vx(x, t)[

1

γ2
g1(x, t)g

T
1 (x, t)− g2(x, t)gT2 (x, t)]V Tx (x, t) +

1

2
hT (x, t)h(x, t) ≤ 0, x ∈ N1, t ∈ [0, T ]. (5.60)

Then, the problem is solved by the feedback

u� = −gT2 (x, t)V Tx (x, t),

and

w� =
1

γ2
gT1 (x, t)V

T
x (x, t)

is the worst-case disturbance affecting the system.

Similarly, a parametrization of a set of full-information state-feedback controls for such
systems can be given as

KFIT =
{
u|u = −gT2 (x, t)V T (x, t) +Q(t)(w − gT1 (x, t)V T (x, t)), Q ∈ FGT ,

Q : inputs �→ outputs
}

where

FGT Δ
= {Σat |Σat (u = 0, w = 0) is uniformly asymptotically stable and has

L2([0, T ])-gain ≤ γ ∀T > 0}.
In the next section, we consider the state-feedback problem for affine nonlinear systems

with state-delay.
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5.5 State-Feedback H∞-Control for State-Delayed Affine Nonlinear
Systems

In this section, we present the state-feedback H∞-control problem and its solution for
affine nonlinear state-delayed systems (SFBNLHICPSDS). These are system that have
memory and in which the dynamics of the system is affected by past values of the state
variable. Therefore their qualitative behavior is significantly richer, and their analysis is
more complicated. The dynamics of this class of systems is also intimately related to that
of time-varying systems that we have studied in the previous section.

We consider at the outset the following autonomous affine nonlinear state-space system
with state-delay defined over an open subset X of �n with X containing the origin x = 0:

Σad0 :

⎧⎪⎪⎨⎪⎪⎩
ẋ(t) = f(x(t), x(t − d0)) + g1(x(t))w(t) + g2(x(t))u(t);

x(t) = φ(t), t ∈ [t0 − d0, t0], x(t0) = φ(t0) = x0,
y(t) = x(t),
z(t) = h1(x(t)) + k12(x(t))u(t) + k13(x(t))u(t − d0),

(5.61)

where x(.) ∈ X is the state vector, u(.) ∈ U ⊆ �p is the p-dimensional control input, which
belongs to the set of admissible controls U , w(.) ∈ W is the disturbance signal which has to
be tracked or rejected and belongs to the setW ⊂ �r of admissible disturbances, the output
y ∈ �m is the measured output of the system, z(.) ∈ �s is the output to be controlled,
d0 > 0 is the state delay which is constant, and φ(t) ∈ C[−d, t0] is the initial function.
Further, the functions f(., .) : X × X → V∞, g1(.) : X → �n×r(X ), g2 : X → �n×p(X ),
h1 : X → �s, h2 : X → �m and k12, k13 : X → �s×p are real C∞ functions of x(.) such
that the system (5.61) is well defined. That is, for any initial states x(t0−d), x(t0) ∈ X and
any admissible input u(t) ∈ U , there exists a unique solution x(t, t0, x0, xt0−d, u) to (5.61)
on [t0,∞) which continuously depends on the initial data, or the system satisfies the local
existence and uniqueness theorem for functional differential equations. Without any loss of
generality we also assume that the system has an equilibrium at x = 0, and is such that
f(0, 0) = 0, h1(0) = 0.

We introduce the following definition of L2-gain for the affine delay system (5.61).

Definition 5.5.1 The system (5.61) is said to have L2-gain from u(t) to y(t) less than
or equal to some positive number γ

′
> 0, if for all (t0, t1) ∈ [−d,∞), initial state vector

x0 ∈ X , the response of the system z(t) due to any u(t) ∈ L2[t0, t1] satisfies∫ t1

t0

‖z(t)‖2dt ≤ γ
′2

2

∫ t1

t0

(‖w(t)‖2 + ‖w(t− d0)‖2)dt+ β(x0) ∀t1 ≥ t0 (5.62)

and some nonnegative function β : X → �+, β(0) = 0.

The following definition will also be required in the sequel.

Definition 5.5.2 The system (5.61) with u(t) ≡ 0 is said to be locally zero-state detectable,
if for any trajectory of the system with initial condition x(t0) ∈ U ⊂ X and a neighborhood
of the origin, such that z(t) ≡ 0 ∀t ≥ t0 ⇒ limt→∞ x(t, t0, x0, xt0−d0 , 0) = 0.

The problem can then be defined as follows.

Definition 5.5.3 (State-Feedback Suboptimal H∞-Control Problem for State-Delayed Sys-
tems (SFBHICPSDS)). The problem is to find a smooth state-feedback control law of the
form

u(t) = α(t, x(t), x(t − d0)), α ∈ C2(� ×N ×N), α(t, 0, 0) = 0 ∀t, N ⊂ X ,
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which is possibly time-varying, such that the closed-loop system has L2-gain from w(.) to z(.)
less than or equal to some prescribed positive number γ > 0, and is locally asymptotically-
stable with w(t) = 0.

For this purpose, we make the following simplifying assumptions on the system.

Assumption 5.5.1 The matrices h1(.), k12(.), k13(.) of the system (5.61) are such that
∀t, i �= j, i, j = 2, 3

h1(x(t))k1j(x(t)) = 0, kT1j(x(t))k1j(x(t)) = I, kT1i(x(t))k1j(x(t)) = 0.

Under the above assumption, we can without loss of generality represent z(.) as

z(t) =

⎡⎣ h1(x(t))
u(t)

u(t− d0)

⎤⎦ .
Assumption 5.5.2 The system Σad0 or the pair [f, g2] is locally smoothly-stabilizable, if
there exists a feedback control function α = α(t, x(t), x(t−d0)) such that ẋ(t) = f(x(t), x(t−
d0))+ g2(x(t))α(t, x(t), x(t− d0)) is locally asymptotically stable for all initial conditions in
some neighborhood U of x = 0.

The following theorem then gives sufficient conditions for the solvability of this problem.
Note also that in the sequel we shall use the notation xt for x(t) and xt−d0 for x(t− d0) for
convenience.

Theorem 5.5.1 Consider the nonlinear system Σad0 and assume it is zero-state detectable.
Suppose the Assumptions 5.5.1, 5.5.2 hold, and for some γ > 0 there exists a smooth
positive-(semi)definite solution to the Hamilton-Jacobi-Isaacs inequality (HJII):

Vt(t, xt, xt−d0) + Vxt(t, xt, xt−d0)f(xt, xt−d0) + Vxt−d0
(t, xt, xt−d0)f(xt−d0 , xt−2d) +

1

2

{ 1

γ2
[Vxtg1(xt)g

T
1 (xt)V

T
xt

+ Vxt−d0
g1(xt−d0)g

T
1 (xt−d0)V

T
xt−d0

]−

[Vxtg2(xt)g
T
2 (xt)V

T
xt

+ Vxt−d0
g2(xt−d0)g

T
2 (xt−d0)V

T
xt−d0

]
}
+

1

2
hT1 (xt)h1(xt) ≤ 0,

V (t, 0, 0) = 0 ∀xt, xt−d0 ∈ X . (5.63)

Then, the control law

u�(t) = −gT2 (x(t))V Txt
(t, x(t), x(t − d0)) (5.64)

solves the SFBNLHICPSDS for the system Σad0 .

Proof: Rewriting the HJII (5.63) as

Vt(t, xt, xt−d0) + Vxt(t, xt, xt−d0)[f(xt, xt−d0) + g1(xt)w(t) + g2(xt)u(t)] +

Vxt−d0
[f(xt−d0 , xt−2d) + g1(xt−d0)w(t − d0) + g2(xt−d0)u(t− d0)] ≤

1

2
‖u(t)− u�(t)‖2 + 1

2
‖u(t− d0)− u�(t− d0)‖2 − γ2

2
‖w(t)− w�(t)‖2 −

γ2

2
‖w(t− d0)− w�(t− d0)‖2 − 1

2
‖u(t)‖2 − 1

2
‖u(t− d0)‖2 + γ2

2
‖w(t)‖2 +

γ2

2
‖w(t− d0)‖2 − 1

2
‖h1(xt)‖2
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where

w�(t) =
1

γ2
gT1 (x(t))V

T
xt
(x(t), x(t − d0)),

u�(t− d0) = −gT2 (xt−d0)V Txt−d0
(t, x(t), x(t − d0)),

and in the above, we have suppressed the dependence of u�(.), w�(.) on x(t) for convenience.
Then, the above inequality further implies

Vt(t, xt, xt−d0) + Vxt(t, xt, xt−d0)[f(xt, xt−d0) + g1(xt)w(t) + g2(xt)u(t)] +

Vxt−d0
[f(xt−d0 , xt−2d) + g1(xt−d0)w(t− d0) + g2(xt−d0)u(t− d0)] ≤

1

2
‖u(t)− u�(t)‖2 + 1

2
‖u(t− d0)− u�(t− d0)‖2 − 1

2
‖u(t)‖2 − 1

2
‖u(t− d0)‖2 +

γ2

2
‖w(t)‖2 + γ2

2
‖w(t− d0)‖2 − 1

2
‖h1(xt)‖2.

Substituting now u(t) = u�(t) and integrating from t = t0 to t = t1 ≥ t0, starting from x0,
we get

V (t1, x(t1), x(t1 − d)) − V (t0, x0, x(t0 − d0)) ≤ 1

2

∫ t1

t0

{
γ2(‖w(t)‖2 +

‖w(t− d0)‖2)− ‖h1(xt)‖2 − ‖u�(t)‖2 − ‖u�(t− d0)‖2
}
dt,

which implies that the closed-loop system is dissipative with respect to the supply rate
s(w(t), z(t)) = 1

2 [γ
2(‖w(t)‖2 + ‖w(t − d0)‖2) − ‖z(t)‖2], and hence has L2-gain from w(t)

to z(t) less than or equal to γ. Finally, for local asymptotic-stability, differentiating V from
above along the trajectories of the closed-loop system with w(.) = 0, we get

V̇ ≤ −1

2
‖z(t)‖2,

which implies that the system is stable. In addition the condition when V̇ ≡ 0 ∀t ≥ ts,
corresponds to z(t) ≡ 0∀t ≥ ts. By zero-state detectability, this implies that limt→∞ x(t) =
0, and thus by LaSalle’s invariance-principle, we conclude asymptotic-stability. �

A parametrization of all stabilizing state-feedback H∞-controllers for the system in the
full-information (FI) case (when the disturbance can be measured) can also be given.

Proposition 5.5.1 Assume the nonlinear system Σad satisfies Assumptions 5.5.1, 5.5.2 and
is zero-state detectable. Suppose the SFBNLHICPSDS is solvable and the disturbance
signal w ∈ L2[0,∞) is fully measurable. Let FG denote the set of finite-gain (in the L2

sense) asymptotically-stable (with zero input and disturbances) input-affine nonlinear plants
of the form:

Σa :

{
ξ̇ = a(ξ) + b(ξ)u′

v = c(ξ).
(5.65)

Then the set

KFI = {u(t)|u(t) = u�(t) +Q(w(t)− w�(t)), Q ∈ FG, Q : inputs �→ outputs} (5.66)

is a paremetrization of all FI-state-feedback controllers that solves (locally) the
SFBNLHICPSDS for the system Σad.
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Proof: Apply u(t) ∈ KFI to the system Σad0 resulting in the closed-loop system:

Σad(u
�(Q)) :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ(t) = f(x(t), x(t − d0)) + g1(x(t))w(t) + g2(x(t))(u

�(t)+
Q(w(t) − w�(t)); x(t0) = x0

z(t) =

⎡⎣ h1(x(t))
u(t)

u(t− d0)

⎤⎦ . (5.67)

If Q = 0, then the result follows from Theorem 5.5.1. So assume Q �= 0, and since Q ∈ FG,
r(t)

Δ
= Q(w(t) − w�(t)) ∈ L2[0,∞). Then differentiating V (., ., .) along the trajectories of

the closed-loop system (5.67),(5.66) and completing the squares, we have

d

dt
V = Vt + Vxt [f(xt, xt−d0) + g1(xt)w(t) − g2(xt)gT2 (xt)V Txt

+ g2(xt)r(t)] +

Vxt−d0
[f(xt−d0 , xt−2d0) + g1(xt−d0)w(t − d0)− g2(xt−d0)gT2 (xt−d0)×

V Txt−d0
(t, xt, xt−d0) + g2(xt−d0)r(t − d0)]

= Vt(t, xt, xt−d0) + Vxt(t, xt, xt−d0)f(xt, xt−d0) +

Vxt−d0
(t, xt, xt−d0)f(xt−d0 , xt−2d)− 1

2
γ2‖w(t)− w�(t)‖2 + 1

2
γ2‖w(t)‖2 +

1

2
γ2‖w�(t)‖2 − 1

2
‖r(t) − gT2 (xt)V Txt

(t, xt, xt−d0)‖2 +
1

2
‖r(t)‖2 − 1

2
Vxtg2(xt)g2(xt)V

T
xt
− 1

2
γ2‖w(t− d0)− w�(t− d0)‖2 +

1

2
γ2‖w(t− d0)‖2 + 1

2
γ2‖w�(t− d0)‖2 − Vxt−d0g2(xt−d0)g

T
2 (xt−d0)V

T
xt−d0

−1

2
‖r(t− d0)− gT2 (xt−d0)V Txt−d0

‖2 + 1

2
‖r(t− d0)‖2 + 1

2
‖u�(t− d0)‖2.

Using now the HJI-inequality (5.63), in the above equation we get

d

dt
V ≤ −1

2
γ2‖w(t) − w�(t)‖2 + 1

2
γ2‖w(t)‖2 − 1

2
‖u(t)‖2 + 1

2
‖r(t)‖2 −

1

2
γ2‖w(t− d0)− w�(t− d0)‖2 + 1

2
γ2‖w(t− d0)‖2 − 1

2
‖u(t− d0)‖2 +

1

2
‖r(t− d0)‖2 − 1

2
‖h1(t)‖2.

Integrating now the above inequality from t = t0 to t = t1 > t0, starting from x(t0), and
using the fact that ∫ t1

t0

‖r(t)‖2dt ≤ γ2
∫ t1

t0

‖w(t)− w�(t)‖2,

we get

V (t1, x(t1), x(t1 − d)) − V (t0, x0, x(t0 − d0)) ≤ 1

2

∫ t1

t0

{
γ2(‖w(t)‖2 +

‖w(t− d0)‖2)− ‖y(t)‖2 − ‖u(t)‖2 − ‖u(t− d0)‖2
}
dt,

which implies that the closed-loop system is dissipative with respect to the supply-rate
s(w(t), z(t)) = 1

2 [γ
2(‖w(t)‖2 + ‖w(t − d0)‖2) − ‖z(t)‖2], and therefore, the system has L2-

gain from w(t) to z(t) less than or equal to γ. Finally, asymptotic-stability of the system
can similarly be concluded as in 5.5.1. �
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5.6 State-Feedback H∞-Control for a General Class of Nonlinear
Systems

In this section, we look at the state-feedback problem for a more general class of nonlinear
systems which is not necessarily affine. We consider the following class of nonlinear systems
defined on a manifold X ⊆ �n containing the origin in local coordinates x = (x1, . . . , xn) :

Σg :

⎧⎨⎩
ẋ = F (x,w, u), x(t0) = x0
y = x
z = Z(x, u)

(5.68)

where all the variables have their previous meanings, while F : X ×W × U → V∞ is the
state dynamics function and Z : X × U → �s is the controlled output function. Moreover,
the functions F (., ., .) and Z(., .) are smooth Cr , r ≥ 1 functions of their arguments, and the
point x = 0 is a unique equilibrium-point for the system Σg and is such that F (0, 0, 0) = 0,
Z(0, 0) = 0. The following assumption will also be required in the sequel.

Assumption 5.6.1 The linearization of the function Z(x, u) is such that

rank(D21) = rank

(
∂Z

∂u
(0, 0)

)
= p.

Define now the Hamiltonian function for the above system H̃ : T �X ×W × U → � as

H̃(x, p, w, u) = pTF (x,w, u) +
1

2
‖Z(x, u)‖2 − 1

2
γ2‖w‖2. (5.69)

Then it can be seen that the above function is locally convex with respect to u and concave
with respect to w about (x, p, w, u) = (0, 0, 0, 0), and therefore has a unique local saddle-
point (w, u) for each (x, p) in a neighborhood of this point. Thus, by Assumption 5.6.1 and
the Implicit-function Theorem, there exist unique smooth functions w�(x, p) and u�(x, p),
defined in a neighborhood of (0, 0) such that w�(0, 0) = 0, u�(0, 0) = 0 and satisfying

∂H̃

∂w
(x, p, w�(x, p), u�(x, p)) = 0, (5.70)

∂H̃

∂u
(x, p, w�(x, p), u�(x, p)) = 0. (5.71)

Moreover, suppose there exists a nonnegative C1-function Ṽ : X → �, Ṽ (0) = 0 which
satisfies the inequality

H̃�(x, Ṽ Tx (x)) = H̃(x, Ṽ Tx (x), w�(x, Ṽ Tx (x)), u�(x, Ṽ Tx (x))) ≤ 0, (5.72)

and define the feedbacks

u� = α(x) = u�(x, Ṽ Tx (x)), (5.73)

w� = w�(x, Ṽ Tx (x)). (5.74)

Then, substituting u� in (5.68) yields a closed-loop system satisfying

Ṽx(x)F (x,w, α(x)) +
1

2
‖Z(x, α(x))‖2 − 1

2
γ2‖w‖2 ≤ 0,
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which is dissipative with respect to the supply-rate s̃(w, z) = 1
2 (γ

2‖w‖2−‖z‖2) with storage-

function Ṽ in the neighborhood of (x,w) = (0, 0).
The local asymptotic-stability of the system with w = 0 can also be proven as in the pre-

vious sections if the system is assumed to be zero-state detectable, or satisfies the following
hypothesis.

Assumption 5.6.2 Any bounded trajectory x(t) of the system

ẋ(t) = F (x(t), 0, u(t))

satisfying
Z(x(t), u(t)) = 0

for all t ≥ ts, is such that limt→∞ x(t) = 0.

We summarize the above results in the following theorem.

Theorem 5.6.1 Consider the nonlinear system (5.68) and the SFBNLHICP for it. Assume
the system is smoothly-stabilizable and zero-state detectable or satisfies Assumptions 5.6.1
and 5.6.2. Suppose further there exists a C1 nonnegative function Ṽ : N ⊂ X → �+, locally
defined in a neighborhood N of x = 0 with Ṽ (0) = 0 satisfying the following HJI-inequality:

Ṽx(x)F (x,w
�, u�) +

1

2
‖Z(x, u�)‖2 + 1

2
γ2‖w�‖2 ≤ 0, Ṽ (0) = 0, x ∈ N. (5.75)

Then the feedback control law (5.73) solves the SFBNLHICP for the system.

Proof: It has been shown in the preceding that if Ṽ exists and locally solves the HJI-
inequality (5.75), then the system is dissipative with Ṽ as storage-function and supply-rate
s̃(w, z). Consequently, the system has the local disturbance-attenuation property. Finally,
if the system is zero-state detectable or satisfies Assumption 5.6.2, then local asymptotic-
stability can be proven along the same lines as in Sections 5.1-5.5. �

Remark 5.6.1 Similarly, the function w� = w�(x, Ṽ Tx (x)) is also interpreted as the worst-
case disturbance affecting the system.

5.7 Nonlinear H∞ Almost-Disturbance-Decoupling

In this section, we discuss the state-feedback nonlinear H∞ almost-disturbance-decoupling
problem (SFBNLHIADDP ) which is very closely related to the L2-gain disturbance-
attenuation problem except that it is formulated from a geometric perspective. This prob-
lem is an off-shoot of the geometric (exact) disturbance-decoupling problem which has
been discussed extensively in the literature [140, 146, 212, 277] and was first formulated
by Willems [276] to characterize those systems for which disturbance-decoupling can be
achieved approximately with an arbitrary degree of accuracy.

The SFBNLHIADDP is more recently formulated [198, 199] and is defined as follows.
Consider the affine nonlinear system (5.1) with single-input single-output (SISO) repre-
sented in the form:

ẋ = f(x) + g2(x)u +
∑r

i=1 g1i(x)wi(t); x(t0) = x0
y = h(x)

}
, (5.76)
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where all the variables have their previous meanings with u ∈ U ⊆ � and output function
h : X → �.

Definition 5.7.1 (State-Feedback L2-Gain Almost-Disturbance-Decoupling Problem (SFB
L2-gainADDP)). Find (if possible!) a parametrized set of smooth state-feedback controls

u = u(x, λ), λ ∈ �+ λ arbitrarily large

such that for every t ∈ [t0, T ],∫ t

t0

y2(τ)dτ ≤ 1

λ

∫ t

t0

‖w(τ)‖2dτ (5.77)

for the closed-loop system with initial condition x0 = 0 and for any disturbance function
w(t) defined on an open interval [t0, T ) for which there exists a solution for the system
(5.76).

Definition 5.7.2 (State-Feedback Nonlinear H∞ Almost-Disturbance-Decoupling Problem
(SFBNLHIADDP)). The SFBNLHIADDP is said to be solvable for the SISO system
(5.76) if the SFBL2-gainADDP for the system is solvable with u = u(x, λ), u(0, λ) = 0 ∀λ ∈
�+ and the origin is globally asymptotically-stable for the closed-loop system with w(t) = 0.

In the following, we shall give sufficient conditions for the solvability of the above two
problems for SISO nonlinear systems that are in the “strict-feedback” form. It would be
shown that, if the system possesses a structure such that it is strictly feedback-equivalent
to a linear system, is globally minimum-phase and has zero-dynamics that are independent
of the disturbances, then the SFBNLHIADDP is solvable. We first recall the following
definitions [140, 212].

Definition 5.7.3 The strong control characteristic index of the system (5.43) is defined as
the integer ρ such that

Lg2L
i
fh(x) = 0, 0 ≤ i ≤ ρ− 2, ∀x ∈ X

Lg2L
ρ−1
f h(x) �= 0, ∀x ∈ X .

Otherwise, ρ =∞ if Lg2L
i
fh(x) = 0 ∀i, ∀x ∈ X .

Definition 5.7.4 The disturbance characteristic index of the system (5.43) is defined as
the integer ν such that

Lg1jL
i
fh(x) = 0, 1 ≤ j ≤ r, 0 ≤ i ≤ ν − 2, ∀x ∈ X

Lg1jL
ν−1
f h(x) �= 0, for some x ∈ X , and some j, 1 ≤ j ≤ r.

We assume in the sequel that ν ≤ ρ.

Theorem 5.7.1 Suppose for the system (5.76) the following hold:

(i) ρ is well defined;

(ii) Gr−1 = span{g2, adfg2, . . . , adρ−1
f g2} is involutive and of constant rank ρ in X ;

(iii) adg1iGj ⊂ Gj , 1 ≤ i ≤ r, 0 ≤ j ≤ ρ− 2, with Gj = span{g2, adfg2, . . . , adjfg2};
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(iv) the vector-fields

f̃ = f − 1

Lg2L
ρ−1
f h

Lρfh, g̃2 =
1

Lg2L
ρ−1
f h

g2

are complete,

then the SFBL2-gainADDP is solvable.

Proof: See Appendix A.

Remark 5.7.1 Conditions (ii),(iii) of the above theorem require the zμ-dynamics of the
system to be independent of z2, . . . , zρ. Moreover, condition (iii) is referred to as the “strict-
feedback” condition in the literature [153].

From the proof of the theorem, one arrives also at an alternative set of sufficient conditions
for the solvability of the SFBL2-gainADDP.

Theorem 5.7.2 Suppose for the system (5.76) the following hold:

(i) ρ is well defined;

(ii) d(Lg1iL
i
f) ∈ span{dh, d(Lfh), . . . , d(Lifh)}, ν − 1 ≤ i ≤ ρ− 1, 1 ≤ j ≤ r∀x ∈ X ;

(iii) the vector-fields

f̃ = f − 1

Lg2L
ρ−1
f h

Lρfh, g̃2 =
1

Lg2L
ρ−1
f h

g2

are complete.

Then the SFBL2-gainADDP is solvable.

Proof: Conditions (i)-(iii) guarantee the existence of a global change of coordinates by
augmenting the ρ linearly-independent set

z1 = h(x), z2 = Lfh(x), . . . , zρ = Lρ−1
f h(x)

with an arbitrary n−ρ linearly-independent set zρ+1 = ψρ+1(x), . . . , zn = ψn with ψi(0) = 0,
〈dψi, g2〉 = 0, ρ+ 1 ≤ i ≤ n. Then the state feedback

u =
1

Lg2L
ρ−1
f h(x)

(v − Lρfh(x))

globally transforms the system into the form:

żi = zi+1 +ΨTi (z)w 1 ≤ i ≤ ρ− 1,

żρ = v +ΨTρ (z)w

żμ = ψ(z1, zμ) + ΠT (z)w,

where zμ = (zρ+1, . . . , zn). The rest of the proof follows along the same lines as Theorem
5.7.1. �

Remark 5.7.2 Condition (ii) in the above Theorem 5.7.2 requires that the functions
Ψ1, . . . ,Ψρ do not depend on the zμ dynamics of the system.
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The following theorem now sums-up all the sufficient conditions for the solvability of the
SFBNLHIADDP .

Theorem 5.7.3 Assume the conditions (i)-(iv) of Theorem 5.7.1 hold for the system
(5.76), and the zero-dynamics

żμ = ψ(0, zμ)

are independent of w and globally asymptotically-stable about the origin zμ = 0 (i.e. globally
minimum-phase). Then the SFBNLHIADDP is solvable.

Proof: From the first part of the proof of Theorem 5.7.1 and the fact that the zero-dynamics
are independent of w, (5.76) can be transformed into the form:

żi = zi+1 + ΨTi (z1, . . . , zi)w 1 ≤ i ≤ ρ− 1,
żρ = v +ΨTρ (z1, . . . , zρ, zμ)w
żμ = ψ(0, zμ) + z1(ψ1(z1, zμ) + ΠT1 (z1, zμ)w),

⎫⎬⎭ (5.78)

for some suitable functions ψ1, Π1. Moreover, since the system is globally minimum-phase,
by a converse theorem of Lyapunov [157], there exists a radially-unbounded Lyapunov-
function Vμ0(zμ) such that

Lψ(0,zμ)Vμ0 = 〈dVμ0, ψ(0, zμ)〉 < 0.

In that case, we can consider the Lyapunov-function candidate

Vμ01 = Vμ0(zμ) +
1

2
z21 .

Its time-derivative along the trajectories of (5.78) is given by

V̇μ01 = 〈dVμ0, ψ(0, zμ)〉+ z1〈dVμ0, ψ1)〉+ z1z2 + z1(Ψ
T
1 + 〈dVμ0,ΠT1 (z1, zμ)〉)w. (5.79)

Now let
Ψ̄(z1, zμ) = ΨT1 + 〈dVμ0,ΠT1 (z1, zμ)〉,

and define

z∗02(z1, zμ) = −〈dVμ0, ψ1)〉 − z1 − 1

4
λz1(1 + Ψ̄T1 Ψ̄1).

Subsituting the above in (5.79) yields

V̇μ01 ≤ −z21 +
1

λ
‖w‖2 + 〈dVμ0, ψ(0, zμ)〉. (5.80)

The last term in the above expression (5.80) is negative, and therefore by standard
Lyapunov-theorem, it implies global asymptotic-stability of the origin z = 0 with w = 0.
Moreover, upon integration from z(t0) = 0 to some arbitrary value z(t), we get

−
∫ t

t0

y2(τ)dτ +
1

λ

∫ t

t0

‖w(τ)‖2dτ ≥ Vμ01(z(t))− Vμ01(0) ≥ 0

which implies the L2-gain condition holds, and hence the SFBL2-gainADDP is solvable
for the system with ρ = 1. Therefore the auxiliary control v = z�02(z1, zμ) solves the
SFBHIADDP for the system with ρ = 1. Using an inductive argument as in the proof of
Theorem 5.7.1 the result can be shown to hold also for ρ > 1. �

Remark 5.7.3 It is instructive to observe the relationship between the SFBNLHIADDP
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and the SFBNLHICP discussed in Section 5.1. It is clear that if we take z = y = h(x) in
the ADDP, and seek to find a parametrized control law u = αγ(x), α(0) = 0 and the mini-

mum γ =
√

1
λ such that the inequality (5.77) is satisfied for all t ≥ 0 and all w ∈ L2(0, t)

with internal-stability for the closed-loop system, then this amounts to a SFBNLHICP .
However, the problem is “singular” since the function z does not contain u. Moreover,
making λ arbitrarily large λ→∞ corresponds to making γ arbitrarily small, γ → 0.
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[145]. While results on stochastic systems, in particular systems with Markovian jump
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6

Output-Feedback Nonlinear H∞-Control for
Continuous-Time Systems

In this chapter, we discuss the nonlinear H∞ sub-optimal control problem for continuous-
time nonlinear systems using output-feedback. This problem arises when the states of the
system are not available for feedback, and so have to be estimated in some way and then
used for feedback, or the output of the system itself is used for feedback. The estimator is
basically an observer that satisfies an H∞ requirement. In the former case, the observer uses
the measured output of the system to estimate the states, and the whole arrangement is
referred to as an observer-based controller or more generally a dynamic controller. The set-
up is depicted in Figure 6.1 in this case. For the most part, this chapter will be devoted to
this problem. On the other hand, the latter problem is referred to as a static output-feedback
controller and will be discussed in the last section of the chapter.

We derive sufficient conditions for the solvability of the above problem for time-invariant
(or autonomous) affine nonlinear systems, as well as for a general class of systems. The
parametrization of stabilizing controllers is also discussed. The problem of robust control
in the presence of modelling errors and/or parameter variations is also considered, as well
as the reliable control of sytems in the event of sensor and/or actuator failure.

6.1 Output Measurement-Feedback H∞-Control for Affine Nonlin-
ear Systems

We begin in this section with the output-measurement feedback problem in which it is
desired to synthesize a dynamic observer-based controller using the output measurements.
To this effect, we consider first an affine causal state-space system defined on a smooth
n-dimensional manifold X ⊆ �n in local coordinates x = (x1, . . . , xn):

Σa :

⎧⎨⎩ ẋ = f(x) + g1(x)w + g2(x)u; x(t0) = x0
z = h1(x) + k11(x)w + k12(x)u
y = h2(x) + k21(x)w

(6.1)

where x ∈ X is the state vector, u ∈ U ⊆ �p is the p-dimensional control input, which
belongs to the set of admissible controls U , w ∈ W is the disturbance signal, which belongs
to the set W ⊂ L2([t0,∞),�r) of admissible disturbances, the output y ∈ Y ⊂ �m is the
measured output of the system, and z ∈ �s is the output to be controlled. The functions
f : X → V∞(X ), g1 : X → Mn×r(X ), g2 : X → Mn×p(X ), h1 : X → �s, h2 : X → �m,
and k11 : X →Ms×r, k12 : X →Ms×p(X ), k21 : X →Mm×r(X ) are real C∞ functions of
x. Furthermore, we assume without any loss of generality that the system (6.1) has a unique
equilibrium-point at x = 0 such that f(0) = 0, h1(0) = h2(0) = 0, and for simplicity we have
the following assumptions which are the nonlinear versions of the standing assumptions in
[92]:

137
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Σaz w

uy

K

FIGURE 6.1
Configuration for Nonlinear H∞-Control with Measurement-Feedback

Assumption 6.1.1 The system matrices are such that

k11(x) = 0
hT1 (x)k12(x) = 0
kT12(x)k12(x) = I
k21(x)g

T
1 (x) = 0

k21(x)k
T
21(x) = I.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭
. (6.2)

Remark 6.1.1 The first of these assumptions corresponds to the case in which there is no
direct feed-through between w and z; while the second and third ones mean that there are no
cross-product terms and the control weighting matrix is identity in the norm function for z
respectively. Lastly, the fourth and fifth ones are dual to the second and third ones.

We begin with the following definition.

Definition 6.1.1 (Measurement-Feedback (Sub-Optimal) H∞-Control Problem (MFBNL-
HICP)). Find (if possible!) a dynamic feedback-controller of the form:

Σcdyn :

{
ξ̇ = η(ξ, y)
u = θ(ξ, y),

(6.3)

where ξ ∈ Ξ ⊂ X a neighborhood of the origin, and η : Ξ × �m → V∞(Ξ), η(0, 0) = 0,
θ : Ξ × �m → �p, θ(0, 0) = 0, are some smooth functions, which processes the measured
variable y of the plant (6.1) and generates the appropriate control action u, such that the
closed-loop system (6.1), (6.3) has locally L2-gain from the disturbance signal w to the
output z less than or equal to some prescribed number γ� > 0 with internal stability, or
equivalently, the closed-loop system achieves local disturbance-attenuation less than or equal
to γ� with internal-stability.

Since the state information is not available for measurement in contrast with the previous
chapter, the simplest thing to do is to estimate the states with an observer, and then use this
estimate for feedback. From previous experience on the classical theory of state observation,
the “estimator” usually comprises of an exact copy of the dynamics of x, corrected by a term
proportional to the error between the actual output y of the plant (6.1) and an estimated
output ŷ. Such a system can be described by the equations:

Σce :

{
ξ̇ = f(ξ) + g1(ξ)w + g2(ξ)u +G(ξ)(y − ŷ)
ŷ = h2(ξ) + k21(ξ)w,

(6.4)

where G(.) is the output-injection gain matrix which is to be determined. A state-feedback
control law can then be imposed on the system based on this estimated state (and the
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results from Chapter 5) as:

u := α2(ξ) = −gT2 (ξ)V Tξ (ξ), (6.5)

where V solves the HJIE (5.12). The combination of (6.4) and (6.5) will then represent our
postulated dynamic-controller (6.3). With the above feedback, the estimator (6.4) becomes

ξ̇ = f(ξ) + g1(ξ)w + g2(ξ)α2(ξ) +G(ξ)(y − ŷ). (6.6)

Besides the fact that we still have to determine an appropriate value for G(.), we also
require an explicit knowledge of the disturbance w. Since the knowledge of w is generally
not available, it is reasonable to replace its actual value by the “worst-case” value, which is
given (from Chapter 5) by

w� := α1(x) =
1

γ2
gT1 (x)V

T
x (x)

for some γ > 0. Substituting this expression in (6.6) and replacing x by ξ, results in the
following certainty-equivalence worst-case estimator

ξ̇ = f(ξ) + g1(ξ)α1(ξ) + g2(ξ)α2(ξ) +G(ξ)(y − h2(ξ)− k21(ξ)α1(ξ)). (6.7)

Next, we return to the problem of selecting an appropriate gain matrix G(.), which is
another of our design parameters, to achieve the objectives stated in Definition 6.1.1. It will
be shown in the following that, if some appropriate sufficient conditions are fulfilled, then
the matrix G(.) can be chosen to achieve this.

We begin with the closed-loop system describing the dynamics of the plant (6.1) and
the dynamic-feedback controller (6.7), (6.5) which has the form

Σacclp :

⎧⎨⎩
ẋ = f(x) + g1(x)w + g2(x)α2(ξ); x(t0) = x0
ξ̇ = f̃(ξ) + g2(ξ)α2(ξ) +G(ξ)(h2(x) + k21(x)w − h̃2(ξ))
z = h1(x) + k12(x)α2(ξ)

(6.8)

where

f̃(ξ) = f(ξ) + g1(ξ)α1(ξ)

h̃2(ξ) = h2(ξ) + k21(ξ)α1(ξ).

If we can choose G(.) such that the above closed-loop system (6.8) is dissipative with a C1

storage-function, with respect to the supply-rate s(w, z) = 1
2 (γ

2‖w‖2 − ‖z‖2) and is locally
asymptotically-stable about (x, ξ) = (0, 0), then we would have solved the MFBNLHICP
for (6.1).

To proceed, let us further combine the x and ξ dynamics in the dynamics xe as follows.

ẋe = fe(xe) + ge(xe)(w − α1(x)) (6.9)

where

xe =

(
x
ξ

)
, fe(xe) =

(
f̃(x) + g2(x)α2(ξ)

f̃(x) + g2(x)α2(ξ) +G(ξ)(h̃2(x)− h̃2(ξ))
)
,

ge(xe) =

(
g1(x)

G(ξ)k21(x)

)
,

and let
he(xe) = α2(x) − α2(ξ).
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Apply now the change of input variable r = w − α1(x) in (6.9) and set the output to v
obtaining the following equivalent system:{

ẋe = fe(xe) + ge(xe)r
v = he(xe).

(6.10)

The problem would then be solved if we can choose G(.) such that the above system (6.10) is
dissipative with respect to the supply-rate s(r, v) = 1

2 (γ
2‖r‖2−‖v‖2) and internally-stable.

A necessary and sufficient condition for this to happen is if the following bounded-real
condition [139] is satisfied:

Wxe(xe)fe(xe) +
1

2γ2
Wxe(xe)ge(xe)geT (xe)WT

xe(xe) +
1

2
heT (xe)he(xe) ≤ 0 (6.11)

for some C1 nonnegative functionW : N×N → � locally defined in a neighborhood N ⊂ X
of xe = 0, and which vanishes at xe = 0. The above inequality further implies that

Wxe(xe)(fe(xe) + ge(xe)r) ≤ 1

2
(γ2‖r‖2 − ‖v‖2) ∀r ∈ W , (6.12)

which means, W is a storage-function for the equivalent system with respect to the supply-
rate s(r, v) = 1

2 (γ
2‖r‖2 − ‖v‖2). Now assuming that W exists, then it can be seen that the

closed-loop system (6.8) is locally dissipative, with the storage-function

Ψ(xe) = V (x) +W (xe),

with respect to the supply-rate s(w, z) = 1
2 (γ

2‖w‖2 − ‖z‖2), where V (.) solves the HJIE
(5.12). Indeed,

dΨ(xe(t))

dt
+

1

2
(‖z‖2 − γ2‖w‖2) = Ψxe(fe(xe) + ge(xe)(w − α1(x))) +

1

2
(‖z‖2 − γ2‖w‖2)

= Vx(x)(f(x) + g1(x)w + g2(x)α2(ξ)) +

Wxe(fe(xe) + ge(xe)r) +
1

2
‖h1(x) + k12(x)α2(ξ)‖2

−1

2
γ2‖w‖2

≤ 1

2

{
‖α2(ξ) − α2(x)‖2 − γ2‖w − α1(x)‖2 + γ2‖r‖2

−‖v‖2
}

≤ 0,

which proves dissipativity. The next step is to show that the closed-loop system (6.9) has a
locally asymptotically-stable equilibrium-point at (x, ξ) = (0, 0). For this, we need additional
assumptions on the system (6.1).

Assumption 6.1.2 Any bounded trajectory x(t) of the system

ẋ(t) = f(x(t)) + g2(x(t))u(t)

satisfying
h1(x(t)) + k12(x(t))u(t)) = 0

for all t ≥ ts, is such that limt→∞ x(t) = 0.
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Assumption 6.1.3 The equilibrium-point ξ = 0 of the system

ξ̇ = f̃(ξ)−G(ξ)h̃2(ξ) (6.13)

is locally asymptotically-stable.

Then from above, with w = 0,

dΨ(xe(t))

dt
= Ψxe(fe(xe) + ge(xe)(−α1(x)))

≤ −1

2
‖h1(x(t)) + k12(x(t))α2(ξ(t))‖2 (6.14)

along any trajectory (x(.), ξ(.)) of the closed-loop system. This proves that the equilibrium-
point (x(.), ξ(.)) = (0, 0) is stable. To prove asymptotic-stability, observe that any trajectory
xe(t) such that

dΨ(xe(t))

dt
≡ 0, ∀t ≥ ts,

is necessarily a trajectory of
ẋ = f(x) + g2(x)α2(ξ)

such that x(t) is bounded and

h1(x(t)) + k12(x(t))α2(ξ(t)) ≡ 0

for all t ≥ ts. By Assumption 6.1.2, this implies limt→∞ x(t) = 0. Moreover, since k12(x)
has full column rank, the above also implies that limt→∞ α2(ξ(t)) = 0. Thus, the ω-limit
set of such a trajectory is a subset of

Ω0 = {(x, ξ)|x = 0, α2(ξ) = 0}.
Any initial condition on this limit-set yields a trajectory

x(t) ≡ 0

for all t ≥ ts, which corresponds to the trajectory ξ(t) of

ξ̇ = f̃(ξ)−G(ξ)h̃2(ξ).
By Assumption 6.1.3, this implies limt→∞ ξ(t) = 0, and local asymptotic-stability follows
from the invariance-principle.

The above result can now be summarized in the following lemma.

Theorem 6.1.1 Consider the nonlinear system (6.1) and suppose Assumptions 6.1.1, 6.1.2
hold. Suppose also there exists a C1 positive-(semi)definite function V : N → �+ locally
defined in a neighborhood N of x = 0, vanishing at x = 0 and satisfying the HJIE (5.12).
Further, suppose there exists also a C1 real-valued function W : N1×N1 → � locally defined
in a neighborhood N1 × N1 of xe = 0, vanishing at xe = 0 and is such that W (xe) > 0
for all x �= ξ, together with an n×m smooth matrix function G(ξ) : N2 →Mn×m, locally
defined in a neighborhood N2 of ξ = 0, such that

(i) the HJIE (6.11) holds;

(ii) Assumption 6.1.3 holds;

(iii) N ∩N1 ∩N2 �= ∅.
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Then the MFBNLHICP for the system (6.1) is locally solvable.

A modified result to the above Theorem 6.1.1 as given in [141, 147] can also be proven along
the same lines as the above. We first have the following definition.

Definition 6.1.2 Suppose f(0) = 0, h(0) = 0, then the pair {f, h} is locally zero-state
detectable, if there exists a neighborhood O of x = 0 such that, if x(t) is a trajectory of the
free-system ẋ = f(x) with x(t0) ∈ O, then h(x(t)) is defined for all t ≥ 0 and h(x(t)) ≡ 0
for all t ≥ t0, implies limt→∞ x(t) = 0

Theorem 6.1.2 Consider the nonlinear system (6.1) and assume that k21(x)k
T
21(x) = I in

(6.2). Assume also the following:

(i) The pair {f, h1} is locally zero-state detectable.

(ii) There exists a smooth positive-(semi)definite function V locally defined in a neigh-
borhood N of the origin x = 0 with V (0) = 0 and satisfying the HJIE (5.12).

(iii) There exists an n×m smooth matrix function G(ξ) such that the equilibrium-point
ξ = 0 of the system

ξ̇ = f(ξ) + g1(ξ)α1(ξ) −G(ξ)h2(ξ) (6.15)

is locally asymptotically-stable.

(iv) There exists a smooth positive-semidefinite function W (x, ξ) locally defined in a
neighborhood N1 ×N1 ⊂ X ×X of the origin such that W (0, ξ) > 0 for each ξ �= 0, and
satisfying the HJIE :

[Wx(x, ξ) Wξ(x, ξ)]fe(x, ξ) +

1

2γ2
[Wx(x, ξ) Wξ(x, ξ)]

[
g1(x)g

T
1 (x) 0

0 G(ξ)GT (ξ)

] [
WT
x (x, ξ)

WT
ξ (x, ξ)

]
+

1

2
hTe (x, ξ)he(x, ξ) = 0, W (0, 0) = 0, (x, ξ) ∈ N1 ×N1. (6.16)

Then, the MFBNLHICP for the system is solved by the output-feedback controller:

Σc2 :

{
ξ̇ = f(ξ) + g1(ξ)α1(ξ) + g2(ξ)α2(ξ) +G(ξ)(y − h2(ξ))
u = α2(ξ),

(6.17)

where fe(x, ξ), he(x, ξ), are given by:

fe(x, ξ) =

(
f(x) + g1(x)α1(x) + g2(x)α2(ξ)

f(ξ) + g1(ξ)α1(ξ) + g2(ξ)α2(ξ) +G(ξ)(h2(x) − h2(ξ))
)

he(x, ξ) = α2(ξ)− α2(x).

Example 6.1.1 We specialize the result of Theorem 6.1.2 to linear systems and compare
it with some standard results obtained in other references, e.g., [92] (see also [101, 292]).
Consider the linear time-invariant system (LTI):

Σl :

⎧⎨⎩
ẋ = Fx+G1w +G2u
z = H1x+K12u
y = H2x+K21w

(6.18)

for constant matrices F ∈ �n×n, G1 ∈ �n×r, G2 ∈ �n×p, H1 ∈ �s×n, H2 ∈ �m×n,
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K12 ∈ �s×p and K21 ∈ �m×r satisfying Assumption 6.1.1. Then, we have the following
result.

Proposition 6.1.1 Consider the linear system (6.18) and suppose the following hold:

(a) the pair (F, G1) is stabilizable;

(b) the pair (F, H1) is detectable;

(c) there exist positive-definite symmetric solutions X, Y of the AREs:

FTX +XF +X [
1

γ2
G1G

T
1 −G2G

T
2 ] +HT

1 H1 = 0, (6.19)

Y FT + FY + Y [
1

γ2
H1H

T
1 −H2H

T
2 ] +GT1 G1 = 0; (6.20)

(d) ρ(XY ) < γ2.

Then, the hypotheses (i)-(iv) in Theorem 6.1.2 also hold, with

G = ZHT
2

V (x) =
1

2
xTXx

W (x, ξ) =
1

2
γ2(x− ξ)Z−1(x− ξ),

where

Z = Y

(
I − 1

γ2
XY

)−1

.

Proof: (i) is identical to (b). To show (ii) holds, we note that, if X is a solution of the
ARE (6.19), then the positive-definite function V (x) = 1

2x
TXx is a solution of the HJIE

(6.16). To show that (iii) holds, observe that, if X is a solution of ARE (6.19) and Y a
solution of ARE (6.20), then the matrix

Z = Y (I − 1

γ2
XY )−1

is a solution of the ARE [292]:

Z(F +G1F1)
T + (F +G1F1)Z + Z(

1

γ2
FT2 F2 −HT

2 H2)Z +G1G
T
1 = 0, (6.21)

where F1 = 1
γ2G

T
1X and F2 = −GT2X. Moreover, Z is symmetric and by hypothesis (d) Z

is positive-definite. Hence we can take V (ξ) = ξTZξ as a Lyapunov-function for the system

ξ̇ = (F +G1F1 −GH2)
T ξ, (6.22)

which is the linear equivalent of (6.15). Using the ARE (6.21), it can be shown that

L̇ = −(‖GT ξ‖2 + ‖GT1 ξ‖2 +
1

γ2
‖F2Zξ‖2),

which implies that the equilibrium-point ξ = 0 for the system (6.22) is stable. Furthermore,
the condition L̇(ξ(t)) = 0 implies G1ξ(t) = 0 and Gξ(t) = 0, which results in

ξ̇(t) = FT ξ(t).
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Finally, since (A,G1) is stabilizable, together with the fact that G1ξ(t) = 0, and the standard
invariance-principle, we conclude that limt→∞ ξ(t) = 0 or asymptotic-stability of the system
(6.22). Thus, (iii) also holds.

Lastly, it remains to show that (iv) also holds. Choosing

W (x, ξ) =
1

2
γ2(x− ξ)TZ−1(x− ξ)

and substituting in the HJIE (6.16), we get four AREs which are all identical to the ARE
(6.21), and the result follows. �

Remark 6.1.2 Based on the result of the above proposition, it follows that the linear
dynamic-controller

ξ̇ = (F +G1F1 +G2F2 −GH2)ξ +Gy

u = F2ξ

with F1 = 1
γ2G

T
1X, F2 = −GT2X and G = ZHT

2 solves the linear MFBNLHICP for the

system (6.18).

The preceding results, Theorems 6.1.1, 6.1.2, establish sufficient conditions for the solv-
ability of the output measurement-feedback problem. However, they are not satisfactory in
that, firstly, they do not give any hint on how to select the output-injection gain-matrix G(.)
such that the HJIE (6.11) or (6.16) is satisfied and the closed-loop system (6.13) is locally
asymptotically-stable. Secondly, the HJIEs (6.11), (6.16) have twice as many independent
variables as the HJIE (5.12). Thus, a final step in the above design procedure would be to
partially address these concerns.

Accordingly, an alternative set of sufficient conditions can be provided which involve an
additional HJI-inequality having the same number of independent variables as the dimension
of the plant and not involving the gain matrix G(.). For this, we begin with the following
lemma.

Lemma 6.1.1 Suppose V is a C3 solution of the HJIE (5.12) and Q : O → � is a C3

positive-definite function locally defined in a neighborhood of x = 0, vanishing at x = 0 and
satisfying

S(x) < 0

where

S(x) = Qx(x)(f̃ (x)−G(x)h̃2(x)) + 1

2γ2
Qx(x)(g1(x) −G(x)k21(x))(g1(x) −

G(x)k21(x))
TQTx (x) +

1

2
αT2 (x)α2(x),

for each x �= 0 and such that the Hessian matrix ∂2S
∂x2 is nonsingular at x = 0. Then the

function
W (xe) = Q(x− ξ)

satisfies the conditions (i), (ii) of Theorem 6.1.1.

Proof: Let W (xe) = Q(x− ξ) and let

Υ(x, ξ) =Wxe(xe)fe(xe) +
1

2γ2
Wxe(xe)ge(xe)geT (xe)WT

xe((xe) +
1

2
heT (xe)he(xe).



Output-Feedback Nonlinear H∞-Control for Continuous-Time Systems 145

Thus, to show thatW (.) as defined above satisfies condition (i) of Theorem 6.1.1, is to show
that Υ is nonpositive. For this, set

e = x− ξ
and let

Π(e, ξ) = [Υ(x, ξ)]x=ξ+e.

It can then be shown by simple calculations that

Π(0, ξ) = 0,
∂Π(e, ξ)

∂e

∣∣∣∣
e=0

= 0,

which means Π(x, ξ) can be expressed in the form

Π(e, ξ) = eTΛ(e, ξ)e

for some C0 matrix function Λ(., .). Moreover, it can also be verified that

Λ(0, 0) =
∂2S(x)

∂x2

∣∣∣∣
x=0

< 0

by assumption. Thus, Π(e, ξ) is nonpositive in the neighborhood of (x, ξ) = (0, 0) and (i)
follows.

To establish (ii), note that by hypothesis S(x) < 0 implies

Qx(x)(f̃ (x)−G(x)h̃2(x)) < 0.

Therefore, Q(x) > 0 is a Lyapunov-function for the system (6.13), and the equilibrium-point
ξ = 0 of this system is locally asymptotically-stable. Hence the result. �

As a consequence of the above lemma, we can now present alternative sufficient condi-
tions for the solvability of the MFBNLHICP . We begin with the following assumption.

Assumption 6.1.4 The matrix

R1(x) = kT21(x)k21(x)

is nonsingular (and positive-definite) for each x.

Theorem 6.1.3 Consider the nonlinear system (6.1) and suppose Assumptions 6.1.1, 6.1.2
and 6.1.4 hold. Suppose also the following hold:

(i) there exists a C3 positive-definite function V , locally defined in a neighborhood N of
x = 0 and satisfying the HJIE (5.12);

(ii) there exists a C3 positive-definite function Q : N1 ⊂ X → �+ locally defined in a
neighborhood N1 of x = 0, vanishing at x = 0, and satisfying the HJ-inequality

Qx(x)f
�(x) +

1

2γ2
Qx(x)g

�
1(x)g

�T
1 (x)QTx (x) +

1

2
H�(x) < 0 (6.23)

together with the coupling condition

Qx(x)L(x) = h̃T2 (x) (6.24)

for some n×m smooth C2 matrix function L(x), where

f �(x) = f̃(x) − g1(x)kT21(x)R−1
1 (x)h̃2(x),

g�1(x) = g1(x)[I − kT12(x)R−1
1 (x)k21(x)],

H�(x) = (αT2 (x)α2(x) − γ2h̃(x)R−1
1 (x)h̃2(x)),
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and such that the Hessian matrix of the right-hand-side of (6.23) is nonsingular for all
x ∈ N1.

Then the MFBNLHICP for the system is solvable with the controller (6.7), (6.5) if G(.)
is selected as

G(x) = (γ2L(x) + g1(x)k
T
21(x))R

−1
1 (x). (6.25)

Proof: (Sketch, see [139] for details). By standard completion of squares arguments, it can
be shown that the function S(x) satisfies the inequality

S(x) ≥ Qx(x)(f̃ (x)− g1(x)kT21(x)R−1
1 (x)h̃2(x)) +

1

2
[αT2 (x)α2(x)− γ2h̃T2 (x)R−1

1 (x)h̃2(x)] +

1

2γ2
Qx(x)g1(x)[I − kT21(x)R−1

1 (x)k21(x)]g
T
1 (x)Q

T
x (x),

and equality holds if and only if

Qx(x)G(x) = (γ2h̃2(x) +Qxg1(x)k21(x))R
−1
1 (x).

Therefore, in order to make S(x) < 0, it is sufficient for the new HJ-inequality (6.23) to
hold for each x and G(x) to be chosen as in (6.25). In this event, the matrix G(x) exists if
and only if Q(x) satisfies (6.24). Finally, application of the results of Theorem 6.1.1, Lemma
6.1.1 yield the result. �

Example 6.1.2 We consider the case of the linear system (6.18) in which case the simpli-
fying assumptions (6.2) reduce to:

KT
12K12 = I, HT

1 K12 = 0, K21G
T
1 = 0, KT

21K21 = R1 > 0.

The existence of a C3 positive-definite function Q satisfying the strict HJ-inequality
(6.23) is equivalent to the existence of a symmetric positive-definite matrix Z satisfying the
bounded-real inequality

F �TZ + ZF � +
1

γ2
ZG�1G

�T
1 Z +H� < 0 (6.26)

where

F � = F̃ −G1K
T
21R

−1
1 H̃2, G�1 = G1(I −KT

21R
−1
1 K21), H� = FT2 F2 − γ2H̃T

2 R
−1
1 H̃2

and

F̃ = F +G1F1, H̃2 = H2 +K21F1

F1 =
1

γ2
GT1 P, F2 = −GT2 P

with P a symmetric positive-definite solution of the ARE (5.22). Moreover, if Z satisfies
the bounded-real inequality (6.26), then the output-injection gain G is given by

G = (γ2Z−1H̃T
2 +G1K

T
21)R

−1
1 ,

with L = 1
2Z

−1H̃T
2 .

Remark 6.1.3 From the discussion in [264] regarding the necessary conditions for the
existence of smooth solutions to the HJE (inequalities) characterizing the solution to the
state-feedback nonlinear H∞-control problem, it is reasonable to expect that, if the linear
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MFBNLHICP corresponding to the linearization of the system (6.1) at x = 0 is solvable,
then the nonlinear problem should be locally solvable. As a consequence, the linear approx-
imation of the plant (6.1) at x = 0 must satisfy any necessary conditions for the existence
of a stabilizing linear controller which solves the linear MFBNLHICP .

Remark 6.1.4 Notice that the controller derived in Theorem 6.1.3 involves the solution of
two uncoupled HJ-inequalities and a coupling-condition. This is quite in agreement with the
linear results as derived in [92], [101], [292].

In the next subsection, we discuss the problem of controller parametrization.

6.1.1 Controller Parameterization

In this subsection, we discuss the parametrization of a set of stabilizing controllers that
locally solves the MFBNLHICP . As seen in the case of the state-feedback problem, this
set is a linear set, parametrized by a free parameter system, Q, which varies over the set
of all finite-gain asymptotically-stable input-affine systems. However, unlike the linear case,
the closed-loop map is not affine in this free parameter.

Following the results in [92] for the linear case, the nonlinear case has also been discussed
extensively in references [188, 190, 215]. While the References [188, 190] employ direct state-
space tools, the Reference [215] employs coprime factorizations. In this subsection we give
a state-space characterization.

The problem at hand is the following. Suppose a controller Σc (herein-after referred to
as the “central controller”) of the form (6.3) solves the MFBNLHICP for the nonlinear
system (6.1). Find the set of all controllers (or a subset), that solves the MFBNLHICP
for the system.

As in the state-feedback case, this problem can be solved by an affine parametrization
of the central controller with a system Q ∈ FG having the realization

ΣQ :

{
q̇ = a(q) + b(q)r, a(0) = 0,
v = c(q), c(0) = 0

(6.27)

where q ∈ X and a : X → V∞X , b : X →Mn×p, c : X → �m are smooth functions. Then
the family of controllers

ΣcQ :

⎧⎨⎩ ξ̇ = η(ξ, y)
q̇ = a(q) + b(q)(y − ŷ)
u = θ(ξ, y) + c(q)

(6.28)

where ΣQ varies over all Q ∈ FG and ŷ is the estimated output, also solves the
MFBNLHICP for the system (6.1). The structure of this parametrization is also shown
on Figure 6.2, and we have the following result.

Proposition 6.1.2 Assume Σa is locally smoothly-stabilizable and locally zero-state de-
tectable. Suppose there exists a controller of the form Σc that locally solves the
MFBNLHICP for the system, then the family of controllers ΣcQ given by (6.28), where
Q ∈ FG is a parametrization of the set of all input-affine controllers that locally solves the
problem for Σa.

Proof: We defer the proof of this proposition to the next theorem, where we give an explicit
form for the controller ΣcQ.
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ŷ

FIGURE 6.2
Parametrization of Nonlinear H∞-Controllers with Measurement-Feedback; Adopted from
IEEE Transactions on Automatic Control, vol. 40, no. 9, c© 1995, “A state-space approach
to parametrization of stabilizing controllers for nonlinear systems,” by Lu W.-M.

Theorem 6.1.4 Suppose all the hypotheses (i)-(iv) of Theorem 6.1.2 hold, and
k21(x)k

T
21(x) = I. In addition, assume the following hypothesis also holds:

(v) There exists an input-affine system ΣQ as defined above, whose equilibrium-point q = 0
is locally asymptotically-stable, and is such that there exists a smooth positive-definite
function U : N4 → �+, locally defined in a neighborhood of q = 0 in X satisfying the
HJE:

Uq(q)a(q) +
1

2γ2
Uq(q)b(q)b

T (q)UTq (q) +
1

2
cT (q)c(q) = 0. (6.29)

Then the family of controllers

ΣcQ :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ξ̇ = f �(ξ) +G(y − h2(ξ)) + Γ(ξ)v
q̇ = a(q) + b(q)r
v = c(q)
r = y − ŷ
u = α2(ξ) + v

(6.30)

where

f �(ξ) = f(ξ) + g1(ξ)α1(ξ) + g2(ξ)α2(ξ), ŷ = h̃2(ξ) = h2(ξ) + k21(ξ)α1(ξ)

solves the MFBNLHICP locally.

Proof: First observe that the controller (6.30) is exactly the controller given in (6.28) with
explicit state-space realization for Σc. Thus, proving the result of this theorem also proves
the result of Proposition 6.1.2.

Accordingly, we divide the proof into several steps:
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(a) Consider the Hamiltonian function defined in Chapter 5:

H(x,w, u) = Vx(x)(f(x) + g1(x)w + g2(x)u) +
1

2
‖hT1 ‖2 +

1

2
‖u‖2 − 1

2
γ2‖w‖2

which is quadratic in (w, u). Observe that(
∂H

∂w

)
w=α1(x)

= 0,

(
∂H

∂u

)
u=α2(x)

= 0.

Therefore for every (w, u) we have

Vx(x)(f(x) + g1(x)w + g2(x)u) =
1

2
[‖u− α2(x)‖2 − γ2‖w − α1(x)‖2 −
‖u‖2 + γ2‖w‖2 − ‖h1‖2].

(b) Consider now the closed-loop system:

ẋ = f(x) + g1(x)w + g2(x)(α2(ξ) + v)

ξ̇ = f �(ξ) +G(ξ)(y − h2(ξ)) + Γ(ξ)v

}
(6.31)

and the augmented pseudo-Hamiltonian function

H�(x, ξ, v, w, λ, μ) = λT [f(x) + g1(x)w + g2(x)(α2(ξ) + v)] +

μT [f �(ξ) +G(ξ)(y − h2(ξ)) + Γ(ξ)v] +

1

2
‖α2(ξ) + v − α2(x)‖2 − 1

2
γ2‖w − α1(x)‖2.

By setting (ṽ, w̃) such that(
∂H�

∂v

)
v=ṽ

= 0,

(
∂H�

∂w

)
w=w̃

= 0,

then for every (v, w) we have

H�(x, ξ, v, w) = H�
�(x, ξ, v, w) +

1

2
‖v − ṽ‖2 − 1

2
γ2‖w − w̃‖2,

where
H�
�(x, ξ, v, w) = H�(x, ξ, ṽ, w̃,WT

x ,W
T
ξ ) ≤ 0.

Furthermore, along any trajectory of the closed-loop system (6.31),

Ẇ =Wxẋ+Wξ ξ̇ = H�
�(x, ξ, v, w) +

1

2
‖v − ṽ‖2 − 1

2
γ2‖w − w̃‖2 −

1

2
‖α2(ξ) + v − α2(x)‖2 − 1

2
γ2‖w − α1(x)‖2.

(c) Similarly, consider now the system (6.27). By hypothesis (v), we have

Uq(q)(a(q) + b(q)r) =
1

2
[−γ2‖r − r�‖2 − ‖v‖2 + γ2‖r‖2]

where r� = 1
γ2 b

T (q)UTq (q).
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(d) Then, consider the Lyapunov-function candidate

Ω(x, ξ, q) = V (x) +W (x, ξ) + U(q),

which is locally positive-definite by construction. Differentiating Ω along the trajectories
of the closed-loop system (6.31), (6.27), we get

Ω̇ = Vx(x)ẋ +Wx(x, ξ)ẋ +Wξ(x, ξ)ξ̇ + Uq(q)q̇

= H�
�(x, ξ, v, w) +

1

2

{
[‖u− α2(x)‖2 − γ2‖w − α1(x)‖2 − ‖u‖2 +

γ2‖w‖2 − ‖h1(x)‖2] + [‖v − ṽ‖2 − γ2‖w − w̃‖2 − ‖u− α2(x)‖2 +
γ2‖w − α1(x)‖2] + [−γ2‖r − r�‖2 − ‖v‖2 + γ2‖r‖2]

}
.

Notice that
‖v − ṽ‖2 ≤ γ2‖r − r�‖2

since ‖Q‖H∞ ≤ γ. Therefore

Ω̇ ≤ 1

2
[γ2(‖r‖2 + ‖w‖2)− ‖v‖2 − ‖z‖2]. (6.32)

Integrating now the above inequality from t = t0 to t = T , we have

Ω(x(T ), T )− Ω(x(t0), t0) ≤ 1

2

∫ T

t0

[γ2(‖r‖2 + ‖w‖2)− ‖v‖2 − ‖z‖2]dt.

Which implies that the closed-loop system has L2-gain ≤ γ from

[
r
w

]
to

[
v
z

]
as

desired.

(e) To show closed-loop stability, set w = 0, r = 0, in (6.32) to get

Ω̇ ≤ −1

2
(‖z‖2 + ‖v‖2).

This proves that the equilibrium-point (x, ξ, q) = (0, 0, 0) is stable. Further, the condition
that Ω̇ = 0 implies that w = 0, r = 0, z = 0, v = 0 ⇒ u = 0, h1(x) = 0, α2(ξ) = 0.
Thus, any trajectory of the system (xo(t), ξo(t), qo(t)) satisfying the above conditions, is
necessarily a trajectory of the system

ẋ = f(x)

ξ̇ = f(ξ) + g1(ξ)α1(ξ) +G(ξ)(h2(x)− h2(ξ))
q̇ = a(q).

Therefore, by Assumption (i) and the fact that q̇ = a(q) is locally asymptotically-stable
about q = 0, we have limt→∞(x(t), q(t)) = 0. Similarly, by Assumption (iii) and a well known
stability property of cascade systems, we also have limt→∞ ξ(t) = 0. Finally, by LaSalle’s
invariance-principle we conclude that the closed-loop system is locally asymptotically-stable.
�
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6.2 Output Measurement-Feedback Nonlinear H∞ Tracking Con-
trol

In this section, we discuss the output measurement-feedback tracking problem which was
discussed in Section 5.2 for the state-feedback problem. The objective is to design an output-
feedback controller for the system (6.1) to track a reference signal which is generated as the
output ym of a reference model defined by

Σm :

{
ẋm = fm(xm), xm(t0) = xm0

ym = hm(xm)
(6.33)

xm ∈ �l, fm : �l → �l. We assume also for simplicity that this system is completely
observable (see References [268, 212]). The problem can then be defined as follows.

Definition 6.2.1 (Measurement-Feedback Nonlinear H∞ (Suboptimal) Tracking Control
Problem (MFBNLHITCP)). Find (if possible!) a dynamic output-feedback controller of the
form {

ẋc = ηc(xc, xm), xc(t0) = xc0
u = αdyntrk(xc, xm), αdyntrk : N1 × Ñm → �p (6.34)

xc ⊂ �n, N1 ⊂ X , Ñm ⊂ �l, for some smooth function αdyntrk, such that the closed-loop
system (6.1), (6.34), (6.33) is exponentially stable about (x, xc, xm) = (0, 0, 0), and has for
all initial conditions starting in N1 × Ñm neighborhood of (0, 0), locally L2-gain from the
disturbance signal w to the output z less than or equal to some prescribed number γ� > 0,
as well as the tracking error satisfies limt→∞{y − ym} = 0.

To solve the above problem, we consider the system (6.1) with

z =

[
h1(x)
u

]
and follow as in Section 5.2 a two-step design procedure.

Step 1: We seek a feedforward dynamic-controller of the form{
ẋc = a(xc) + b(xc)y
u = c(xc, xm)

(6.35)

where xc ∈ �n, so that the equilibrium point (x, xc) = (0, 0) of the closed-loop system with
w = 0,

ẋ = f(x) + g2(x)c(xc, xm)

ẋc = a(xc) + b(xc)h2(x)

is exponentially stable and there exists a neighborhood Ũ ⊂ X × �n × �l of (0, 0, 0) such
that, for all initial conditions (x0, xc0, xm0) ∈ Ũ , the solution (x(t), xc(t), xm(t)) of⎧⎨⎩ ẋ = f(x) + g2(x)c(xc, xm)

ẋc = a(xc) + b(xc)h2(x)
ẋm = fm(xm)

satisfies
lim
t→∞h1(θ(x(t))) − hm(xm(t)) = 0.
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To solve this step, we similarly seek an invariant-manifold

M̃θ,σ = {x|x = θ(xm), xc = σ(xm)}
which is invariant under the closed-loop dynamics (6.36) and is such that the error e =
h1(x(t))−hm(xm(t)) vanishes identically on this submanifold. Again, this requires that the
following necessary conditions are satisfied by the control law u = ū�(xm):

∂θ
∂xm

(xm)fm(xm) = f(θ(xm)) + g2(θ(xm)ū�(xm)

∂σ
∂xm

(xm)f(xm) = a(σ(xm)) + b(σ(xm))y�(xm)

h1(θ(x(t))) − hm(xm(t)) = 0,

where ū�(xm) = c(σ(xm), xm), y�(xm) = h2(θ(xm)).
Now, assuming the submanifold M̃θ,σ is found and the control law ū�(xm) has been

designed to maintain the system on this submanifold, the next step is to design a feedback
control v so as to drive the system onto the above submanifold and to achieve disturbance-
attenuation and asymptotic-tracking. To formulate this step, we reconsider the combined
system with the disturbances⎧⎪⎪⎨⎪⎪⎩

ẋ = f(x) + g1(x)w + g2(x)u
ẋc = a(xc) + b(xc)h2(x) + b(xc)k21(x)w
ẋm = fm(xm)
y = h2(x) + k21(x)w,

(6.36)

and introduce the following change of variables

ξ1 = x− θ(xm)

ξ2 = xc − σ(xm)

v = u− ū�(xm).

Then

ξ̇1 = F̃1(ξ1, ξ2, xm) + G̃11(ξ1, xm)w + G̃12(ξ1, xm)v

ξ̇2 = F̃2(ξ1, ξ2, xm) + G̃21(ξ2, xm)w

ẋm = fm(xm)

y =

[
h2(ξ1, xm) + k21(ξ1, xm)w

hm(xm)

]
where

F̃1(ξ1, xm) = f(ξ1 + θ(xm))− ∂θ

∂xm
(xm)fm(xm) + g2(ξ1 + θ(xm))ū�(xm)

F̃2(ξ2, xm) = a(ξ2 + σ(xm)) + b(ξ2 + σ(xm))h2(ξ1 + θ(xm))− ∂σ

∂xm
(xm)fm(xm)

G̃11(ξ1, xm) = g1(ξ1 + θ(xm))

G̃12(ξ1, xm) = g2(ξ1 + θ(xm))

G̃21(ξ2, xm) = b(ξ2 + σ(xm))k21(ξ1 + θ(xm)).

Similarly, we redefine the tracking error and the new penalty variable as

z̃ =

[
h1(ξ + θ(xm))− hm(xm)

v

]
.
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Step 2: Find a dynamic feedback compensator of the form (6.35) with an auxiliary
output v� = v�(ξ, xm) so that the closed-loop system (6.35), (6.36) is exponentially stable
and along any trajectory (ξ(t), xm(t)) of the closed-loop system, the L2-gain condition∫ T

0

‖z̃(t)‖2 ≤ γ2
∫ T

0

‖w(t)‖2dt+ β̃(ξ(t0), xm0)

⇔
∫ T

0

{‖h1(ξ + θ(xm))− hm(xm)‖2 + ‖v‖2} ≤ γ2
∫ T

0

‖w(t)‖2dt+ β(ξ(t0), xm0)

is satisfied for some function β̃, for all w ∈ W , for all T < ∞ and all initial conditions
(ξ1(t0), ξ2(t0), xm0) in a sufficiently small neighborhood of the origin (0, 0).

The above problem is now a standard measurement-feedback H∞ control problem, and
can be solved using the techniques developed in the previous section.

6.3 Robust Output Measurement-Feedback Nonlinear H∞-Control

In this section, we consider the robust output measurement-feedback nonlinear H∞-control
problem for the affine nonlinear system (6.1) in the presence of unmodelled dynamics and/or
parameter variations. This problem has been considered in many references [34, 208, 223,
265, 284], and the set-up is shown in Figure 6.3. The approach presented here is based on
[208]. For this purpose, the system is represented by the model:

ΣaΔ :

⎧⎪⎪⎨⎪⎪⎩
ẋ = f(x) + Δf(x, θ, t) + g1(x)w + [g2(x) + Δg2(x, θ, t)]u;

x(0) = x0
z = h1(x) + k12(x)u
y = [h2(x) + Δh2(x, θ, t)] + k21(x)w

(6.37)

where all the variables and functions have their previous meanings and in addition Δf :
X → V∞(X ), Δg2 : X → Mn×p(X ), and Δh2 : X → �m are unknown functions which
belong to the set Ξ1 of admissible uncertainties, and θ ∈ Θ ⊂ �r are the system parameters
which may vary over time within the set Θ.

Definition 6.3.1 (Robust Output Measurement-Feedback Nonlinear H∞-Control Problem
(RMFBNLHICP)). Find (if possible!) a dynamic controller of the form (6.3) such that the
closed-loop system (6.37), (6.3) has locally L2-gain from the disturbance signal w to the
output z less than or equal to some prescribed number γ� > 0 with internal stability, for all
admissible uncertainties Δf, Δg2, Δh2, ∈ Ξ1 and all parameter variations in Θ.

We begin by first characterizing the sets of admissible uncertainties of the system Ξ1 and
Θ1 as

Assumption 6.3.1 The sets of admissible uncertainties of the system are characterized as

Ξ1 = {Δf,Δg2,Δh2 |Δf(x, θ, t) = H1(x)F (x, θ, t)E1(x),

Δg2(x, θ, t) = g2(x)F (x, θ, t)E2(x), Δh2 = H3(x)F (x, θ, t)E3(x), ‖F (x, θ, t)‖2 ≤ 1,

∀x ∈ X , θ ∈ Θ, t ∈ �},
Θ1 = {θ|0 ≤ θ ≤ θu, ‖θ‖ ≤ κ <∞},
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FIGURE 6.3
Configuration for Robust Nonlinear H∞-Control with Measurement-Feedback

for some known matrices H1(.), F (., .), E1(.), E2(.), H3(.), E3 of appropriate dimensions.

Then, to solve the RMFBNLHICP , we clearly only have to modify the solution to the
nominal MFBNLHICP given in Theorems 6.1.1, 6.1.2, 6.1.3, and in particular, modify
the HJIEs (inequalities) (6.39), (6.23), (5.12) to account for the uncertainties in Δf , Δg2
and Δh2.

The HJI-inequality (5.24) has already been modified in the form of the HJI-inequality
(5.46) to obtain the solution to the RSFBNLHICP for all admissible uncertainties Δf ,
Δg2 in Ξ. Therefore, it only remains to modify the HJI-inequality (6.23), or equation (6.16)
to account for the uncertainties Δf , Δg2, and Δh2 in Ξ1, Θ. If we choose to modify HJIE
(6.16) to accomodate the uncertainties, then the result can be stated as a corollary to
Theorem 6.1.3 as follows.

Corollary 6.3.1 Consider the nonlinear system (6.37) and assume that k21(x)k
T
21(x) = I

in (6.2). Suppose also the following hold:

(i) The pair {f, h1} is locally detectable.

(ii) There exists a smooth positive-definite function Ṽ locally defined about the origin with

Ṽ (0) = 0 and satisfying the HJIE (5.46).

(iii) There exists an n ×m matrix GΔ : X → Mn×m such that the equilibrium ξ = 0 of
the system

ξ̇ = f(ξ) +H1(ξ)E1(ξ) + g1(ξ)α1(ξ)−GΔ(ξ)(h2(ξ) +H3(ξ)E3(ξ)) (6.38)

is locally asymptotically-stable.

(iv) There exists a smooth positive-semidefinite function W̃ (x, ξ) locally defined in a neigh-

borhood Ñ1 × Ñ1 ⊂ X × X of the origin (x, ξ) = (0, 0) such that W̃ (0, ξ) > 0 for each
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ξ �= 0, and satisfying the HJIE

[W̃x(x, ξ) W̃ξ(x, ξ)]fe(x, ξ) +

1

2γ2
[W̃x(x, ξ) W̃ξ(x, ξ)]

[
g1(x)g

T
1 (x) +HT

1 (x)H1(x) 0
0 G(ξ)GT (ξ) +HT

1 (ξ)H1(ξ)

]
×[

W̃T
x (x, ξ)

W̃T
ξ (x, ξ)

]
+

1

2
(hTe (x, ξ)he(x, ξ) + ET1 (x)E1(x) + ET3 (ξ)E3(ξ)) = 0,

W̃ (0, 0) = 0, (x, ξ) ∈ Ñ1 × Ñ1, (6.39)

where fe(x, ξ), he(x, ξ) are as defined previously.

Then, the RMFBNLHICP for the system is solved by the output-feedback controller:

Σ̃c2 :

⎧⎨⎩ ξ̇ = f(ξ) +H1(ξ)E1(ξ) + g1(ξ)α1(ξ) + g2(ξ)α2(ξ) +GΔ(ξ)[y−
h2(ξ)−H3(ξ)E3(ξ)]

u = α2(ξ),
(6.40)

Proof: The proof can be pursued along the same lines as Theorem 6.1.3. �
In the next section we discuss another aspect of robust control known as reliable control.

6.3.1 Reliable Robust Output-Feedback Nonlinear H∞-Control

In this subsection, we discuss reliable control which is another aspect of robust control. The
aim however in this case is to maintain control and stability in the event of a set of actuator
or sensor failures. Failure detection is also another aspect of reliable control.

For the purpose of elucidating the scheme, let us represent the system on X ⊂ �n in
the form

Σar :

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ẋ = f(x) + g1(x)w0 +
∑p

j=1 g2j(x)uj ; x(0) = x0,

yi = h2i(x) + wi, i = 1, . . . ,m,

z =

⎡⎢⎢⎢⎣
h1(x)
u1
...
up

⎤⎥⎥⎥⎦ ,
(6.41)

where all the variables have their usual meanings and dimensions, and in addition w =
[wT0 wT1 . . . wTm]T ∈ �s is the overall disturbance input vector,

g2(x) = [g21(x) g22(x) . . . g2p(x)],

h2(x) = [h21(x) h22(x) . . . h2m(x)]T .

Without any loss of generality, we can also assume that f(0) = 0, h1(0) = 0 and h2i(0) =
0, i = 1, . . . ,m. The problem is the following.

Definition 6.3.2 (Reliable Measurement-Feedback Nonlinear H∞-Control Problem (RLMF-
BNLHICP)). Suppose Za ⊂ {1, . . . , p} and Zs ⊂ {1, . . . ,m} are the subsets of actuators and
sensors respectively that are prone to failure. Find (if possible!) a dynamic controller of the
form:

Σrc :

{
ζ̇ = a(ζ) + b(ζ)y
u = c(ζ)

(6.42)
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where ζ ∈ �ν , such that the closed-loop system denoted by Σar◦Σrc is locally asymptotically-
stable and has locally L2-gain ≤ γ for all initial conditions in N ⊂ X and for all actuator
and sensor failures in Za and Zs respectively.

To solve the above problem, let ia ∈ Za, i′a ∈ Z̄a, js ∈ Zs, j
′
s ∈ Z̄s denote the indices of

the elements in Za, Z̄a, Zs and Z̄s respectively, where the “bar” denotes “set complement.”
Accordingly, introduce the following decomposition

g2(x) = g2ia(x)⊕ g2i′a(x)
u = uia ⊕ ui′a

h2(x) = h2is(x)⊕ h2i′s(x)
y = yis ⊕ yi′s
w = [w1 . . . wm]T = wis ⊕ wi′s

b(x) = [b1(x) b2(x) . . . bm(x)] = bis(x) ⊕ bi′s(x)

where

g2ia(x) = [δia(1)g21(x) δia(2)g22(x) . . . δia(p)g2p(x)]

uia(x) = [δia(1)u1(x) δia(2)u2(x) . . . δia(p)up(x)]
T

h2is(x) = [δis(1)h21(x) δis(2)h22(x) . . . δis(m)h2m(x)]T

yis(x) = [δis(1)y1 δis(2)y2 . . . δis(m)ym]T

wis(x) = [δis(1)w1 δis(2)w2 . . . δia(m)wm]T

bis(x) = [δis(1)b1(x) δis(2)b2(x) . . . δis(m)bm(x)]T

and

δia(i) =

{
1 if i ∈ Za
0 if i �∈ Za

δis(j) =

{
1 if j ∈ Zs
0 if j �∈ Zs.

Applying the controller Σrc to the system when actuator and/or sensor failures corre-
sponding to the indices ia ∈ Za and is ∈ Zs occur, results in the closed-loop system
Σar(Zs) ◦ Σrc(Za):⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ẋ = f(x) + g1(x)w0 + g2i′a(x)ci
′
a
(ζ); x(0) = x0

ζ̇ = a(ζ) + bi′s(ζ)yi
′
s

= a(ζ) + bi′s(ζ)h2i
′
s
(x) + bi′s(ζ)wi

′
s

zi′a =

[
h1(x)
ci′a(ζ)

]
.

(6.43)

The aim now is to find the controller parameters a(.), b(.) and c(.), such that in the event of
any actuator or sensor failure for any ia ∈ Za and is ∈ Zs respectively, the resulting closed-
loop system above still has locally L2-gain ≤ γ from wi′s to zi′a and is locally asymptotically-
stable. In this regard, define the Hamiltonian functions in the local coordinates (x, p) on
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T �X by

Hs(x, p) = pT f(x) +
1

2
pT
[
1

γ2
g1(x)g

T
1 (x)− g2Z̄a

(x)gT2Z̄a
(x)

]
p+

1

2
hT1 (x)h1(x) +

1

2
γ2hT2Zs

(x)h2Zs(x),

H0(x, p) = pT f(x) +
1

2γ2
pT g1(x)g

T
1 (x)p+

1

2
pT g2Za(x)g

T
2Za

(x)p+

1

2
hT1 (x)h1(x)−

1

2
γ2hT2Z̄s

(x)h2Z̄s
(x).

Then, the following theorem gives a sufficient condition for the solvability of the reliable
control problem.

Theorem 6.3.1 Consider the nonlinear system (6.41) and assume the following hold:

(i) The pair {f, h1} is locally zero-state detectable.

(ii) There exists a smooth C2 function ψ ≥ 0, ψ(0) = 0 and a C3 positive-definite function

Ṽ locally defined in a neighborhood N0 of x = 0 with Ṽ (0) = 0 and satisfying the HJIE:

Hs(x, Ṽ
T
x ) + ψ(x) = 0. (6.44)

(iii) There exists a C3 positive-definite function Ũ locally defined in a neighborhood N1

of x = 0 with Ũ(0) = 0 and satisfying the HJI-inequality:

H0(x, Ũ
T
x ) + ψ(x) ≤ 0, (6.45)

and such that N0 ∩N1 �= ∅, H0(x, Ũ
T
x ) +ψ(x) has nonsingular Hessian matrix at x = 0.

(iv) Ũ(x)− Ṽ (x) is positive definite, and there exists an n×m matrix function L(.) that
satisfies the equation

(Ũx − Ṽx)(x)L(x) = γ2hT2 (x). (6.46)

Then, the controller Σrc solves the RLMFBNLHICP for the system Σar with

a(ζ) = f(ζ) +
1

γ2
g1(ζ)g

T
1 (ζ)Ṽ

T
x (ζ)− g2Z̄a

(ζ)gT2Z̄a
(ζ)Ṽ Tx (ζ) − L(ζ)h2(ζ)

b(ζ) = L(ζ)

c(ζ) = −gT2 (ζ)Ṽ Tx (ζ).

Proof: The proof is lengthy, but can be found in Reference [285]. �

Remark 6.3.1 Theorem 6.3.1 provides a sufficient condition for the solvability of reliable
controller design problem for the case of the primary contingency problem, where the set of
sensors and actuators that are susceptible to failure is known a priori. Nevertheless by en-
larging the sets Za, Zs to {1, . . . , p} and {1, . . . ,m} respectively, the scheme can be extended
to include all actuators and sensors.

We consider now an example.
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Example 6.3.1 [285]. Consider the following second-order system.[
ẋ1
ẋ2

]
=

[ −2x1 + x1x
2
2

x32

]
+

[
1
x1

]
w0 +

[
0 1
1 1

] [
u1
u2

]
(6.47)

y = 2x1 + 2x2 + w1 (6.48)

z = [x1 x42 u1 u2]
T . (6.49)

The index sets are given by Za = {2}, Zs = {∅}, and the system is locally zero-state
detectable. With γ = 0.81 and

ψ(x) =
1

2
x21 +

8γ2

γ2 − x21
x62,

approximate solutions to the HJI-inequalities (6.44), (6.45) can be obtained as

Ṽ (x) = 0.4533x21 + 0.3463x21x
2
2 +

2γ2

γ2 − x21
x42 (6.50)

Ũ(x) = 1.5938x21 + 0.3496x1x2 + 1.2667x22 (6.51)

respectively. Finally, equation (6.46) is solved to get

L(x) = [1.0132 0.8961]T .

The controller can then be realized by computing the values of a(x), b(x) and c(x) accord-
ingly.

6.4 Output Measurement-Feedback H∞-Control for a General
Class of Nonlinear Systems

In this section, we look at the output measurement-feedback problem for a more general class
of nonlinear systems. For this purpose, we consider the following class of nonlinear systems
defined on a manifold X ⊆ �n containing the origin in coordinates x = (x1, . . . , xn):

Σg :

⎧⎨⎩
ẋ = F (x,w, u); x(t0) = x0
z = Z(x, u)
y = Y (x,w)

(6.52)

where all the variables have their previous meanings, while F : X ×W×U → X is the state
dynamics function, Z : X ×U → �s is the controlled output function and Y : X ×W → �m
is the measurement output function. Moreover, the functions F (., ., .), Z(., .) and Y (., .) are
smooth Cr, r ≥ 1 functions of their arguments, and the point x = 0 is a unique equilibrium-
point for the system Σg such that F (0, 0, 0) = 0, Z(0, 0) = 0, Y (0, 0) = 0. The following
assumptions will also be adopted in the sequel.

Assumption 6.4.1 The linearization of the function Z(x, u) is such that

rank(D12)
Δ
= rank

(
∂Z

∂u
(0, 0)

)
= p.
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The control action to Σg is to be provided by a controller of the form (6.3). Motivated
by the results of Section 6.1, we can conjecture a dynamic-controller of the form:

Σgce :

{
ζ̇ = F (ζ, w, u) + G̃(ζ)(y − Y (ζ, w))
u = α̃2(ζ)

(6.53)

where ζ is an estimate of x and G̃(.) is the output-injection gain matrix which is to be
determined.

Again, since w is not directly available, we use its worst-case value in equation (6.53).
Denote this value by w� = α̃1(x), where α̃1(.) is determined according to the procedure
explained in Chapter 5. Then, substituting this in (6.53) we obtain{

ζ̇ = F (ζ, α̃1(ζ), α̃2(ζ)) + G̃(ζ)(y − Y (ζ, α̃1(ζ))
u = α̃2(ζ).

(6.54)

Now, let x̃e =

(
x
ζ

)
so that the closed-loop system (6.52) and (6.54) is represented by

{
˙̃xe = F e(x̃e, w)
z = Ze(x̃e)

(6.55)

where

F e(x̃e, w) =

(
F (x,w, α̃2(ζ))

F (ζ, α̃1(ζ), α̃2(ζ)) + G̃(ζ)Y (x,w) − G̃(ζ)Y (ζ, α̃1(ζ))

)
,

Ze(x̃e) = Z(x, α̃2(ζ)).

The objective then is to render the above closed-loop system dissipative with respect to the
supply-rate s(w,Z) = 1

2 (γ
2‖w‖2 − ‖Ze(xe)‖2) with some suitable storage-function and an

appropriate output-injection gain matrix G̃(.). To this end, we make the following assump-
tion.

Assumption 6.4.2 Any bounded trajectory x(t) of the system (6.52)

ẋ(t) = F (x(t), 0, u(t))

satisfying
Z(x(t), u(t)) ≡ 0

for all t ≥ t0, is such that limt→∞ x(t) = 0.

Then we have the following proposition.

Proposition 6.4.1 Consider the system (6.55) and suppose Assumptions 6.4.1, 6.4.2 hold.
Suppose also the system

ζ̇ = F (ζ, α̃1(ζ), 0)− G̃(ζ)Y (ζ, α̃1(ζ)) (6.56)

has a locally asymptotically-stable equilibrium-point at ζ = 0, and there exists a locally
defined C1 positive-definite function Ũ : O × O → �+, Ũ(0) = 0, O ⊂ X , satisfying the
dissipation inequality

Ũx̃e(x̃e)F e(x̃e, w) +
1

2
‖Ze(x̃e)‖2 − 1

2
γ2‖w‖2 ≤ 0 (6.57)
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for w = 0. Then, the system (6.55) has a locally asymptotically-stable equilibrium-point at
x̃e = 0.

Proof: Set w = 0 in the dissipation-inequality (6.57) and rewrite it as

˙̃
U(x̃e(t)) = Ũx̃e(x̃e)F e(x̃e, w) = −1

2
‖Z(x, α̃2(ζ)) ≤ 0,

which implies that x̃e = 0 is stable for (6.55). Further, any bounded trajectory x̃e(t) of

(6.55) with w = 0 resulting in ˙̃U(x̃e(t)) = 0 for all t ≥ ts for some ts ≥ t0, implies that

Z(x(t), α̃2(ζ(t))) ≡ 0 ∀t ≥ ts.

By Assumption 6.4.2 we have limt→∞ x(t) = 0. Moreover, Assumption 6.4.1 implies that
there exists a smooth function u = u(x) locally defined in a neighborhood of x = 0 such
that

Z(x, u(t)) = 0 and u(0) = 0.

Therefore, limt→∞ x(t) = 0 and Z(x(t), α̃2(ζ2(t))) = 0 imply limt→∞ α̃2(ζ(t)) = 0. Finally,
limt→∞ α̃2(ζ(t)) = 0 implies limt→∞ ζ(t) = 0 since ζ is a trajectory of (6.56). Hence, by
LaSalle’s invariance-principle, we conclude that xe = 0 is asymptotically-stable. �

Remark 6.4.1 As a consequence of the above proposition, the design of the injection-
gain matrix G̃(ζ) should be such that: (a) the dissipation-inequality (6.57) is satis-

fied for the closed-loop system (6.55) and for some storage-function Ũ(ζ); (b) system
(6.56) is asymptotically-stable. If this happens, then the controller (6.53) will solve the
MFBNLHICP .

In the next several lines, we present the main result for the solution of the
MFBNLHICP for the class of systems (6.52). We begin with the following assumption.

Assumption 6.4.3 The linearization of the output function Y (x,w) is such that

rank(D21)
Δ
= rank

(
∂Y

∂w
(0, 0)

)
= m.

Define now the Hamiltonian function K : T �X ×W ×�m → � by

K(x, p, w, y) = pTF (x,w, 0) − yTY (x,w) +
1

2
‖Z(x, 0)‖2 − 1

2
γ2‖w‖2. (6.58)

Then, K is concave with respect to w and convex with respect to y by construction. This
implies the existence of a smooth maximizing function ŵ(x, p, y) and a smooth minimizing
function y�(x, p) defined in a neighborhood of (0, 0, 0) and (0, 0) respectively, such that(

∂K(x, p, w, y)

∂w

)
w=ŵ(x,p,y)

= 0, ŵ(0, 0, 0) = 0, (6.59)(
∂2K(x, p, w, y)

∂w2

)
(x,p,w,y)=(0,0,0,0)

= −γ2I, (6.60)(
∂K(x, p, ŵ(x, p, y), y)

∂y

)
y=y∗(x,p)

= 0, y∗(0, 0) = 0, (6.61)(
∂2K(x, p, ŵ(x, p, y), y)

∂y2

)
(x,p,w,y)=(0,0,0,0)

=
1

γ2
D21D

T
21. (6.62)
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Finally, setting
w∗∗(x, p) = ŵ(x, p, y∗(x, p)),

we have the following main result.

Theorem 6.4.1 Consider the system (6.52) and let the Assumptions 6.4.1, 6.4.2, 6.4.3
hold. Suppose there exists a smooth positive-definite solution Ṽ to the HJI-inequality (5.75)
and the inequality

K(x,W T
x (x), w∗∗(x,WT

x (x)), y∗(x,WT
x (x))) − H̃�(x, Ṽ Tx (x)) < 0, (6.63)

where H̃�(., .) is given by (5.72), has a smooth positive-definite solution W (x) defined in
the neighborhood of x = 0 with W (0) = 0. Suppose also in addition that

(i) W (x) − Ṽ (x) > 0 ∀x �= 0;

(ii) the Hessian matrix of

K(x,W T
x (x), w∗∗(x,WT

x (x)), y∗(x,WT
x (x)))) − H̃�(x, Ṽ

T
x (x))

is nonsingular at x = 0; and

(iii) the equation
(Wx(x)− Ṽx(x))G̃(x) = yT∗ (x,W

T
x (x)) (6.64)

has a smooth solution G̃(x).

Then the controller (6.54) solves the MFBNLHICP for the system.

Proof: Let Q(x) =W (x) − Ṽ (x) and define

S̃(x,w)
Δ
= Qx[F (x,w, 0) −G(x)Y (x,w)] + H̃(x, Ṽ Tx , w, 0)− H̃�(x, V Tx )

where H̃(., ., ., .) is as defined in (5.69). Then,

S̃(x,w) = WxF (x,w, 0)− yT∗ (x,WT
x )Y (x,w) − ṼxF (x,w, 0) +

H̃(x, Ṽ Tx , w, 0)− H̃�(x, Ṽ Tx )

= WxF (x,w, 0)− yT∗ (x,WT
x )Y (x,w) +

1

2
‖Z(x, 0)‖ − 1

2
γ2‖w‖ − H̃�(x, Ṽ Tx )

= K(x,WT
x , w, y∗(x,W

T
x ))− H̃�(x, Ṽ Tx )

≤ K(x,WT
x , w∗∗(x,WT

x ), y∗(x,WT
x )) − H̃�(x, Ṽ Tx )

= xTΥ(x)x

where Υ(.) is some smooth matrix function which is negative-definite at x = 0.
Now, let

Ũ(xe) = Q(x− ζ) + Ṽ (x).
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Then, by construction, Ũ is such that the conditions (a), (b) of Remark 6.4.1 are satisfied.
Moreover, if G̃ is chosen as in (6.64), then

ŨxeF (xe, w) +
1

2
‖Ze(xe)‖2 − 1

2
‖w‖2 = Qx(x− ζ)[F (x,w, α̃2(ζ))−

F (ζ, α̃1(ζ), α̃2(ζ)) − G̃(ζ)Y (x,w) +

G̃(ζ)Y (ζ, α̃1(ζ))] + ṼxF (x,w, α̃2(ζ)) +

1

2
‖Z(x, α̃2(ζ))‖2 − 1

2
γ2‖w‖2

≤ Qx(x− ζ)[F (x,w, α̃2(ζ))−
F (ζ, α̃1(ζ), α̃2(ζ)) − G̃(ζ)Y (x,w) +

G̃(ζ)Y (ζ, α̃1(ζ))] + H̃(x, Ṽ Tx , w, α̃2(ζ)) −
H̃�(x, V Tx ).

If we denote the right-hand-side (RHS) of the above inequality by L(x, ζ, w), and observe
that this function is concave with respect to w, then there exists a unique maximizing
function w̃(x, ζ) such that(

∂L(x, ζ, w)

∂w

)
w=w̃(x,ζ)

= 0, w̃(0, 0) = 0,

for all (x, ζ, w) in the neighborhood of (0, 0, 0). Moreover, in this neighbohood, it can be
shown (it involves some lengthy calculations) that L(x, ζ, w̃(x, ζ)) can be represented as

L(x, ζ, w̃(x, ζ)) = (x − ζ)TR(x, ζ)(x − ζ)
for some smooth matrix function R(., .) such that R(0, 0) = Υ(0). Hence, R(., .) is locally
negative-definite about (0, 0), and thus the dissipation-inequality

ŨxeF (xe, w) +
1

2
‖Ze(xe)‖2 − 1

2
‖w‖2 ≤ L(x, ζ, w̃(x, ζ)) ≤ 0

is satisfied locally. This guarantees that condition (a) of the remark holds.

Finally, setting w = α̃1(x) in the expression for S̃(x,w), we get

0 > S(x, α̃1(x)) ≥ Qx(F (x, α1(x), 0)−G(x)Y (x, α1(x))),

which implies that Q(x) is a Lyapunov-function for (6.56), and consequently the condition
(b) also holds. �

Remark 6.4.2 Notice that solving the MFBNLHICP involves the solution of two HJI-
inequalities (5.75), (6.63) together with a coupling condition (6.64). This agrees well with
the linear theory [92, 101, 292].

6.4.1 Controller Parametrization

In this subsection, we consider the controller parametrization problem for the general class of
nonlinear systems represented by the model Σg. For this purpose, we introduce the following
additional assumptions.

Assumption 6.4.4 The matrix DT
11D11 − γ2I is negative-definite for some γ > 0, where

D11 = ∂Z
∂w (0, 0).
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Define similarly the following

H̃(x, p, w, u) = pTF (x,w, u) +
1

2
‖Z(x,w, u)‖2 − 1

2
γ2‖w‖2 (6.65)

r11(x) =

(
∂2H̃(x, Ṽx(x), w, u)

∂w2

)
w=α̃1(x),u=α̃2(x)

(6.66)

r12(x) =

(
∂2H̃(x, Ṽx(x), w, u)

∂u∂w

)
w=α̃1(x),u=α̃2(x)

(6.67)

r21(x) =

(
∂2H̃(x, Ṽx(x), w, u)

∂w∂u

)
w=α̃1(x),u=α̃2(x)

(6.68)

r22(x) =

(
∂2H̃(x, Ṽx(x), w, u)

∂u2

)
w=α̃1(x),u=α̃2(x)

, (6.69)

where Ṽ solves the HJI-inequality (5.75), while α̃1 and α̃2 are the corresponding worst-case
disturbance and optimal feedback control as defined by equations (5.73), (5.74) in Section
5.6. Set also

R̃(x) =

[
(1− ε1)r11(x) r12(x)

r21(x) (1 + ε2)r22(x)

]
where 0 < ε1 < 1 and ε2 > 0, and define also K̃ : T �X × L2(�+)× �m → � by

K̃(x, p, w, y) = pTF (x,w + α1(x), 0) − yTY (x,w + α1(x)) +

1

2

[
w

−α̃2(x)

]T
R̃(x)

[
w

−α̃2(x)

]
.

Further, let the functions w1(x, p, y) and y1(x, p) defined in the neighborhood of (0, 0, 0)
and (0, 0) respectively, be such that(

∂K̃(x, p, w, y)

∂w

)
w=w1

= 0, w1(0, 0, 0) = 0, (6.70)(
∂K̃(x, p, w1(x, p, y), y)

∂w

)
y=y1

= 0, y1(0, 0) = 0. (6.71)

Then we make the following assumption.

Assumption 6.4.5 There exists a smooth positive-definite function Q̃(x) locally defined in
a neighborhood of x = 0 such that the inequality

Y2(x) = K̃(x, Q̃Tx (x), w1(x, Q̃
T
x (x), y1(x, Q̃

T
x (x)), y1(x, Q̃

T
x (x))) < 0 (6.72)

is satisfied, and the Hessian matrix of the LHS of the inequality is nonsingular at x = 0.

Now, consider the following family of controllers defined by

Σcq :

⎧⎪⎪⎨⎪⎪⎩
ξ̇ = F (ξ, α̃1(ξ), α̃2(ξ) + c(q)) +G(ξ)(y − Y (ξ, α̃1(ξ))) + ĝ1(ξ)c(q)+

ĝ2(ξ)d(q)
q̇ = a(q, y − Y (ξ, α̃1(ξ)))
u = α̃2(ξ) + c(q),

(6.73)
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where ξ ∈ X and q ∈ �v ⊂ X are defined in the neighborhoods of the origin in X and �v
respectively, while G(.) satisfies the equation

Q̃x(x)G(x) = y1(x, Q̃
T
x (x)) (6.74)

with Q̃(.) satisfying Assumption 6.4.5. The functions a(., .), c(.) are smooth, with a(0, 0) = 0,
c(0) = 0, while ĝ1(.), ĝ2(.) and d(.) are C

k, k ≥ 1 of compatible dimensions.
Define also the following Hamiltonian function J : �2n+v ×�2n+v ×�r → � by

J(xa, pa, w) = pTa Fa(xa, w) +

1

2

[
w − α̃1(x)

α2(ξ) + c(q)− α̃2(x)

]T
R̃(x)

[
w − α̃1(x)

α̃2(ξ) + c(q)− α̃2(x)

]
,

where

xa =

⎡⎣ x
ξ
q

⎤⎦ , Fa(xa, w) =

⎡⎣ F (x,w, α̃2(ξ) + c(q))

F̃ (ξ, q) +G(ξ)Y (x,w) + ĝ1(ξ)c(q) + ĝ2(ξ)d(q)
a(q, Y (x,w) − Y (ξ, α̃1))

⎤⎦
and

F̃ (ξ, q) = F (ξ, α̃1, α̃2(ξ) + c(q))−G(ξ)Y (ξ, α̃1(ξ), α̃2(ξ) + c(q)).

Note also that, since(
∂2J(xa, pa, w)

∂w2

)
(xa,pa,w)=(0,0,0)

= (1− ε1)(DT
11D11 − γ2I),

there exists a unique smooth solution w2(xa, pa) defined on a neighborhood of (xa, pa) =
(0, 0) satisfying (

∂J(xa, pa, w)

∂w

)
w=w2(xa,pa)

= 0, w2(0, 0) = 0.

The following proposition then gives the parametrization of the set of output measurement-
feedback controllers for the system Σg.

Proposition 6.4.2 Consider the system Σg and suppose the Assumptions 6.4.1-6.4.5 hold.
Suppose the following also hold:

(H1) there exists a smooth solution Ṽ to the HJI-inequality (5.75), i.e.,

Y1(x) := H̃(x, Ṽ Tx (x), α̃1(x), α̃2(x)) ≤ 0

for all x about x = 0;

(H2) there exists a smooth real-valued function M(xa) locally defined in the neighborhood
of the origin in �2n+v which vanishes at xa = col(x, x, 0) and is positive everywhere,
and is such that

Y3(xa) := J(xa,M
T
xa
(xa), w2(xa,M

T
xa
(xa)) < 0

and vanishes at xa = (x, x, 0).

Then the family of controllers Σgq solves the MFBNLHICP for the system Σg.

Proof: Consider the Lyapunov-function candidate

Ψ2(xa) = Ṽ (x) +M(xa)
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which is positive-definite by construction. Along the trajectories of the closed-loop system
(6.1), (6.73):

Σgcq :

{
ẋa = Fa(xa, w)
z = Z(x, α̃2(ξ) + c(q)),

(6.75)

and by employing Taylor-series approximation of J(xa,M
T
xa
, w2(xa,M

T
xa
(xa)) about w =

w2(., .), we have

dΨ2

dt
+

1

2
‖Z(x, α̃2(ξ) + c(q))‖2 − 1

2
γ2‖w‖2 = Y1(x) + Y3(xa) +

1

2

[
w − α̃1(x)

α̃2(ξ) + c(q)− α̃2(x)

]T [
ε1r11(x) 0

0 −ε2r22(x)
] [

w − α̃1(x)
α̃2(ξ) + c(q)− α̃2(x)

]
+

1

2
‖w − w2(xa,M

T
xa
(xa))‖2Γ(xa)

+ o

(∥∥∥∥ w − α̃1(x)
α̃2(ξ) + c(q)− α̃2(x)

∥∥∥∥3
)

+

o(‖w − w2(xa,M
T
xa
(xa))‖3), (6.76)

where

Γ(xa) =

(
∂2J(xa,M

T
xa
(xa), w)

∂w2

)
w=w2(xa,MT

xa
(xa))

and Γ(0) = (1− ε1)(DT
11D11 − γ2I). Further, setting w = 0 in the above equation, we get

dΨ2

dt
= −1

2
‖Z(x, α̃2(ξ) + c(q))‖2 + Y1(x) + Y3(xa) +

1

2

[ −α̃1(x)
α̃2(ξ) + c(q)− α2(x)

]T [
ε1r11(x) 0

0 −ε2r22(x)
] [ −α̃1(x)

α̃2(ξ) + c(q)− α̃2(x)

]
+

1

2
‖w2(xa,M

T
xa
(xa))‖2Γ(xa)

+ o

(∥∥∥∥ −α̃1(x)
α̃2(ξ) + c(q)− α̃2(x)

∥∥∥∥3
)

+

o(‖w2(xa,M
T
xa
(xa))‖3)

which is negative-semidefinite near xa = 0 by hypothesis and Assumption 6.4.1 as well as
the fact that r11(x) < 0, r22(x) > 0 about xa = 0. This proves that the equilibrium-point
xa = 0 of (6.75) is stable.

To conclude asymptotic-stability, observe that any trajectory (x(t), ξ(t), q(t)) satisfying

dΨ2

dt
(x(t), ξ(t), q(t)) = 0 ∀t ≥ ts

(say!), is necessarily a trajectory of

ẋ(t) = F (x, 0, α̃2(ξ) + c(q)),

and is such that x(t) is bounded and Z(x, 0, α̃2(ξ) + c(q)) = 0 for all t ≥ ts. Furthermore,
by hypotheses H1 and H2 and Assumption 6.4.1, Ψ̇2(x(t), ξ(t), q(t)) = 0 for all t ≥ ts,
implies x(t) = ξ(t) and q(t) = 0 for all t ≥ ts. Consequently, by Assumption 6.4.2 we
have limt→∞ x(t) = 0, limt→∞ ξ(t) = 0, and by LaSalle’s invariance-principle, we conclude
asymptotic-stability. Finally, integrating the expression (6.76) from t = t0 to t = t1, starting
at x(t0), ξ(t0), q(t0), and noting that Y1(x) and Y (xa) are nonpositive, it can be shown that
the closed-loop system has locally L2-gain ≤ γ or the disturbance-attenuation property. �
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The last step in the parametrization is to show how the functions ĝ1(.), ĝ2(.), d(.) can be
selected so that condition H2 in the above proposition can be satisfied. This is summarized
in the following theorem.

Theorem 6.4.2 Consider the nonlinear system Σg and the family of controllers (6.73).
Suppose the Assumptions 6.4.1-6.4.5 and hypothesis H1 of Proposition 6.4.2 holds. Suppose
the following also holds:

(H3) there exists a smooth positive-definite function L(q) locally defined on a neighbor-
hood of q = 0 such that the function

Y4(q, w) = Lq(q)a(q, Y (0, w)) +
1

2

[
w
c(q)

]T
R̃(0)

[
w
c(q)

]
is negative-definite at w = w3(q) and its Hessian matrix is nonsingular at q = 0, where
w3(.) is defined on a neighborhood of q = 0 and is such that(

∂Y4(q, w)

∂w

)
w=w3(q)

= 0, w3(0) = 0.

Then, if ĝ1(.), ĝ2(.) are selected such that

Q̃x(x)ĝ1(x) = Q̃x(x)

(
∂F

∂u
(x, 0, 0)−G(x)∂Y

∂u
(x, 0, 0)

)
+ βT (x, 0, 0)r12(x)−

(1 + ε2)α̃
T
2 (x)r22(x)

and
Q̃x(x)ĝ2(x) = −Y T (x, α̃1(x) + β(x, 0, 0)),

respectively, where

β(x, ξ, q) = w2(xa, [Q̃x(x− ξ) − Q̃x(x− ξ) Lq(q)])
and let d(q) = LTq (q). Then, each of the family of controllers (6.73) solves the MFBNLHICP
for the system (6.52).

Proof: It can easily be shown by direct substitution that the function M(xa) = Q̃(x− ξ)+
L(q) satisfies the hypothesis (H2) of Proposition 6.4.2. �

6.5 Static Output-Feedback Control for Affine Nonlinear Systems

In this section, we consider the static output-feedback (SOFB) stabilization problem
(SOFBP) with disturbance attenuation for affine nonlinear systems. This problem has been
extensively considered by many authors for the linear case (see [113, 121, 171] and the
references contained therein). However, the nonlinear problem has received very little at-
tention so far [45, 278]. In [45] some sufficient conditions are given in terms of the solution
to a Hamilton-Jacobi equation (HJE) with some side conditions, which when specialized to
linear systems, reduce to the necessary and sufficient conditions given in [171].

In this section, we present new sufficient conditions for the solvability of the problem in
the general affine nonlinear case which we refer to as a “factorization approach” [27]. The
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sufficient conditions are relatively easy to satisfy, and depend on finding a factorization of
the state-feedback solution to yield the output-feedback solution.

We begin with the following smooth model of an affine nonlinear state-space system
defined on an open subset X ⊂ �n without disturbances:

Σa :

{
ẋ = f(x) + g(x)u; x(t0) = x0
y = h(x)

(6.77)

where x ∈ X is the state vector, u ∈ �p is the control input, and y ∈ �m is the output of
the system. The functions f : X → V∞(X ), and g : X → Mn×p, h : X → �m are smooth
C∞ functions of x. We also assume that x = 0 is an equilibrium point of the system (6.77)
such that f(0) = 0, h(0) = 0.

The problem is to find a SOFB controller of the form

u = K(y) (6.78)

for the system, such that the closed-loop system (6.1)-(6.78) is locally asymptotically-stable
at x = 0.

For the nonlinear system (6.77), it is well known that [112, 175], if there exists a C1

positive-definite local solution V : �n → �+ to the following Hamilton-Jacobi-Bellman
equation (HJBE):

Vx(x)f(x) − 1

2
Vx(x)g(x)g

T (x)V Tx (x) +
1

2
hT (x)h(x) = 0, V (0) = 0 (6.79)

(or the inequality with “ ≤′′), then the optimal control law

u∗ = −gT (x)V Tx (x) (6.80)

locally asymptotically stabilizes the equilibrium point x = 0 of the system and minimizes
the cost functional:

J1(u) =
1

2

∫ ∞

t0

(‖y‖2 + ‖u‖2)dt. (6.81)

Moreover, if V > 0 is proper (i.e., the set Ωc = {x|0 ≤ V (x) ≤ a} is compact for all a > 0),
then the above control law (6.80) globally asymptotically stabilizes the equilibrium point
x = 0. The aim is to replace the state vector in the above control law by the output vector
or some function of it, with some possible modifications to the control law. In this regard,
consider the system (6.77) and suppose there exists a C1 positive-definite local solution to
the HJE (6.79) and a C0 function F : �m → �p such that:

F ◦ h(x) = −gT (x)V Tx (x), (6.82)

where “◦” denotes the composition of functions. Then the control law

u = F (y) (6.83)

solves the SOFBP locally. It is clear that if the function F exists, then

u = F (y) = F ◦ h(x) = −gT (x)V Tx (x).

This simple observation leads to the following result.

Proposition 6.5.1 Consider the nonlinear system (6.77) and the SOFBP. Assume the
system is locally zero-state detectable and the state-feedback problem is locally solvable with
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a controller of the form (6.80). Suppose there exist C0 functions F1 : Y ⊂ �m → U ,
φ1 : X0 ⊂ X → �p, η1 : X0 ⊂ X → �− (non-positive), η1 ∈ L[t0,∞) such that

F1 ◦ h(x) = −gT (x)V Tx (x) + φ1(x) (6.84)

Vx(x)g(x)φ1(x) = η1(x). (6.85)

Then:

(i) the SOFBP is locally solvable with a feedback of the form

u = F1(y); (6.86)

(ii) if the optimal cost of the state-feedback control law (6.80) is J∗
SFB(u), then the cost

JSOFB(u) of the SOFB control law (6.86) is given by

J1,SOFB(u) = J∗
1,SFB(u

�) +

∫ ∞

t0

η1(x)dt.

Proof: Consider the closed-loop system (6.77), (6.86):

ẋ = f(x) + g(x)F1(h(x)).

Differentiating the solution V > 0 of (6.79) along the trajectories of this system, we get
upon using (6.84), (6.85) and (6.79):

V̇ = Vx(x)(f(x) + g(x)F1(h(x)) = Vx(x)(f(x) − g(x)gT (x)V Tx (x) + g(x)φ1(x))

= Vx(x)f(x) − Vxg(x)gT (x)V Tx (x) + Vx(x)g(x)φ1(x)

= −1

2
Vx(x)g(x)g

T (x)V T (x)− 1

2
hT (x)h(x) + η1(x)

≤ 0. (6.87)

This shows that the equilibrium point x = 0 of the closed-loop system is Lyapunov-stable.
Moreover, by local zero-state detectability of the system, we can conclude local asymptotic-
stability. This establishes (i).

To prove (ii), integrate the last expression in (6.87) with respect to t from t = t0 to ∞,
and noting that by asymptotic-stability of the closed-loop system, V (x(∞)) = 0, this yields

J1(u
∗) :=

1

2

∫ ∞

t0

(‖y‖2 + ‖u∗‖2)dt = V (x0) +

∫ ∞

t0

η1(x)dt

Since V (x0) is the total cost of the policy, the result now follows from the fundamental
theorem of calculus. �

Remark 6.5.1 Notice that if Σa is globally detectable, V > 0 is proper, and the functions
φ1(.) and η1(.) are globally defined, then the control law (6.86) solves the SOFBP globally.

A number of interesting corollaries can be drawn from Proposition 6.5.1. In particular, the
condition (6.85) in the proposition can be replaced by a less stringent one given in the
following corollary.

Corollary 6.5.1 Take the same assumptions as in Proposition 6.5.1. Then, condition
(6.85) can be replaced by the following condition

φT1 (x)F1 ◦ h(x) ≥ 0 (6.88)
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for all x ∈ X1 a neighborhood of x = 0.

Proof: Multiplying equation (6.84) by φT1 (x) from the left and substituting equation (6.85)
in it, the result follows by the non-positivity of η1. �

Example 6.5.1 We consider the following scalar nonlinear system

ẋ = −x3 + 1

2
x+ u

y =
√
2x.

Then the HJBE (6.79) corresponding to this system is

(−x3 + 1

2
x)Vx(x)− 1

2
V 2
x (x) + x2 = 0,

and it can be checked that the function V (x) = x2 solves the HJE. Moreover, the state-
feedback problem is globally solved by the control law u = −2x. Thus, clearly, u = −√2y,
and hence the function F1(y) = −y solves the SOFBP globally.

In the next section we consider systems with disturbances.

6.5.1 Static Output-Feedback Control with Disturbance-Attenuation

In this section, we extend the simple procedure discussed above to systems with distur-
bances. For this purpose, consider the system (6.77) with disturbances [113]:

Σa2 :

⎧⎪⎪⎨⎪⎪⎩
ẋ = f(x) + g1(x)w + g2(x)u
y = h2(x)

z =

[
h1(x)
u

] (6.89)

where all the variables are as defined in the previous sections and w ∈ W ⊂ L2[t0,∞).
We recall from Chapter 5 that the state-feedback control (6.80) where V : N → �+ is the
smooth positive-definite solution of the Hamilton-Jacobi-Isaacs equation (HJIE):

Vx(x)f(x) +
1

2
Vx(x)[

1

γ2
g1(x)g

T
1 (x) − g2(x)gT2 (x)]V Tx (x) +

1

2
hT1 (x)h1(x) = 0, V (0) = 0,

(6.90)
minimizes the cost functional:

J2(u,w) =
1

2

∫ ∞

t0

(‖z(t)‖2 − γ2‖w(t)‖2)dt

and renders the closed-loop system (6.89), (6.80) dissipative with respect to the supply-rate
s(w, z) = 1

2 (γ
2‖w‖2 − ‖z‖2) and hence achieves L2-gain ≤ γ. Thus, our present problem is

to replace the states in the feedback (6.78) with the output y or some function of it. More
formally, we define the SOFBP with disturbance attenuation as follows.

Definition 6.5.1 (Static Output-Feedback Problem with Disturbance Attenuation (SOF-
BPDA)). Find (if possible!) a SOFB control law of the form (6.78) such that the closed-
loop system (6.89), (6.78) has locally L2-gain from w to z less or equal γ > 0, and is locally
asymptotically-stable with w = 0.

The following theorem gives sufficient conditions for the solvability of the problem.
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Theorem 6.5.1 Consider the nonlinear system (6.89) and the SOFBPDA. Assume the
system is zero-state detectable and the state-feedback problem is locally solvable in N ⊂ X
with a controller of the form (6.80) and V > 0 a smooth solution of the HJIE (6.90).
Suppose there exist C0 functions F2 : Y ⊂ �m → U , φ2 : X1 ⊂ X → �p, η2 : X1 ⊂ X → �−
(non-positive), η2 ∈ L[t0,∞) such that the conditions

F2 ◦ h2(x) = −gT2 (x)V Tx (x) + φ2(x), (6.91)

Vx(x)g2(x)φ2(x) = η2(x), (6.92)

are satisfied. Then:

(i) the SOFBP is locally solvable with the feedback

u = F2(y); (6.93)

(ii) if the optimal cost of the state-feedback control law (6.80) is J∗
2,SFB(u

�, w�) = V (x0),
then the cost J2,SOFB(u) of the SOFBPDA control law (6.93) is given by

J2,SOFB(u) = J∗
2,SFB(u) +

∫ ∞

t0

η2(x)dt.

Proof: (i) Differentiating the solution V > 0 of (6.90) along a trajectory of the closed-loop
system (6.89) with the control law (6.93), we get upon using (6.91), (6.92) and the HJIE
(6.90)

V̇ = Vx(x)[f(x) + g1(x)w + g2(x)F2(h2(x))]

= Vx(x)[f(x) + g1(x)w − g2(x)gT2 (x)V Tx (x) + g2(x)φ2(x)]

= Vx(x)f(x) + Vx(x)g1(x)w − Vx(x)g2(x)gT2 (x)V T (x) + Vx(x)g2(x)φ2(x)

≤ −1

2
Vx(x)g2(x)g

T
2 (x)V

T (x)− 1

2
hT1 (x)h1(x) +

1

2
γ2‖w‖2 − γ2

2

∥∥∥∥w − gT1 (x)V
T
x (x)

γ2

∥∥∥∥2
≤ 1

2
(γ2‖w‖2 − ‖z‖2). (6.94)

Integrating now from t = t0 to t = T we have the dissipation inequality

V (x(T ))− V (x0) ≤
∫ T

t0

1

2
(γ2‖w‖2 − ‖z‖2)dt,

and therefore the system has L2-gain ≤ γ. In addition, with w ≡ 0, we get

V̇ ≤ −1

2
‖z‖2,

and therefore, the closed-loop system is locally stable. Moreover, the condition V̇ ≡ 0 for
all t ≥ tc, for some tc, implies that z ≡ 0 for all t ≥ tc, and consequently, limt→∞ x(t) =
0 by zero-state detectability. Finally, by the LaSalle’s invariance-principle, we conclude
asymptotic-stability. This establishes (i).

(ii) Using similar manipulations as in (i) above, it can be shown that

V̇ =
1

2
(γ2‖w‖2 − ‖z‖2)− γ2

2

∥∥∥∥w − gT1 (x)V
T
x (x)

γ2

∥∥∥∥2 + η2(x)
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integrating the above expression from t = t0 to ∞, substituting w = w� and rearranging,
we get

J�2 (u
�, w�) = V (x0) +

∫ ∞

t0

η2(x)dt. �

We consider another example.

Example 6.5.2 For the second order system

ẋ1 = x1x2

ẋ2 = −x21 + x2 + u+ w

y = [x1 x1 + x2]
T

z = [x2 u]T ,

the HJIE (6.90) corresponding to the above system is given by

x1x2Vx1 + (−x21 + x2)Vx2 +
(1− γ2)
γ2

V 2
x2

+
1

2
x22 = 0.

Then, it can be checked that for γ =
√

2
5 , the function V (x) = 1

2 (x
2
1 + x22), solves the

HJIE. Consequently, the control law u = −x2 stabilizes the system. Moreover, the function
F2(y) = y1 − y2 clearly solves the equation (6.91) with φ2(x) = 0. Thus, the control law
u = y1 − y2 locally stabilizes the system.

We can specialize the result of Theorem 6.5.1 above to the linear system:

Σl :

⎧⎪⎪⎨⎪⎪⎩
ẋ = Ax+B1w +B2u, x(t0) = 0
y = C2x

z =

[
C1x
u

] (6.95)

where A ∈ �n×n, B1�n×r, B2 ∈ �n×p, C2 ∈ �s×n, and C1 ∈ �(s−p)×n are constant
matrices. We then have the following corollary.

Corollary 6.5.2 Consider the linear system (6.95) and the SOFBPDA. Assume (A,B2) is
stabilizable, (C1, A) is detectable and the state-feedback problem is solvable with a controller
of the form u = −BT2 Px, where P > 0 is the stabilizing solution of the algebraic-Riccati
equation (ARE):

ATP + PA+ P [
1

γ2
B1B

T
1 −B2B

T
2 ]P + CT1 C1 = 0.

In addition, suppose there exist constant matrices Γ2 ∈ �p×m, Φ2 ∈ �p×n, 0 ≥ Λ2 ∈ �n×n
such that the conditions

Γ2C2 = −BT2 P +Φ2, (6.96)

PB2Φ2 = Λ2, (6.97)

are satisfied. Then:

(i) the SOFBP is solvable with the feedback

u = Γ2y; (6.98)
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(ii) if the optimal cost of the state-feedback control law (6.80) is J∗
2,SFBl(u

�, w�) = 1
2x

T
0 Px0,

then the cost JSOFB2(u,w) of the SOFBDA control law (6.93) is given by

J∗
2,SOFBl(u

�, w�) = J∗
2,SFBl(u

�, w�)− xT0 Λ2x0.

In closing, we give a suggestive adhoc approach for solving for the functions F1, F2, for
of the SOFB synthesis procedures outlined above. Let us represent anyone of the equations
(6.84), (6.91) by

F ◦ h2(x) = α(x) + φ(x) (6.99)

where α(.) represents the state-feedback control law in each case. Then if we assume for the
time-being that φ is known, then F can be solved from the above equation as

F = α ◦ h−1
2 + φ ◦ h−1

2 (6.100)

provided h−1
2 exists at least locally. This is the case if h2 is injective, or h2 satisfies the

conditions of the inverse-function theorem [230]. If neither of these conditions is satisfied,
then multiple or no solution may occur.

Example 6.5.3 Consider the nonlinear system

ẋ1 = −x31 + x2 − x1 + w

ẋ2 = −x1 − x2 + u

y = x2.

Then, it can be checked that the function V (x) = 1
2 (x

2
1 + x22) solves the HJIE (6.90) corre-

sponding to the state-feedback problem for the system. Moreover,

α = −gT2 (x)V Tx (x) = −x2,

h−1
2 (x) = h2(x) = x2.

Therefore, with φ = 0, F (x) = α ◦ h−1
2 (x) = −x2 or u = F (y) = −y.

We also remark that the examples presented are really simple, because it is otherwise
difficult to find a closed-form solution to the HJIE. It would be necessary to develop a
computational procedure for more difficult problems.

Finally, again regarding the existence of the functions F1, F2, from equation (6.99) and
applying the Composite-function Theorem [230], we have

DxF (h2(x))Dxh2(x) = Dxα(x) +Dxφ(x). (6.101)

This equation represents a system of nonlinear equations in the unknown Jacobian DxF .
Thus, if Dh2 is nonsingular, then the above equation has a unique solution given by

DxF (h2(x)) = (Dxα(x) +Dxφ(x)) (Dxh2(x))
−1. (6.102)

Moreover, if h−1
2 exists, then F can be recovered from the Jacobian,DF (h2), by composition.

However, Dh2 is seldom nonsingular, and in the absence of this, the generalized-inverse can
be used. This may not however lead to a solution. Similarly, h−1

2 may not usually exist,
and again one can still not rule out the existence of a solution F . More investigation is still
necessary at this point. Other methods for finding a solution using for example Groebner
basis [85] and techniques from algebraic geometry are also possible.
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7

Discrete-Time Nonlinear H∞-Control

In this chapter, we discuss the nonlinear H∞ sub-optimal control problem for discrete-time
affine nonlinear systems using both state and output measurement-feedbacks. As most con-
trol schemes are implemented using a digital controller, studying the discrete-time problem
leads to a better understanding of how the control strategy can be implemented on the
digital computer, and what potential problems can arise. The study of the discrete-time
problem is also important in its own right from a system-theoretic point of view, and de-
lineates many different distinctions from the continuous-time case.

We begin with the derivation of the solution to the full-information problem first, and
then specialize it to the state-feedback problem. The parametrization of the set of sta-
bilizing controllers, both static and dynamic, is then discussed. Thereafter, the dynamic
output-feedback problem is considered. Sufficient conditions for the solvability of the above
problems for the time-invariant discrete-time affine nonlinear systems are given, as well as
for a general class of systems.

7.1 Full-Information H∞-Control for Affine Nonlinear Discrete-
Time Systems

We consider an affine causal discrete-time state-space system defined on X ⊆ �n in coordi-
nates x = (x1, . . . , xn):

Σda :

⎧⎨⎩ xk+1 = f(xk) + g1(xk)wk + g2(xk)uk; x(k0) = x0

zk = h1(xk) + k11(xk)wk + k12(xk)uk
yk = h2(xk) + k21(xk)wk

(7.1)

where x ∈ X is the state vector, u ∈ U ⊆ �p is the p-dimensional control input, which
belongs to the set of admissible controls U , w ∈ W is the disturbance signal, which belongs to
the set W ⊂ �2([k0,K],�r) of admissible disturbances, the output y ∈ �m is the measured
output of the system, and z ∈ �s is the output to be controlled. While the functions
f : X → X , g1 : X → Mn×r(X ), g2 : X → Mn×p(X ), h1 : X → �s, h2 : X → �m, and
k11 : X → Ms×r(X ), k12 : X → Ms×p(X ), k21 : X → Mm×r(X ) are real C∞ functions
of x. Furthermore, we assume without any loss of generality that the system (7.1) has a
unique equilibrium-point at x = 0 such that f(0) = 0, h1(0) = h2(0) = 0.

The control action to the system (7.1) can be provided by either pure state-feedback
(when only the state of the system is available), or by full-information feedback (when
information on both the state and disturbance is available), or by output-feedback (when
only the output information is available). Furthermore, as in the previous two chapters,
there are two theoretical approaches for solving the nonlinear discrete-time H∞-control
problem: namely, (i) the theory of differential games, which has been laid out in Chapter
2; and (ii) the theory of dissipative systems the foundations of which are also laid out in
Chapter 3. For expository purposes and analytical expediency, we shall alternate between

175
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these two approaches. Invariably, the discrete-time problem for the system (7.1) can also
be viewed as a two-player zero-sum differential game under the following finite-horizon cost
functional:

J(u,w) =
1

2

K∑
k=k0

(‖zk‖ − γ2‖wk‖2), K ∈ Z (7.2)

which is to be maximized by the disturbance function wk = α1(xk) and minimized by the
control function uk = α2(xk) which are respectively controlled by the two players. From
Chapter 2, a necessary and sufficient condition for the solvability of this problem (which is
characterized by a saddle-point) can be summarized in the following theorem.

Theorem 7.1.1 Consider the discrete-time zero-sum, two-player differential game (7.2),
(7.1). Two strategies u�(xk), w

�(xk) constitute a feedback saddle-point solution such that

J(u�, w) ≤ J(u�, w�) ≤ J(u,w�) ∀u ∈ U , ∀w ∈ W
if, and only if, there exist K − k0 functions Vk(.) : [k0,K]×X → � satisfying the discrete-
time HJIE (DHJIE):

Vk(x) = min
uk∈U

max
wk∈W

{
1

2
(‖zk‖2 − γ2‖wk‖2) + Vk+1(xk+1)

}
, VK+1(x) = 0

= max
wk∈W

min
uk∈U

{
1

2
(‖zk‖2 − γ2‖wk‖2) + Vk+1(xk+1)

}
, VK+1(x) = 0

=
1

2
(‖zk(x, u�k(x), w�k(x))‖2 − γ2‖w�k(x)‖2) + Vk+1(f(x) + g1(x)w

�
k(x) +

g2(x)u
�
k(x)), VK+1(x) = 0. (7.3)

Furthermore, since we are only interested in finding a time-invariant control law, our goal
is to seek a time-independent function V : X → � which satisfies the DHJIE (7.3). Thus,
as k →∞, the DHJIE (7.3) reduces to the time-invariant discrete-time Isaac’s equation:

V (f(x) + g1(x)w
�(x) + g2(x)u

�(x))− V (x) +
1

2
(‖z(x, u�(x), w�(x))‖2 −

γ2‖w�(x)‖2) = 0, V (0) = 0. (7.4)

Similarly, as in the continuous-time case, the above equation will be the cornerstone for solv-
ing the discrete-time sub-optimal nonlinear H∞ disturbance-attenuation problem with in-
ternal stability by either state-feedback, or full-information feedback, or by dynamic output-
feedback. We begin with the full-information and state-feedback problems.

Definition 7.1.1 (Discrete-Time Full-Information Feedback and State-Feedback (Sub-
optimal) Nonlinear H∞-Control Problems (respectively DFIFBNLHICP & DSFBNLHICP).
Find (if possible!) a static feedback-controller of the form:

u = αfif (xk, wk), −−−full-information feedback (7.5)

or
u = αsf (xk) −−−−− state-feedback (7.6)

αfif : X ×W → �p, αsf : X → �p, αfif , αsf ∈ C2(X ), αfif (0, 0) = 0, αsf (0) = 0, such
that the closed-loop system (7.1), (7.5) or (7.1), (7.6) respectively, has locally �2-gain from
the disturbance signal w to the output z less than or equal to some prescribed number γ� > 0
with internal stability.
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FIGURE 7.1
Full-Information Feedback Configuration for Discrete-Time Nonlinear H∞-Control

The set-up for the full-information and state-feedback control law is shown in Figure 7.1
above. We consider the full-information problem first, and then the state-feedback problem
as a special case. The following theorem gives sufficient conditions for the solvability of the
full-information problem.

Theorem 7.1.2 Consider the nonlinear discrete-time system (7.1) and suppose for some
γ > 0 there exists a C2 positive-definite function V : N ⊂ X → � locally defined in a
neighborhood N of the origin and is such that

(A1)
ruu(0) > 0, rww(0)− rwu(0)r−1

uu (0)ruw(0) < 0

where

ruu(x)
Δ
= gT2 (x)

∂2V

∂λ2

∣∣∣∣
λ=F�(x)

g2(x) + kT12(x)k12(x),

ruw(x)
Δ
= gT2 (x)

∂2V

∂λ2

∣∣∣∣
λ=F�(x)

g1(x) + kT12(x)k11(x) = rTwu(x),

rww(x)
Δ
= gT1 (x)

∂2V

∂λ2

∣∣∣∣
λ=F�(x)

g1(x) + kT11(x)k11(x)− γ2I,

F �(x) = f(x) + g1(x)w
�(x) + g2(x)u

�(x),

for some u�(x) and w�(x), with u�(0) = 0, w�(0) = 0, satisfying

∂V
∂λ

∣∣
λ=F�(x)

g2(x) + (h1(x) + k11(x)w
�(x) + k12(x)u

�(x))T k12(x) = 0,
∂V
∂λ

∣∣
λ=F�(x)

g1(x) + (h1(x) + k11(x)w
�(x) + k12(x)u

�(x))T k11(x) − γ2w�T (x) = 0;

}
(7.7)

(A2) V satisfies the DHJIE:

V (f(x) + g1(x)w
�(x) + g2(x)u

�(x)) − V (x) +
1

2
(‖h1(x) + k11(x)w

�(x) +

k12(x)u
�(x)‖2 − γ2‖w�(x)‖2) = 0, V (0) = 0; (7.8)

(A3) the closed-loop system

xk+1 = F �(xk) = f(xk) + g1(xk)w
�(xk) + g2(xk)u

�(xk) (7.9)
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has x = 0 as a locally asymptotically-stable equilibrium-point,

then the full-information feedback law

ûk = u�(xk)− r−1
uu (xk)ruw(xk)(wk − w�(xk)) (7.10)

solves the DFIFBNLHICP .

Proof: We consider the Hamiltonian function H : X × U × W → � for the system (7.1)
under the performance measure

J =
1

2

∞∑
k=k0

(‖zk‖2 − γ2‖wk‖2)

and defined by

H(x, u, w) = V (f(x) + g1(x)w+ g2(x)u)− V (x) +
1

2
(‖h1(x) + k11(x)w+ k12u‖2− γ2‖w‖2).

(7.11)
The Hessian matrix of H(., ., .) with respect to (u,w) is given by

∂2H

∂(u,w)2
=

[
∂2H
∂u2

∂2H
∂w∂u

∂2H
∂u∂w

∂2H
∂w2

]
(x) :=

[
ruu(x) ruw(x)
rwu(x) rww(x)

]

=

[
gT2 (x)

∂2V
∂λ2 g2(x) + kT12(x)k12(x) gT2 (x)

∂2V
∂λ2 g1(x) + kT11(x)k12(x)

gT1 (x)
∂2V
∂λ2 g2(x) + kT11(x)k12(x) gT1 (x)

∂2V
∂λ2 g1(x) + kT11(x)k11(x)− γ2I

]∣∣∣∣∣
λ=F(x)

,

where
F(x) = f(x) + g1(x)w(x) + g2(x)u(x).

By assumption (A1) of the theorem and Schur’s complement [69], the matrix

∂2H

∂(u,w)2
(0, 0, 0) =

[
ruu(0) ruw(0)
rwu(0) rww(0)

]
is clearly nonsingular. Moreover, since the point (x, u, w) = (0, 0, 0) satisfies (7.7), by the
Implicit-function Theorem [157], there exist open neighborhoods X of x = 0 in X and Y ⊂
U ×W of (u,w) = (0, 0) such that there exists a unique smooth solution

[
u�

w�

]
: X → Y

to (7.7), with u�(0) = 0 and w�(0) = 0. Consequently, (u�(x), w�(x)) is a locally critical
point of the Hamiltonian function H(x, u, w) about x = 0.

Expanding now H(x, u, w) in Taylor-series about u� and w�, we have

H(x, u, w) = H(x, u�(x), w�(x)) +

1

2

[
u− u�(x)
w − w�(x)

]T [
ruu(x) ruw(x)
rwu(x) rww(x)

] [
u− u�(x)
w − w�(x)

]
+

O

(∥∥∥∥ u− u�(x)
w −w�(x)

∥∥∥∥3
)
, (7.12)

which by Schur’s complement can be expressed as

H(x, u,w) = H(x, u�(x), w�(x)) +
1

2

[
u− u�(x) + r−1

uu (x)ruw(x)(w − w�(x))
w − w�(x)

]T
×[

ruu(x) 0
0 rww(x)− rwu(x)r

−1
uu (x)ruw(x)

] [
u− u� + r−1

uu (x)ruw(x)(w − w�(x))
w −w�(x)

]
+O

(∥∥∥∥ u− u�(x)
w − w�(x)

∥∥∥∥3
)
.
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Thus, choosing the control law (7.10) yields

H(x, û, w) = H(x, u�(x), w�(x)) +

1

2
(w − w�(x))T [(rww(x) − rwu(x)r−1

uu (x)ruw(x))](w − w�(x)) +

O(‖w − w�(x)‖).
By hypotheses (A1), (A2) of the theorem, the above equation (7.13) implies that there are
open neighborhoods X0 of x = 0 and W0 of w = 0 such that

H(x, û, w) ≤ H(x, u�(x), w�(x)) ≤ 0 ∀x ∈ X0, ∀w ∈ W0.

Or equivalently

V (f(x) + g1(x)w + g2(x)û)− V (x) ≤ 1

2
γ2‖w‖2 − 1

2
‖h1(x) + k11(x)w + k12(x)û‖2,

for all w ∈ W0, which is the dissipation-inequality (see Chapter 3). Hence, the closed-loop
system under the feedback (7.10) is locally finite-gain dissipative with storage-function V ,
with respect to the supply-rate s(wk, zk) =

1
2 (γ

2‖wk‖2 − ‖zk‖2).
To prove local asymptotic-stability of the closed-loop system with (7.10), we set w = 0

resulting in the closed-loop system:

xk+1 = f(xk) + g2(xk)(u
�
k − r−1

uu (xk)ruw(xk)w
�(xk)). (7.13)

Now, from (7.13) and hypothesis (A2) of the theorem, we deduce that

H(x, û, w)|w=0 ≤ 1

2
w�T (x)[rww(x)− rwu(x)r−1

uu (x)ruw(x)]w
�(x) +O(‖w�(x)‖).

Since rww(x) − rwu(x)r
−1
uu (x)ruw(x) < 0 in a neighborhood of x = 0 and w�(0) = 0, there

exists an open neighborhood X1 of x = 0 such that

H(x, û, w)|w=0 ≤ 1

4
(w�)T (rww(x) − rwu(x)r−1

uu (x)ruw(x))w
�(x) ≤ 0 ∀x ∈ X1,

which is equivalent to

V (f(x) + g2(x)(u
�(x)− r−1

uu (x)ruw(x)w
�(x))) − V (x) ≤ −1

2
‖h1(x) + k12(x)(u

�(x)−

r−1
uu (x)ruw(x)w

�(x))‖2 + 1

4
w�T (x)(rww(x)− rwu(x)r−1

uu (x)ruw(x))w
�(x) ≤ 0.

Thus, the closed-loop system is locally stable by Lyapunov’s theorem (Chapter 1). In ad-
dition, any bounded trajectory of the closed-loop system (7.13) will approach the largest
invariant set contained in the set

ΩI = {x ∈ X : V (xk+1) = V (xk) ∀k ∈ Z+},

and any trajectory in this set must satisfy

w�T (x)(rww(x) − rwu(x)r−1
uu (x)r12(x))w

�(x) = 0. (7.14)

By hypothesis (A1), there exists a unique nonsingular matrix T (x) such that

rww(x)− rwu(x)r
−1
uu (x)r12(x) = −T T (x)T (x)
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for all x ∈ ΩI . This, together with the previous condition (7.14), imply that

ω(xk)
Δ
= T (xk)w

�(xk) = 0 ∀k ∈ Z+

for some function ω : ΩI → �ν . Consequently, rewriting (7.13) as

xk+1 = f(xk) + g1(xk)w
�(xk) + d(xk)ω(xk) + g2(xk)u

�(xk) (7.15)

d(xk)
Δ
= −[g1(xk) + g2(xk)r

−1
uu (xk)r12(xk)]T

−1(xk), (7.16)

then, any bounded trajectory of the above system (7.15), (7.16) such that V (xk+1) =
V (xk) ∀k ∈ Z+, is also a trajectory of (7.9). Hence, by assumption (A3) and the LaSalle’s
invariance-principle, we conclude that limk→∞ xk = 0, or the equilibrium point x = 0 is
indeed locally asymptotically-stable.

Finally, by the dissipativity of the closed-loop system established above, and the result
of Theorem 3.6.1, we also conclude that the system has �2-gain ≤ γ. �

Remark 7.1.1 Assumption (A3) in Theorem 7.1.2 can be replaced by the following as-
sumption:

(A4) Any bounded trajectory of the system

xk+1 = f(xk) + g2(xk)uk

with
zk|wk=0 = h1(xk) + k12(xk)uk ≡ 0

is such that limk→∞ xk ≡ 0.

Thus, any bounded trajectory xk of the system such that V (xk+1) = V (xk)∀k ∈ Z+, is
necessarily a bounded trajectory of (7.9) with the constraint h1(xk) + k12(xk)ûk|wk=0 =
0 ∀k ∈ Z+. Consequently, by the above assumption (A4), this implies limk→∞ xk = 0.

Remark 7.1.2 The block shown rk(.) in Figure 7.1 represents the nonlinear operator
r−1
uu (xk)ruw(xk) in the control law (7.10).

We now specialize the results of the above theorem to the case of the linear discrete-time
system

Σdl :

⎧⎨⎩
xk+1 = Axk +B1wk + B2uk
zk = C1xk +D11wk +D12uk
yk = C2xk +D21wk,

(7.17)

where x ∈ �n, z ∈ �s, y ∈ �m, B1 ∈ �n×r, B2 ∈ �n×p and the rest of the matrices have
compatible dimensions. In this case, if we assume that rank{D12} = p, then Assumption
(A4) is equivalent to the following hypothesis [292]:

(A4L)

rank

(
A− λI B2

C1 D12

)
= n+ p, ∀λ ∈ C, |λ| < 1.

Define now the symmetric matrix

R
Δ
=

[
Ruu Ruw
Rwu Rww

]
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where

Ruu = BT2 PB2 +DT
12D12

Ruw = RTwu = BT2 PB1 +DT
12D11

Rww = BT1 PB1 +DT
11D11 − γ2I.

Then we have the following proposition.

Proposition 7.1.1 Consider the discrete-time linear system (7.17). Suppose there exists a
positive-definite matrix P such that:

(L1)
Ruu > 0, Rww −RwuR−1

uuRwu < 0;

(L2) the discrete-algebraic Riccati equation (DARE)

P = ATPA+ CTC −
(
BT2 PA+DT

12C1

BT1 PA+DT
11C1

)T
R−1

(
BT2 PA+DT

12C1

BT1 PA+DT
11C1

)
, (7.18)

or equivalently the linear matrix inequality (LMI)⎡⎢⎢⎣ ATPA− P + CTC1

(
BT2 PA+DT

12C1

BT1 PA+DT
11C1

)T
(
BT2 PA+DT

12C1

BT1 PA+DT
11C1

)
R

⎤⎥⎥⎦ > 0 (7.19)

holds;

(L3) the matrix

Acl
Δ
= A− (B2 B1)

TR−1

(
BT2 PA+DT

12C1

BT1 PA+DT
11C1

)
is Hurwitz.

Then, Assumptions (A1)− (A3) of Theorem 7.1.2 are satisfied, with

rij(0) = Rij , i, j = u,w
V (x) = 1

2x
TPx[

u�(xk)
w�(xk)

]
= −R−1

(
BT2 PA+DT

12C1

BT1 PA+DT
11C1

)
xk.

⎫⎪⎪⎬⎪⎪⎭ (7.20)

Proof: For the case of the linear system with Rij as defined above, it is clear that Assump-
tions (L1) and (A1) are identical. So (A1) holds.

To show that (A2) also holds, note that (L1) guarantees that the matrix R is invertible,
and (7.7) is therefore explicitly solvable for u�(x) and w�(x) with V (x) = 1

2x
TPx. Moreover,

these solutions are exactly (7.20). Substituting the above expressions for V , u� and w� in
(7.8), results in the DARE (7.18). Thus, (A2) holds if (L1) holds.

Finally, hypothesis (L3) implies that the system

xk+1 = Axk + (B2 B1)
TR−1

(
BT2 PA+DT

12C
BT1 PA+DT

11C

)
xk (7.21)

= Axk +B1w
�(xk) +B2u

�(xk) (7.22)

is asymptotically-stable. Hence, (A3) holds for the linear system. �
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The following corollary also follows from the theorem.

Corollary 7.1.1 Suppose that there exists a symmetric matrix P > 0 satisfying conditions
(L1)− (L3) of Proposition 7.1.1, then the full-information feedback-control law

uk = K1xk +K2wk (7.23)

K1
Δ
= −(DT

12D12 +BT2 PB)−1(BT2 PA+DT
12C1)

K2
Δ
= −(DT

12D12 +BT2 PB)−1(BT2 PE +DT
12D11)

renders the closed-loop system (7.17),(7.23) internally stable with H∞-norm less than or
equal to γ.

7.1.1 State-Feedback H∞-Control for Affine Nonlinear Discrete-Time
Systems

In this subsection, we reduce the full-information static feedback problem to a state-feedback
problem in which only the state information is now available for feedback. However, it
should be noted that in sharp contrast with the continuous-time problem, the discrete-time
problem cannot be solved with k11(x) = 0. This follows from (7.10) and Assumption (A1).
It is fairly clear that the assumption k11(x) = 0 does not imply that ruw(x) = 0, and thus
uk(x) defined by (7.5) is independent of wk.

The following theorem however gives sufficient conditions for the solvability of the
DSFBNLHICP .

Theorem 7.1.3 Consider the discrete-time nonlinear system (7.1). Suppose for some γ > 0
there exists a C2 positive-definite function V : N ⊂ X → � locally defined in a neighborhood
of x = 0 and which satisfies the following assumption

(A1s)
ruu(0) > 0 and rww(0) < 0

as well as Assumptions (A2) and (A3) of Theorem 7.1.2. Then the static state-feedback
control law

uk = u�(xk), (7.24)

where u�(.) is solved from (7.7), solves the DSFBNLHICP .

Proof: The proof is similar to that of Theorem 7.1.2, therefore we shall provide only a
sketch. Obviously, Assumption (A1s) implies (A1). Therefore, we can repeat the arguments
in the first part of Theorem 7.1.2 and conclude that there exist unique functions u�(x)
and w�(x) satisfying (7.7), and consequently, the Hamiltonian function H(x, u, w) can be
expanded about (u�, w�) as

H(x, u,w)
Δ
= V (f(x) + g1(x)w + g2(x)u)− V (x) +

1

2
(‖z‖2 − γ2‖w‖2)

= H(x, u�(x), w�(x)) +
1

2

[
u− u�(x)
w − w�(x)

]T [
ruu(x) ruw(x)
rwu(x) rww(x)

] [
u− u�(x)
w − w�(x)

]
+

O

(∥∥∥∥ u− u�(x)
w − w�(x)

∥∥∥∥) . (7.25)

Further, Assumption (A1s) implies that there exists a neighborhood U0 of x = 0 such that

ruu(x) > 0, rww(x) < 0 ∀x ∈ U0.
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Substituting the control law (7.24) in (7.25) yields

H(x, u�(x), w) = H(x, u�(x), w�(x)) +
1

2
(w − w�(x))T rww(x)(w − w�(x)) +

O(‖w − w�(x)‖), (7.26)

and since rww(x) < 0, it follows that

H(x, u�(x), w) ≤ H(x, u�(x), w�(x)) ∀x ∈ U0, ∀w ∈W0. (7.27)

On the other hand, substituting w = w� in (7.25) and using the fact that ruu(x) > 0 ∀x ∈
U0, we have

H(x, u, w�(x)) ≥ H(x, u�(x), w�(x)) ∀x ∈ U0, ∀u ∈ U . (7.28)

This implies that the pair (u�(x), w�(x)) is a local saddle-point of H(x, u, w). Futhermore,
by hypothesis (A2) and (7.27) we also have

H(x, u�(x), w) ≤ 0 ∀x ∈ U0, ∀w ∈W0,

or equivalently

V (f(x)+g1(x)w+g2(x)u
�(x))−V (x) ≤ 1

2
γ2‖w‖2− 1

2
‖z(x, u�(x), w)‖2 ∀x ∈ U0, ∀w ∈W0.

(7.29)
Thus, the closed-loop system with u = u�(x) given by (7.24) is locally dissipative with
storage-function V with respect to the supply-rate s(w, z) = 1

2 (γ
2‖w‖2 − ‖z‖2, and hence

has �2-gain ≤ γ.
Furthermore, setting w = 0 in (7.29) we immediately have that the equilibrium-point

x = 0 of the closed-loop system is Lyapunov-stable. To prove asymptotic-stability, we note
from (7.26) and hypothesis (A1s) that there exists a neighborhood N of x = 0 such that

H(x, u�(x), w) ≤ H(x, u�(x), w�(x))+
1

4
(w−w�(x))T rww(x)(w−w�(x)) ∀x ∈ N, ∀w ∈ W0.

This implies that

V (f(x) + g2(x)u
�(x)) − V (x) ≤ −1

2
‖z(x, u�(x), w)‖2 + 1

4
(w�)T (x)rww(x)w

�(x) ≤ 0.

Hence, the condition
V (f(x) + g2(x)u

�(x)) ≡ V (x)

results in
0 = w�T (x)rww(x)w

�(x),

and since rww(x) < 0, there exists a nonsingular matrix L(x) such that

ϕT (x)ϕ(x)
Δ
= (w�)T (x)LT (x)L(x)w�(x) = 0 with LT (x)L(x) = −rww(x).

Again, representing the closed-loop system

xk+1 = f(xk) + g2(xk)u
�(xk)

as
xk+1 = f(xk) + g1(xk)w

�(xk) + g2(xk)u
�(xk) + d̃(xk)ϕ(xk)

where d̃(xk) = −g1(xk)L−1(xk), it is clear that any trajectory of this system resulting in
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ϕ(xk) = 0 ∀k ∈ Z+, is also a trajectory of (7.9). Therefore, by hypothesis (A3) ϕ(xk) = 0
⇒ limk→∞ xk = 0, and by LaSalle’s invariance-principle, we have local asymptotic-stability
of the equilibrium-point x = 0 of the closed-loop system. �

Remark 7.1.3 Assumption (A3) in the above Theorem 7.1.3 can similarly be replaced by
Assumption (A4) with the same conclusion.

Again, if we specialize the results of Theorem 7.1.3 to the discrete-time linear system Σdl,
they reduce to the wellknown sufficient conditions for the solvability of the discrete-time
linear H∞ control problem via state-feedback [252]. This is stated in the following proposi-
tion.

Proposition 7.1.2 Consider the linear system Σdl and suppose there exists a positive def-
inite matrix P such that

(L1s)
Ruu > 0, Rww < 0

and Assumptions (L2) and (L3) in Proposition 7.1.1 hold. Then, Assumptions (A1s), (A2)

and (A3) of Theorem 7.1.3 hold with V (x), rij(0), and

[
u�(x)
w�(x)

]
as in (7.20).

Proof: Proof follows along similar lines as Proposition 7.1.1. �
The following corollary then gives sufficient conditions for the solvability of the discrete

linear suboptimal H∞-control problem using state-feedback.

Corollary 7.1.2 Consider the linear discrete-time system Σdl and suppose there exists a
matrix P > 0 satisfying the hypotheses (L1s), (L2) and (L3) of Proposition 7.1.2. Then the
static state-feedback control law

uk = Kxk
K = −(Ruu −RuwR−1

wwRwu)
−1(BT2 PA+DT

12C1 −RuwR−1
ww(B

T
1 PA+DT

11C1)),
(7.30)

with Rij , i, j = u,w as defined before, renders the closed-loop system for the linear system
asymptotically-stable with H∞-norm ≤ γ; in other words, solves the DSFBNLHICP for
the system.

Proof: It is shown in [185] that (7.20) is identical to (7.30). �

7.1.2 Controller Parametrization

In this subsection, we discuss the construction of a class of state-feedback controllers that
solves the DSFBNLHICP . For this, we have the following result.

Theorem 7.1.4 Consider the nonlinear system (7.1) and suppose for some γ > 0 there
exist a smooth function φ : N1 → �p, φ(0) = 0 and a C2 positive-definite function V :
N1 → � locally defined in a neighborhood N ⊂ X of x = 0 with V (0) = 0 such that
Assumption (A1s) of Theorem 7.1.3 is satisfied, as well as the following assumptions:

(A5) The DHJIE:

V (f(x) + g1(x)w
�(x) + g2(x)u

�(x)) − V (x)+
1
2 (‖h1(x) + k11(x)w

�(x) + k12(x)u
�(x)‖2 − γ2‖w�(x)‖2) =

−φT (x)[ruu(x)− ruw(x)r−1
ww(x)rwu(x)]φ(x), V (0) = 0 (7.31)
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holds for all u�(x), w�(x) satisfying (7.7).

(A6) The system

xk+1 = f(xk) + g1(xk)w
�(xk) + g2(xk)(u

�(xk) + φ(xk)) (7.32)

is locally asymptotically-stable at x = 0.

Then the DSFBNLHICP is solvable by the family of controllers:

KSF = {uk|uk = u�(xk) + φ(xk)}. (7.33)

Proof: Consider again the Hamiltonian function (7.11). Taking the partial-derivatives

∂H

∂u
(x, u, w) = 0,

∂H

∂w
(x, u, w) = 0

we get (7.7). By Assumption (A1s) and the Implicit-function Theorem, there exist unique
solutions u�(x), w�(x) locally defined around x = 0 with u�(0) = 0, w�(0) = 0. Notice also
here that

∂2H

∂(u,w)2
(x, u�(x), w�(x))

Δ
=

[
∂2H
∂u2

∂2H
∂w∂u

∂2H
∂u∂w

∂2H
∂w2

]
u=u�(x),w=w�(x)

Δ
=

[
ruu(x) ruw(x)
rwu(x) rww(x)

]
.

Further, using the Taylor-series expansion of H(x, u, w) around u�, w� given by (7.12) and
substituting (7.33) in it, we get after using Assumption (A5)

H(x, u� + φ(x), w) = −φT (x)ruu(x)φ(x) + φT (x)ruw(x)r
−1
ww(x)rwu(x)φ(x) +

1

2

[
φ(x)

w − w�(x)
]T {[

ruu(x) ruw(x)
rwu(x) rww(x)

]
+O

(∥∥∥∥ φ(x)
w − w�(x)

∥∥∥∥)}[ φ(x)
w − w�(x)

]
.

However, since

1

2
φT (x)ruw(x)r

−1
ww(x)rwu(x)φ(x) − φT (x)ruu(x)φ(x) =

1

2

[
φ(x)

w − w�(x)
]T [ −2ruu(x) + ruw(x)r

−1
ww(x)rwu(x) 0

0 0

] [
φ(x)

w − w�(x)
]
,

then

H(x, u� + φ(x), w) =
1

2
‖rwu(x)φ(x)‖2r−1

ww(x)
+

1

2

[
φ(x)

w − w�(x)

]T {[ −ruu(x) + ruw(x)r
−1
ww(x)rwu(x) ruw(x)

rwu(x) rww(x)

]
+O

(∥∥∥∥ φ(x)
w − w�(x)

∥∥∥∥)}×[
φ(x)

w − w�(x)

]
. (7.34)

Note also that, by Assumption (A1s) the matrix[ −ruu(x) + ruw(x)r
−1
ww(x)rwu(x) ruw(x)

rwu(x) rww(x)

]
=[

I ruw(x)r
−1
ww(x)

0 I

] [ −ruu(x) 0
0 rww(x)

] [
I 0

r−1
ww(x)rwu(x) I

]
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is negative-definite in an open neighborhood of x = 0. Therefore, there exists an open
neighborhood X2 of x = 0 and W2 of w = 0 such that

H(x, u�(x) + φ(x), w) ≤ 1

2
‖rwu(x)φ(x)‖2r−1

ww(x)
≤ 0 ∀x ∈ X2, ∀w ∈W2.

Or equivalently,

V (f(x) + g1(x)w + g2(x)[u
�(x) + φ(x)]) − V (x) ≤ 1

2
(γ2‖w‖2 − ‖z‖2u=u�(x)+φ(x)), (7.35)

which implies that the closed-loop system is locally dissipative with storage-function V (x)
with respect to the supply-rate s(w, z) = 1

2 (γ
2‖w‖2−‖z‖2), and consequently has �2-gain ≤

γ.
To prove internal-stability, we set w = 0 in (7.1) resulting in the closed-loop system

xk+1 = f(xk) + g2(xk)[u
�(xk) + φ(xk)]. (7.36)

Similarly, subsituting w = 0 in (7.35) shows that the closed-loop system is Lyapunov-stable.
Furthermore, from (7.34), we have

H(x, u� + φ(x), w) ≤ 1

2
‖rwu(x)φ(x)‖2r−1

ww(x)
+

1

2

[
φ(x)

w − w�(x)
]T [ −ruu(x) + ruw(x)r

−1
ww(x)rwu(x) ruw(x)

rwu(x) rww(x)

] [
φ(x)

w − w�(x)
]

for all x ∈ X3 and all w ∈W3 open neighborhoods of x = 0 and w = 0 respectively. Again,
setting w = 0 in the above inequality and using the fact that all the weighting matrices are
negative-definite, we get

V (f(x) + g1(x)w + g2(x)[u
�(x) + φ(x)]) − V (x)

≤ −1

2
‖z‖2(u=u�(x)+φ(x),w=0) +

1

2
‖rwu(x)φ(x)‖2r−1

ww(x)
+

1

4

[
φ(x)
w�(x)

]T [ −ruu(x) + ruw(x)r
−1
ww(x)rwu(x) ruw(x)

rwu(x) rww(x)

] [
φ(x)
w�(x)

]
= −1

2
‖z‖2(u=u�(x)+φ(x),w=0) +

1

2
‖rwu(x)φ(x)‖2r−1

ww(x)
+

1

4
{‖φ(x)‖2

(−ruu(x)+ruw(x)r−1
ww(x)rwu(x))

− 2[rwu(x)φ(x)]
Tw�(x) + ‖w�(x)‖2rww(x)}

≤ 0. (7.37)

Now define the level-set

ΩL
Δ
= {x ∈ X3 : V (f(xk) + g2(xk)[u

�(xk) + φ(xk)]) ≡ V (xk) ∀k}.

Then, from (7.37), any trajectory of the closed-loop system whose Ω-limit set is in ΩL must
be such that

w�T (x)rww(x)w
�(x) = 0

because of (7.37). Since rww(x) < 0, then there exists a nonsingular matrix M(x) such that
−rww(x) =MT (x)M(x) and

ω̃(xk)
Δ
=M(xk)w

�(xk) = 0 ∀k = 0, 1, . . . .
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FIGURE 7.2
Controller Parametrization for Discrete-Time State-Feedback Nonlinear H∞-Control

Thus, the closed-loop system (7.36) can be represented as

xk+1 = f(xk) + g1(xk)w
�(xk) + α(xk)ω̃(xk) + g2(xk)[u

�(xk) + φ(xk)],

where α(xk) = −g1(xk)r−1
ww(xk). Any trajectory of this system resulting in ω̃(xk) = 0 ∀k =

0, 1, . . ., is necessarily a trajectory of the system (7.32). Therefore, by Assumption (A6) it
implies that limk→∞ xk = 0, and by the LaSalle’s invariance-principle, we conclude that the
closed-loop system (7.36) is locally asymptotically-stable. �

Remark 7.1.4 It should be noted that the result of the above theorem also holds if the
DHJIE (7.31) is replaced by the corresponding inequality. The results of the theorem will
also continue to hold if Assumption (A6) is replaced by Assumption (A4).

A block-diagram of the above parametrization is shown in Figure 7.2.
We can also specialize the above result to the linear system Σdl (7.17). In this regard,

recall

R =

[
Ruu Ruw
Rwu Rww

]
=

[
BT2 PB2 +DT

12D12 BT2 PB1 +DT
12D11

BT1 PB2 +DT
11D12 BT1 PB1 +DT

11D11 − γ2I
]
.

Then, we have the following proposition.

Proposition 7.1.3 Consider the discrete-time linear system Σdl and suppose for some
γ > 0 there exists a positive-definite matrix P ∈ �n×n and a matrix Φ ∈ �m×n such that:

(L1s)
Ruu > 0 and Rww < 0;

(L5) the DARE:

P = ATPA+ CT1 C1 −
(
BT2 PA+DT

11C1

BT1 PA+DT
12C1

)T
R−1

(
BT2 PA+DT

11C1

BT1 PA+DT
12C1

)
+

2ΦTSR−1STΦ (7.38)

holds for all S
Δ
= [I 0];

(L6) the matrix

Acl
Δ
= A− (B2 B1)

T

(
R−1

[
BT2 PA+DT

11C1

BT1 PA+DT
12C1

]
−
[
SR−1STΦ

0

])
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FIGURE 7.3
Configuration for Output Measurement-Feedback Discrete-Time Nonlinear H∞-Control

is Hurwitz.

Then, Assumptions (A1s), (A5) and (A6) of Theorem 7.1.4 hold with

rij(0) = Rij , i, j = u,w
φ(xk) = SR−1STΦxk
V (x) = 1

2x
TPx[

u�(xk)
w�(xk)

]
= −R−1

(
BT2 PA+DT

11C1

BT1 PA+DT
12C1

)
xk.

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ (7.39)

Also, as a consequence of the above proposition, the following corollary gives a parametriza-
tion of a class of state-feedback controllers for the linear system Σdl .

Corollary 7.1.3 Consider the linear discrete-time system Σdl (7.17). Suppose there exists
a positive-definite matrix P ∈ �n×n and a matrix Φ ∈ �p×n satisfying the hypotheses (L1s),
(L5) and (L6) of Proposition 7.1.3. Then the family of state-feedback controllers:

KSFL =
{
uk|uk = −SR−1

([
BT2 PA+DT

11C1

BT1 PA+DT
12C1

]
− STΦ

)
xk

}
(7.40)

solves the linear DSFBNLHICP for the system.

7.2 Output Measurement-Feedback Nonlinear H∞-Control for
Affine Discrete-Time Systems

In this section, we discuss the discrete-time disturbance attenuation problem with internal
stability for the nonlinear plant (7.1) using measurement-feedback. This problem has already
been discussed for the continuous-time plant in Chapter 5, and in this section we discuss
the counterpart solution for the discrete-time case. A block diagram of the discrete-time
controller with discrete measurements is shown in Figure 7.3 below.

We begin similarly with the definition of the problem.

Definition 7.2.1 (Discrete-Time Measurement-Feedback (Sub-Optimal) Nonlinear H∞-
Control Problem (DMFBNLHICP)). Find (if possible!) a dynamic feedback-controller of
the form:

Σdcdyn :

{
ξk+1 = η(ξk, yk)
uk = θ(ξk, yk),

(7.41)
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where ξ ∈ Ξ ⊂ X a neighborhood of the origin, η : Ξ×�m → Ξ, η(0, 0) = 0, θ : Ξ×�m → �p,
θ(0, 0) = 0 are some smooth functions, which processes the measured variable y of the plant
(7.1) and generates the appropriate control action u, such that the closed-loop system (7.1),
(7.41) has locally finite �2-gain from the disturbance signal w to the output z less than or
equal to some prescribed number γ� > 0 with internal stability, or equivalently, the closed-
loop system achieves local disturbance-attenuation less than or equal to γ� with internal
stability.

As in the continuous-time problem, we seek a dynamic compensator with an affine
structure

Σdacdyn :

{
ξk+1 = f̃(ξk) + g̃(ξk)yk
uk = αdyn(ξk),

(7.42)

for some smooth function αdyn : Ξ → �p, αdyn(0) = 0. Applying this controller to the
system (7.1), results in the following closed-loop system:

Σdaclp :

{
ẋek+1 = fe(xek) + ge(xek)wk
zk = he(xek) + ke(xek)wk,

(7.43)

where xe = [xT ξ]T ,

fe(xe) =

[
f(x) + g2(x)αdyn(ξ)

f̃(ξ) + g̃(ξ)h2(x)

]
, ge(xe) =

[
g1(x)

g̃(ξ)k21(x)

]
(7.44)

he(xe) = h2(x) + k12(x)αdyn(x), ke(xe) = k11(x). (7.45)

The first goal is to achieve finite �2-gain from w to z for the above closed-loop system to
be less than or equal to a prescribed number γ > 0. A sufficient condition for this can be
obtained using the Bounded-real lemma, and is stated in the following lemma.

Lemma 7.2.1 Consider the system (7.1) and suppose Assumption (A4) in Remark 7.1.1
holds for the system. Further, suppose there exists a C2 positive-definite function Ψ : O×O ⊂
X × X → �, locally defined in a neighborhood of (x, ξ) = (0, 0), with Ψ(0, 0) = 0 satisfying

(S1)

(ge)T (0, 0)
∂2Ψ

∂λ2
(0, 0)ge(0, 0) + (ke)T (0, 0)ke(0, 0)− γ2I < 0. (7.46)

(S2)

Ψ(fe(xe) + ge(xe)α1(x
e))−Ψ(xe) +

1

2
(‖he(xe) + ke(xe)‖2 − γ2‖α1(x

e)‖2) = 0, (7.47)

where w = α1(x
e), with α1(0) = 0, is a locally unique solution of

∂Ψ

∂λ

∣∣∣∣
λ=fe(xe)+ge(xe)w

ge(xe) + wT (ke
T

(xe)ke(xe)− γ2I) + he
T

(xe)ke(xe) = 0. (7.48)

(S3) The nonlinear discrete-time system

ξk+1 = f̃(ξk) (7.49)

is locally asymptotically-stable at the equilibrium ξ = 0.

Then the DMFBNLHICP is solvable by the dynamic compensator Σdacdyn.
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Proof: By using Assumptions (S1) and (S2), it can be shown as in the proof of Theorem
3.6.2 that

Ψ(f e(xe) + ge(xe)w) −Ψ(xe) ≤ 1

2
(γ2‖w‖2 − ‖he(xe) + ke(xe)w‖2) (7.50)

holds for all xe ∈ O1 and all w ∈ W1, where O1 and W1 are neighborhoods of xe = 0 and
w = 0 respectively. Therefore, the closed-loop system Σdaclp has �2-gain ≤ γ. Setting w = 0

in the inequality (7.50), implies that Σdaclp is Lyapunov-stable.

Furthermore, any bounded trajectory of Σdaclp corresponding to the condition that

Ψ(fe(xe)) ≡ Ψ(xe),

is necessarily a trajectory of the system

xek+1 = fe(xek), k = 0, 1, . . .

under the constraint
he(xek) ≡ 0, k = 0, 1, . . . .

Thus, we conclude from hypothesis (A4) that limk→∞ xek = 0. This implies that, every
trajectory of the system Σdaclp corresponding to the above condition approaches the trajectory
of the system (7.49) which is locally asymptotically-stable at ξ = 0. Hence by the LaSalle’s
invariance-principle, we conclude asymptotic-stability of the equilibrium xe = 0 of the
closed-loop system. �

Lemma 7.2.1 gives sufficient conditions for the solvability of the DMFBNLHICP using
the Bounded-real lemma. However, the details of how to choose the parameters f̃ , g̃ and
αdyn are missing. Even though this gives the designer an extra degree-of-freedom to choose
the above parameters to achieve additional design objectives, in general a more concrete
design procedure is required. Accordingly, a design procedure similar to the continuous-time
case discussed in Chapter 6, and in which an observer-based controller which is error-driven
is used, can indeed be developed also for the discrete-time case. In this regard, consider the
following dynamic-controller

Σdacdynobs :

⎧⎨⎩
ξk+1 = f(ξk) + g1(ξk)w

�(ξk) + g2(ξk)u
�(ξk) +G(ξk)[yk−

h2(ξk)− k21(ξk)w�(ξk)]
uk = u�(ξk),

(7.51)

where u� and w� are the suboptimal feedback control and the worst-case disturbance re-
spectively, determined in Section 7.2, and G(.) ∈ �n×m is the output-injection gain matrix
which has to be specified. Comparing now Σdacdyn (7.42) with Σdacdynobs (7.51) we see that⎧⎨⎩ f̃(ξ) = f(ξ) + g1(ξ)w

�(ξ) + g2(ξ)u
�(ξ)−G(ξ)[h2(ξ) + k21(ξ)w

�(ξ)]
g̃(ξ) = G(ξ)

αdyn(ξ) = u�(ξ).
(7.52)

Consequently, since the control law αdyn(.) has to be obtained by solving the state-feedback
problem, Lemma 7.2.1 can be restated in terms of the controller (7.51) as follows.

Lemma 7.2.2 Consider the system (7.1) and suppose the following assumptions hold:

(i) Assumption (A4) is satisfied for the system;

(ii) there exists a C2 positive-definite function V locally defined in a neighborhood of x = 0
in X , such that Assumptions (A1s) and (A2) are satisfied;
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(iii) there exists a C2 positive-definite function Ψ(x, ξ) locally defined in a neighborhood of
(x, ξ) = (0, 0) in X × X and an n ×m gain matrix G(ξ) satisfying the hypotheses (S1),
(S2) and (S3) of Lemma 7.2.1 for the closed-loop system Σdaclp with the controller (7.51),

then the DMFBNLHICP is solvable with the observer-based controller Σdacdynobs.

Remark 7.2.1 Lemma 7.2.2 can be viewed as a separation principle for dynamic output-
feedback controllers, i.e., that the design of the optimal state-feedback control and the output-
estimator can be carried out separately.

The following theorem then is a refinement of Lemma 7.2.2 and is the discrete-time analog
of Theorem 6.1.3.

Theorem 7.2.1 Consider the discrete-time nonlinear system (7.1) and suppose the follow-
ing are satisfied:

(I) Assumption (A4) holds with rank k12(x) = p uniformly.

(II) There exists a C2 positive-definite function V locally defined in a neighborhood of x = 0
in X such that Assumption (A2) is satisfied, and

rww(0) < 0.

(III) There exists an output-injection gain matrix G(.) and a C2 real-valued function W :
X̃ × X̃ → � locally defined in a neighborhood X̃ × X̃ of (x, ξ) = (0, 0) with W (0, 0) = 0,
W (x, ξ) > 0 for all x �= ξ, and satisfying

(T1)

geT (0, 0)
∂2W

∂xe2
(0, 0)ge(0, 0) + keT (0, 0)ke(0, 0) + rww(0) < 0, (7.53)

(T2)

W (fe(xe) + ge(xe)α1(x
e))−W (xe) + V (f(x) + g1(x)α1(x

e) +

g2(x)u
�(ξ)) − V (x) +

1

2
(‖h(x) + k11(x)α1(x

e) + k12(x)u
�(ξ)‖2 −

γ2‖α1(x
e)‖2) = 0, (7.54)

where w = α1(x
e), with α1(0) = 0, is a unique solution of

∂W

∂λ

∣∣∣∣
λ=fe(xe)+ge(xe)w

ge(xe) +
∂V

∂λ

∣∣∣∣
λ=f(x)+g1(x)w+g2(x)u�(ξ)

g1(x) +

(h2(x) + k11(x)w + k12(x)u
�(ξ))T kT12(x)− γ2wT = 0. (7.55)

(T3) The nonlinear discrete-time system

ξk+1 = f(ξk) + g1(ξ)w
�(ξ)−G(ξ)(h2(ξ) + k21(ξ)w

�(ξ)) (7.56)

is locally asymptotically-stable at the equilibrium point ξ = 0.

Then the DMFBNLHICP for the system is solvable with the dynamic compensator
Σdadynobs.

Proof: We sketch the proof as most of the details can be found in the preceding lemmas.
We verify that the sufficient conditions given in Lemma 7.2.2 are satisfied. In this respect,



192 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

we note that Assumption (I) implies that ruu(0) > 0, therefore (ii) of Lemma 7.2.2 follows
from Assumptions (I) and (II). Similarly, Assumption (III) ⇒ (iii) of the lemma. To show
this, let

Υ(xe) = V (x) +W (x, ξ).

Then it can easily be shown that (T 1) ⇒ (S1) and (T 2) ⇒ (S2). Similarly, (T 3) ⇒ (S3)
because by hypothesis (A4) limk→∞ xk = 0 ⇒ limk→∞ u�(ξk) = 0 since rank k12(x) = p
and

lim
k→∞

[h1(xk) + k12(xk)u
�(ξk)] = 0.

Thus, any trajectory of (7.49), where f̃ is given by (7.52), approaches a trajectory of (7.56)
which is locally asymptotically-stable at the equilibrium ξ = 0. �

Remark 7.2.2 Note that the DHJIE (7.54) can be replaced by the inequality (≤ 0) and the
results of the theorem will still hold.

The results of Theorem 7.2.1 can similarly be specialized to the linear system Σdl. If we
suppose

V (x) =
1

2
xTPx, W (xe) =

1

2
xeTP exe,

then the DHJIE (7.8) is equivalent to the discrete-algebraic-Riccati equation (DARE):

ATPA− P + CT
1 C1 −

[
BT

2 PA+DT
12C1

BT
1 PA+DT

11C1

]T
R−1

[
BT

2 PA+DT
12C1

BT
1 PA+DT

11C1

]
= 0. (7.57)

In addition, the inequality (7.53) and the DHJIE (7.54) reduce respectively to the fol-
lowing inequalities:

Δ
Δ
= BeTP eBe +Rww < 0; (7.58)

AeTP eAe − P e − (AeTP eBe + CeTRuw)Δ
−1(AeTP eBe + CeTRuw)

T +

CeTRuuC
e ≤ 0 (7.59)

where

Ae =

[
Ã B2F2

GC̃2 Ã−GC̃2 +B2F2

]
, Be =

[
B1

GD21

]
,

Ce = [−F2 F2], Ã = A+B1F1, C̃2 = C2 +D21F1[
F1

F2

]
= −R−1

[
BT2 PA+DT

12C1

BT1 PA+DT
11C1

]
.

Similarly, equation (7.55) can be solved explicitly in this case to get

w = α1(x
e) = w� −Δ−1(BeTP eAe +RwuC

e)xe

= [F1 0]x−Δ−1(BeTP eAe +RwuC
e)xe.

Consequently, the following corollary is the linear discrete-time equivalent of Theorem
7.2.1.

Corollary 7.2.1 Consider the discrete-time linear system Σdl , and suppose the following
hold:
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(IL) rank{D12} = p and

rank

[
A− λI B2

C1 D12

]
= n+ p ∀λ ∈ C, |λ| = 1;

(IIL) there exists a matrix P > 0 such that the DARE (7.57) is satisfied with Rww > 0;

(IIIL) there exists an output injection gain matrix G ∈ �n×p and a 2n×2n matrix P e ≥ 0
such that the inequalities (7.58), (7.59) are satisfied with the matrix (A+B1F1−G(C2 +
D21F1)) Hurwitz.

Then, the linear DMFBNLHICP for Σdl is solvable using a dynamic compensator of the
form: {

ξk+1 = (Ã−GC̃2 +B2F2)ξk +Gyk
uk = F2ξk.

(7.60)

Remark 7.2.3 The fundamental limitations for the use of the above result in solving the
linear DMFBNLHICP are reminiscent of the continuous-time case discussed in Chapter
5 and indeed the discrete-time nonlinear case given in Theorem 7.2.1. These limitations
follow from the fact that G and P e are unknown, and so have to be solved simultaneously
from the DARE (7.59) under the constraint (7.58) such that (A+B1F1 −G(C2 +D21F1))
is Hurwitz. In addition, P e has twice the dimension of P , thus making the computations
more expensive.

The next lemma presents an approach for circumventing one of the difficulties of solving
the inequalities (7.59) and (7.58), namely, the dimension problem.

Lemma 7.2.3 Suppose there exists an n×n matrix S > 0 satisfying the strict discrete-time
Riccati inequality (DRI):

(Ã−GC̃2)
TS(Ã−GC̃2)− S + FT2 RuuF2 − [(Ã−GC̃2)

TS(B1 −GD21)−
FT2 Ruw]Δ̃

−1[(Ã−GC̃2)
TS(B1 −GD21)− FT2 Ruw]T < 0 (7.61)

under the constraint:

Δ̃ := (B1 −GD21)
TS(B1 −GD21) +Rww < 0. (7.62)

Then the semidefinite matrix

P e =

[
S −S
−S S

]
(7.63)

is a solution to the DARE (7.59) under the constraint (7.58). Moreover, the matrix G
satisfying (7.61), (7.58) is such that (Ã−GC̃2) is Hurwitz.

Proof: By direct substitution of P e given by (7.63) in (7.59), it can be shown that P e

satisfies this inequality together with the constraint (7.58).
Finally, consider the closed-loop system

xk+1 = (Ã−GC̃2)xk

and the Lyapunov-function candidate

Q(x) = xTSx.

Then it can be shown that, along the trajectories of this system,

Q(xk+1)−Q(xk) < −‖F2xk‖2Ruu
+ ‖[(Ã−GC̃2)xk]

TS(B1−GD21)− (F2xk)
TRuw‖2Δ̃−1 ≤ 0.

This shows that (Ã−GC̃2) is Hurwitz. �
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7.3 Extensions to a General Class of Discrete-Time Nonlinear
Systems

In this section, we extend the results of the previous sections to a more general class of
discrete-time nonlinear systems that may not necessarily be affine in u and w. We consider
the general class of systems described by the state-space equations on X ⊂ �n containing
the origin {0}:

Σd :

⎧⎨⎩
xk+1 = F (xk, wk, uk); x(k0) = x0

zk = Z(xk, wk, uk)
yk = Y (xk, wk)

(7.64)

where all the variables have their usual meanings, and F : X ×W ×U → X , F (0, 0, 0) = 0,
Z : X ×W ×U → �s, Z(0, 0, 0) = 0, Y : X ×W → �m. We begin with the full-information
and state-feedback problems.

7.3.1 Full-Information H∞-Control for a General Class of Discrete-Time
Nonlinear Systems

To solve the full-information and state-feedback problems for the system Σd (7.64), we
consider the Hamiltonian function:

H̃(x, u, w) = Ṽ (F (x,w, u)) − Ṽ (x) +
1

2
(‖Z(x, u, w)‖2 − γ2‖w‖2) (7.65)

for some positive-definite function Ṽ : X → �+, and let

∂2H̃

∂(u,w)2
(0, 0, 0) =

[
∂2

˜H
∂u2

∂2
˜H

∂w∂u
∂2

˜H
∂u∂w

∂2
˜H

∂w2

]
(0, 0, 0)

Δ
=

[
huu(0) huw(0)
hwu(0) hww(0)

]
,

where

huu(0) =

[(
∂F

∂u

)T
∂2Ṽ

∂λ2
(0)

(
∂F

∂u

)
+

(
∂Z

∂u

)T (
∂Z

∂u

)]∣∣∣∣∣
x=0,u=0,w=0

,

hww(0) =

[(
∂F

∂w

)T
∂2Ṽ

∂λ2
(0)

(
∂F

∂w

)
+

(
∂Z

∂w

)T (
∂Z

∂w

)
− γ2I

]∣∣∣∣∣
x=0,u=0,w=0

,

huw(0) =

[(
∂F

∂u

)T
∂2Ṽ

∂λ2
(0)

(
∂F

∂w

)
+

(
∂Z

∂u

)T (
∂Z

∂w

)]∣∣∣∣∣
x=0,u=0,w=0

= hTwu(0).

Suppose now that the following assumption holds:

(GN1)
huu(0) > 0, hww(0)− hwu(0)h−1

uu (0)huw(0) < 0.
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Then by the Implicit-function Theorem, the above assumption implies that there exist
unique smooth functions ũ�(x), w̃�(x) with ũ�(0) = 0 and w̃�(0) = 0 defined in a neighbor-
hood X̄ of x = 0 and satisfying the functional equations

0 =
∂H̃

∂u
(x, ũ�(x), w̃�(x))

=

(
∂Ṽ

∂F

∂F

∂u
+ ZT

∂Z

∂u

)∣∣∣∣∣
u=ũ�(x),w=w̃�(x)

(7.66)

0 =
∂H̃

∂w
(x, ũ�(x), w̃�(x))

=

(
∂Ṽ

∂F

∂F

∂w
+ ZT

∂Z

∂w
− γ2wT

)∣∣∣∣∣
u=ũ�(x),w=w̃�(x).

(7.67)

Similarly, let

huu(x)
Δ
=

∂2H̃

∂u2
(x, ũ�(x), w̃�(x))

hww(x)
Δ
=

∂2H̃

∂w2
(x, ũ�(x), w̃�(x))

huw(x)
Δ
=

∂2H̃

∂w∂u
(x, ũ�(x), w̃�(x)) = hTwu(x, ũ

�, w̃�)

be associated with the optimal solutions ũ�(x), w̃�(x), and let the corresponding DHJIE
associated with (7.64) be denoted by

(GN2)

Ṽ (F (x, w̃�(x), ũ�(x))) − Ṽ (x) +
1

2
(‖Z(x, ũ�(x), w̃�(x))‖2 − γ2‖w̃�(x)‖2) = 0, Ṽ (0) = 0.

(7.68)

Then we have the following result for the solution of the full-information problem.

Theorem 7.3.1 Consider the discrete-time nonlinear system (7.64), and suppose there

exists a C2 positive-definite function Ṽ : X1 ⊂ X → �+ locally defined in a neighborhood
X1 of x = 0 satisfying the hypotheses (GN1), (GN2). In addition, suppose the following
assumption is also satisfied by the system:

(GN3) Any bounded trajectory of the free system

xk+1 = F (xk, 0, uk),

under the constraint
Z(xk, 0, uk) = 0

for all k ∈ Z+, is such that, limk→∞ xk = 0.

Then there exists a static full-information feedback control

uk = ũ�(xk)− h−1
uu (xk)huw(xk)(wk − w̃�(xk))

which solves the DFIFBNLHICP for the system.
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Proof: The proof can be pursued along similar lines as Theorem 7.1.2. �
The above result can also be easily specialized to the state-feedback case as follows.

Theorem 7.3.2 Consider the discrete-time nonlinear system (7.64), and suppose there

exists a C2 positive-definite function Ṽ : X2 ⊂ X → �+ locally defined in a neighborhood
X2 of x = 0 satisfying the hypothesis

(GN1s)
huu(0) > 0, hww(0) < 0

and hypotheses (GN2), (GN3) above. Then, the static state-feedback control

uk = ũ�(xk)

solves the DSFBNLHICP for the system.

Proof: The theorem can be proven along similar lines as Theorem 7.1.3.�
Moreover, the parametrization of all static state-feedback controllers can also be given

in the following theorem.

Theorem 7.3.3 Consider the discrete-time nonlinear system (7.64), and suppose the fol-
lowing hypothesis holds

(GN2s) there exists a C2 positive-definite function Ṽ : X3 ⊂ X → �+ locally defined in a
neighborhood X3 of x = 0 satisfying the DHJIE

Ṽ (F (x, w̃�(x), ũ�(x))) − Ṽ (x) +
1

2
(‖Z(x, ũ�(x), w̃�(x))‖2 − γ2‖w̃�(x)‖2)

= −ψ(x)[huu(x)− huw(x)h−1
ww(x)h21(x)]ψ(x), Ṽ (0) = 0 (7.69)

for some arbitrary smooth function ψ : X3 → �p, ψ(0) = 0,

as well as the hypotheses (GN3) and (GN1s) with Ṽ in place of Ṽ . Then, the family of
controllers

KSFg = {uk|uk = ũ�(xk) + ψ(xk)} (7.70)

is a parametrization of all static state-feedback controllers that solves the DSFBNLHICP
for the system.

7.3.2 Output Measurement-Feedback H∞-Control for a General Class
of Discrete-Time Nonlinear Systems

In this subsection, we discuss briefly the output measurement-feedback problem for the
general class of nonlinear systems (7.64). Theorem 7.2.1 can easily be generalized to this
class of systems. As in the previous case, we can postulate the existence of a dynamic
compensator of the form:

Σ̃dcdynobs :

{
ξk+1 = F (ξk, w̃

�(ξk), ũ
�(ξk)) + G̃(ξk)(yk − Y (ξk, w̃

�(ξk))
uk = ũ�(ξk)

(7.71)

where G̃(.) is the output-injection gain matrix, and w̃�(.), ũ�(.), are the solutions to equa-
tions (7.66), (7.67). Let the closed-loop system (7.64) with the controller (7.71) be repre-
sented as

xek+1 = F e(xek, wk)

zk = Ze(xek, wk)
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where xe = [xT ξT ]T ,

F e(xe, w) =

[
F (x,w, ũ�)

F (x, w̃�(ξ), ũ�(ξ)) + G̃(ξ)(y(x,w) − y(ξ, w̃�(ξ)))
]
,

Ze(xe, w) = Z(x,w, ũ�(ξ)).

Then the following result is a direct extension of Theorem 7.2.1.

Theorem 7.3.4 Consider the discrete-time nonlinear system (7.64) and assume the fol-
lowing:

(i) Assumption (GN3) holds and rank{∂Z
∂u (0, 0, 0)} = p.

(ii) There exists a C2 positive-definite function Ṽ : X → �+ locally defined in a neighbor-
hood X of x = 0 satisfying Assumption (GN2).

(iii) There exists an output-injection gain matrix G̃(.) and a C2 real-valued function W :
X4 × X4 locally defined in a neighborhood X4 ×X4 of (x, ξ) = (0, 0), X ∩ X4 �= ∅, with
W (0, 0) = 0, W (x, ξ) > 0 ∀x �= ξ and satisfying

(GNM1)

F e
T

(0, 0, 0)
∂2W

∂xe2
(0, 0)F e(0, 0, 0) + hww(0) < 0;

(GNM2)

W (F e(xe, α̃1(x
e)−W (xe) + V (F (x, α̃1(x

e), u�(ξ))) − V (x) +

1

2
(‖Z(x, α̃1(x

e), ũ�(ξ))‖2 − γ2‖α̃1(x
e)‖2) = 0,

where α̃1(x
e) with α̃1(0) = 0 is a locally unique solution of the equation

∂W

∂β

∣∣∣∣
β=F e(xe,w)

∂F e

∂w
(xe, w) +

∂V

∂λ

∣∣∣∣
λ=F (x,w,ũ�(ξ))

∂F

∂w
(x,w, ũ�(ξ)) +

ZT (x,w, ũ�(ξ))
∂Z

∂w
(x,w, ũ�(ξ)) − γ2wT = 0.

(GNM3) The discrete-time nonlinear system

xk+1 = F (ξ, w̃�(ξ), 0)− G̃(ξ)Y (ξ, w̃�(ξ))

is locally asymptotically-stable at ξ = 0.

Then, the DMFBNLHICP for the system (7.64) is solvable with the compensator (7.71).

7.4 Approximate Approach to the Discrete-Time Nonlinear H∞-
Control Problem

In this section, we discuss alternative approaches to the discrete-time nonlinear H∞-Control
problem for affine systems. It should have been observed in Sections 7.1, 7.2, that the control
laws that were derived are given implicitly in terms of solutions to certain pairs of algebraic
equations. This makes the computational burden in using this design method more intensive.
Therefore, in this section, we discuss alternative approaches, although approximate, but
which can yield explicit solutions to the problem. We begin with the state-feedback problem.
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7.4.1 An Approximate Approach to the Discrete-Time State-Feedback
Problem

We consider again the nonlinear system (7.1), and assume the following.

Assumption 7.4.1
rank{k12(x)} = p.

Reconsider now the Hamiltonian function (7.11) associated with the problem:

H2(w, u) = V (f(x) + g1(x)w + g2(x)u) − V (x) +
1

2
(‖h1(x) + k11(x)w + k12(x)u‖2 −

γ2‖w‖2) (7.72)

for some smooth positive-definite function V : X → �+. Suppose there exists a smooth
real-valued function ū(x) ∈ �p, ū(0) = 0 such that the HJI-inequality

H2(w, ū(x)) < 0 (7.73)

is satisfied for all x ∈ X and w ∈ W . Then it is clear from the foregoing that the control
law

u = ū(x)

solves the DSFBNLHICP for the system Σda globally. The bottleneck however, is in
getting an explicit form for the function ū(x). This problem stems from the first term in
the HJI-inequality (7.73), i.e.,

V (f(x) + g1(x)w + g2(x)u),

which is a composition of functions and is not necessarily quadratic in u, as in the
continuous-time case. Thus, suppose we replace this term by an approximation which is
“quadratic” in (w, u), and nonlinear in x, i.e.,

V (f(x) + v) = V (f(x)) + Vx(f(x))v +
1

2
vTVxx(f(x))v +Rm(x, v)

for some vector function v ∈ X and where Rm is a remainder term such that

lim
v→0

Rm(x, v)

‖v‖2 = 0.

Then, we can seek a saddle-point for the new Hamiltonian function

Ĥ2(w, u) = V (f(x)) + Vx(f(x))(g1(x)w + g2(x)u) +

1

2
(g1(x)w + g2(x)u)

TVxx(f(x))(g1(x) + g2(x)u)− V (x) +

1

2
‖h1(x) + k11(x)w + k12(x)u‖2 − 1

2
γ2‖w‖2 (7.74)

by neglecting the higher-order term Rm(x, g1(x)w+ g2(x)u). Since Ĥ2(u,w) is quadratic in
(w, u), it can be represented as

Ĥ2(w, u) = V (f(x)) − V (x) +
1

2
hT1 (x)h1(x) + Ŝ(x)

[
w
u

]
+

1

2

[
w
u

]
R̂(x)

[
w
u

]
,

where
Ŝ(x) = hT1 (x)[k11(x) k12(x)] + Vx(f(x))[g1(x) g2(x)]
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and

R̂(x) =

(
kT11(x)k11(x) − γ2I kT11(x)k12(x)

kT12(x)k11(x) kT12(x)k12(x)

)
+

(
gT1 (x)
gT2 (x)

)
Vxx(f(x))(g1(x) g2(x)).

From this, it is easy to determine conditions for the existence of a unique saddle-point and
explicit formulas for the coordinates of this point. It can immediately be determined that,
if R̂(x) is nonsingular, then

Ĥ2(w, u) = Ĥ2(w
�(x), u�(x)) +

1

2

[
w − ŵ�(x)
u− û�(x)

]T
R̂(x)

[
w − ŵ�(x)
u− û�(x)

]
(7.75)

where [
ŵ�(x)
û�(x)

]
= −R̂−1(x)ŜT (x). (7.76)

One condition that gurantees that R̂(x) is nonsingular (by Assumption 7.4.1) is that the
submatrix

R̂11(x) := kT11(x)k11(x) − γ2I +
1

2
gT1 (x)Vxx(f(x))g1(x) < 0 ∀x.

If the above condition is satisfied for some γ > 0, then Ĥ2(x,w, u) has a saddle-point at
(û�, ŵ�), and

Ĥ2(ŵ
�(x), û�(x)) = V (f(x))− V (x) − 1

2
Ŝ(x)R̂−1(x)ŜT (x) +

1

2
hT1 (x)h1(x). (7.77)

The above development can now be summarized in the following lemma.

Lemma 7.4.1 Consider the discrete-time nonlinear system (7.1), and suppose there exists
a smooth positive-definite function V : X0 ⊂ X → �+, V (0) = 0 and a positive number
δ > 0 such that

(i)

Ĥ2(ŵ
�(x), û�(x)) < 0 ∀0 �= x ∈ X0, (7.78)

(ii)

Ĥ2(ŵ
�(x), û�(x)) < −1

2
δ(‖ŵ�(x)‖2 + ‖û�(x)‖2) ∀x ∈ X0,

(iii)

R̂11(x) < 0 ∀x ∈ X0.

Then, there exists a neighborhood X ×W of (w, x) = (0, 0) in X ×W such that V satisfies
the HJI-inequality (7.73) with ū = û�(x), û�(0) = 0.

Proof: By construction, Ĥ2(x,w, u) satisfies

Ĥ2(x,w, u) = Ĥ2(ŵ
�(x), û�(x)) +

1

2
(w − ŵ�)T R̂11(x)(w − ŵ�(x)).

Since R̃11(0) is negative-definite by hypothesis (iii), there exists a neighborhood X1 of x = 0
and a positive number c > 0 such that

(w − ŵ�)T R̂11(x)(w − ŵ�(x)) ≤ c‖w − w�(x)‖2 ∀x ∈ X1, ∀w.
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Now let μ = min{δ, c}. Then,

(w − ŵ�)T R̂11(x)(w − ŵ�(x)) ≤ μ‖w − ŵ�(x)‖2 ∀x ∈ X1.

Moreover, by hypothesis (ii)

Ĥ2(ŵ
�(x), û�(x)) ≤ −μ

2
(‖ŵ�(x)‖2 + ‖u�(x)‖2) ∀x ∈ X0.

Thus, by the triangle inequality,

Ĥ2(w, û
�(x)) ≤ −μ

2
(‖w�(x)‖2 + 1

2
‖û�(x)‖2 + 1

2
‖w − ŵ�(x)‖2)

≤ −μ
2
(‖w‖2 + ‖û�(x)‖2) (7.79)

for all x ∈ X2, where X2 = X0

⋂
X1. Notice however that the Hamiltonians H2(x,w, u)

and Ĥ2(x,w, u) defined by (7.72) and (7.74) respectively, are related by

H2(x,w, u) = Ĥ2(x,w, u) +Rm(x, g1(x)w + g2(x)u). (7.80)

By the result in Section 8.14.3 of reference [94], for all κ > 0, there exist neighborhoods X3

of x = 0, W1 of w = 0 and U1 of u = 0 such that

|Rm(x, g1(x)w + g2(x)u)| ≤ κ(‖w‖2 + ‖u‖2) ∀(x,w, u) ∈ X3 ×W1 × U1. (7.81)

Finally, combining (7.79), (7.80) and (7.81), one obtains an estimate for H2(w, u
�(x)), i.e.,

H2(w, u
�(x)) ≤ −μ

2

(
1− κ

μ

)
(‖w‖2 + ‖û�(x)‖2).

Choosing κ < μ and X ⊆ X3, W1 ⊆W , the result follows. �
From the above lemma, one can conclude the following.

Theorem 7.4.1 Consider the discrete-time nonlinear system (7.1), and assume all the
hypotheses (i), (ii), (iii) of Lemma 7.4.1 hold. Then the closed-loop system

Σda :

{
xk+1 = f(xk) + g1(xk)wk + g2(xk)ū(xk); x0 = 0
zk = h1(xk) + k11(xk)wk + k12(xk)ū(xk)

(7.82)

with ū(x) = û�(x) has a locally asymptotically-stable equilibrium-point at x = 0, and for
every K ∈ Z+, there exists a number ε > 0 such that the response of the system from the
initial state x0 = 0 satisfies

K∑
k=0

‖zk‖2 ≤ γ2
K∑
k=0

‖wk‖2

for every sequence w = (w0, . . . , wK) such that ‖wk‖ < ε.

Proof: Since f(.) and û�(.) are smooth and vanish at x = 0, it is easily seen that for every
K > 0, there exists a number ε > 0 such that the response of the closed-loop system to
any input sequence w = (w0, . . . , wK) from the initial state x0 = 0 is such that xk ∈ X for
all k ≤ K + 1 as long as ‖wk‖ < ε for all k ≤ K. Without any loss of generality, we may
assume that ε is such that wk ∈ W . In this case, using Lemma 7.4.1, we can deduce that
the dissipation-inequality

V (xk+1)− V (xk) +
1

2
(zTk zk − γ2wTk wk) ≤ 0 ∀k ≤ K
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holds. The result now follows from Chapter 3 and a Lyapunov argument. �

Remark 7.4.1 Again, in the case of the linear system Σdl (7.17), the result of Theorem
7.4.1 reduces to wellknown necessary and sufficient conditions for the existence of a solution
to the linear DSFBNLHICP [89]. Indeed, setting B := [B1 B2] and D := [D11 D12], a
quadratic function V (x) = 1

2x
TPx with P = PT > 0 satisfies the hypotheses of the theorem

if and only if

ATPA− P + CT1 C1 − FTp (R +BTPB)Fp < 0

DT
11D11 − γ2I +BT1 PB1 < 0

where Fp = −(R+BTPB)−1(BTPA+DTC1). In this case,[
ŵ�

û�

]
= Fpx.

In the next subsection, we consider an approximate approach to the measurement-feedback
problem.

7.4.2 An Approximate Approach to the Discrete-Time Output
Measurement-Feedback Problem

In this section, we discuss an alternative approximate approach to the discrete-time
measurement-feedback problem for affine systems. In this regard, assume similarly a dy-
namic observer-based controller of the form

Σ̄dacdynobs :

⎧⎨⎩
θk+1 = f(θk) + g1(θk)ŵ

�(θk) + g2(θk)û
�(θk) + Ḡ(θk)[yk − h2(θk)−

k21(θk)ŵ
�(θk)]

uk = û�(θk)
(7.83)

where θ ∈ X is the controller state vector, while ŵ�(.), û�(.) are the optimal state-feedback
control and worst-case disturbance given by (7.76) respectively, and Ḡ(.) is the output-
injection gain matrix which is to be determined. Accordingly, the corresponding closed-loop
system (7.1), (7.83) can be represented by{

x�k+1 = f �(x�k) + g�(x�k)wk
z�k = h�(x�) + k�(x�)wk

(7.84)

where x� = [xT θT ]T ,

f �(x�) =

⎡⎣ f(x) + g2(x)û
�(θ)( f(θ) + g1(θ)ŵ

�(θ) + g2(θ)û
�(θ)+

Ḡ(θ)(h2(x) − h2(θ)− k21(θ)ŵ�(θ))
) ⎤⎦ ,

g�(x�) =

[
g1(x)

Ḡ(θ)k21(x)

]
,

and
h�(x�) = h1(x) + k12(x)û

�(θ), k�(x�) = k11(x).

The objective is to find sufficient conditions under which the above closed-loop system (7.84)
is locally (globally) asymptotically-stable and the estimate θ → x as t → ∞. This can be
achieved by first rendering the closed-loop system dissipative, and then using some suitable
additional conditions to conclude asymptotic-stability.
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Thus, we look for a suitable positive-definite function Ψ1 : X × X → �+, such that the
dissipation-inequality

Ψ1(x
�
k+1)−Ψ1(x

�
k) +

1

2
(‖z�k‖2 − γ2‖wk‖2) ≤ 0 (7.85)

is satisfied along the trajectories of the system (7.84). To achieve this, we proceed as in
the continuous-time case, Chapter 5, and assume the existence of a smooth C2 function
W : X × X → � such that W (x�) ≥ 0 for all x� �= 0 and W (x�) > 0 for all x �= θ. Further,
set

H�
2(w) =W (f �(x�) + g�(x�)w) −W (x�) +H2(w, û

�(θ)) − Ĥ2(ŵ
�(x), û�(x)), (7.86)

and recall that
H2(w, u) = Ĥ2(w, u) +Rm(x, g1(x)w + g2(x)u);

so that
H2(w, û

�(θ)) = Ĥ2(w, û
�(θ)) +Rm(x, g1(x)w + g2(x)û

�(x)).

Moreover, by definition

H2(w, û
�(θ)) = V (f(x) + g1(x)w + g2(x)û

�(θ) − V (x) +
1

2
‖h2(x) +

k11(x)w + k12(x)û
�(θ)‖2 − 1

2
γ2‖w‖2. (7.87)

Therefore, subsituting (7.87) in (7.86) and rearranging, we get

H�
2(w) + Ĥ2(û

�(x), ŵ�(x)) =W (f �(x�) + g�(x�)w) −W (x�)+

V (f(x) + g1(x)w + g2(x)û
�(θ))− V (x) + 1

2‖h�(x�) + k�(x�)w‖2 − 1
2γ

2‖w‖2 (7.88)

From the above identity (7.88), it is clear that, if the right-hand-side is nonpositive, then
the positive-definite function

Ψ1(x
�) =W (x�) + V (x)

will indeed have satisfied the dissipation-inequality (7.85) along the trajectories of the closed-
loop system (7.84). Moreover, if we assume the hypotheses of Theorem 7.4.1 (respectively

Lemma 7.4.1) hold, then the term Ĥ2(û
�(x), ŵ�(x)) is nonpositive. Therefore, it remains to

impose on H�
2(w) to be also nonpositive for all w.

One way to achieve the above objective, is to impose the condition that

max
w

H�
2(w) < 0.

However, finding a closed-form expression for w�� = arg max{H�
2(w)} is in general not

possible as observed in the previous section. Thus, we again resort to an approximate but
practical approach. Accordingly, we can replace the term W (f �(x�) + v�) in H�

2(.) by its
second-order Taylor approximation as:

W (f �(x�) + v�) =W (f �(x�)) +Wx�(f �(x�))v� +
1

2
v�
T
Wx�x�(f �(x�))v� +R�m(x�, v�)

for any v� ∈ X × X , and where R�m(x�, v�) is the remainder term. While the last term
(recalling from equation (7.75)) can be represented as

H2(w, û�(θ))− Ĥ2(ŵ
�(x), û�(x)) =

1

2

[
w − ŵ�(x)

û�(θ)− û�(x)

]T
R̂(x)

[
w − ŵ�(x)

û�(θ)− û�(x)

]
+Rm(x, g1(x)w + g2(x)û

�(θ)).
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Similarly, observe that Rm(x, g1(x)w + g2(x)û
�(θ)) can be expanded as a function of x�

with respect to w as

Rm(x, g1(x)w + g2(x)û
�(θ)) = Rm0(x

�) +Rm1(x
�)w + wTRm2(x

�)w +Rm3(x
�, w).

Thus, we can now approximate H�
2(w) with the function

H̄�
2(w) = W (f �(x�))−W (x�) +Rm0(x

�) + (Rm1(x
�) +Wx�(f �(x�))g�(x�))w +

wT (Rm2(x
�) +

1

2
g�
T
(x�)Wx�x�(f �(x�))g�(x�))w +

1

2

[
w − ŵ�(x)

û�(θ) − û�(x)
]T

R̂(x)

[
w − ŵ�(x)

û�(θ) − û�(x)
]
. (7.89)

Moreover, we can now determine an estimate ŵ�� of w�� from the above expression (7.89)

for H�
2(w) by taking derivatives with respect to w and solving the linear equation

∂H̄�
2

∂w
(ŵ��) = 0.

It can be shown that, if the matrix

R̄(x�) =
1

2
g�(x�)TWx�x�(f �(x�))g�(x�) + R̂11(x) +Rm2(x

�)

is nonsingular and negative-definite, then ŵ�� is unique, and is a maximum for H�
2(w). The

design procedure outlined above can now be summarized in the following theorem.

Theorem 7.4.2 Consider the nonlinear discrete-time system (7.1) and suppose the follow-
ing hold:

(i) there exists a smooth positive-definite function V defined on a neighborhood X0 ⊂ X of
x = 0, satisfying the hypotheses of Lemma 7.4.1.

(ii) there exists a smooth positive-semidefinite function W (x�), defined on a neighborhood
Ξ of x� = 0 in X × X , such that W (x�) > 0 for all x, x �= θ, and satisfying

H̄�
2(ŵ

��(x�)) < 0

for all 0 �= x� ∈ Ξ. Moreover, there exists a number δ > 0 such that

H̄�
2(ŵ

��(x�)) < −δ‖ŵ��(x�)‖2
R̄(x�) < 0

for all x� ∈ Ξ.

Then, the controller Σ̄dacdynobs given by (7.83) locally asymptotically stabilizes the closed-loop
system (7.84), and for every K ∈ Z+, there is a number ε > 0 such that the response from
the initial state (x0, θ0) = (0, 0) satisfies

K∑
k=0

zTk zk ≤ γ2
K∑
k=0

wTk wk

for every sequence w = (w0, . . . , wK) such that ‖wk‖2 < ε.
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7.5 Notes and Bibliography

This chapter is entirely based on the papers by Lin and Byrnes [182]-[185]. In particular,
the discussion on controller parameterization is from [184]. The results for stable plants
can also be found in [51]. Similarly, the results for sampled-data systems have not been
discussed here, but can be found in [124, 213, 255].

The alternative and approximate approach for solving the discrete-time problems is
mainly from Reference [126], and approximate approaches for solving the DHJIE can also
be found in [125]. An information approach to the discrete-time problem can be found in
[150], and connections to risk-sensitive control in [151, 150].
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Nonlinear H∞-Filtering

In this chapter, we discuss the nonlinear H∞ sub-optimal filtering problem. This problem
arises when the states of the system are not available for direct measurement, and so have
to be estimated in some way, which in this case is to satisfy an H∞-norm requirement. The
states information may be required for feedback or other purposes, and the estimator is
basically an observer [35] that uses the information on the measured output of the system
and sometimes the input, to estimate the states.

It would be seen that the underlying structure of the H∞ nonlinear filter is that of the
Kalman-filter [35, 48, 119], but differs from it in the fact that (i) the plant is nonlinear; (ii)
basic assumptions on the nature of the noise signal (which in the case of the Kalman-filter is
Gaussian white noise); and (iii) the cost function to optimize. While the Kalman-filter [35]
is a minimum-variance estimator, and is the best unbiased linear optimal filter [35, 48, 119],
the H∞ filter is derived from a completely deterministic setting, and is the optimal worst-
case filter for all L2-bounded noise signals.

The performance of the Kalman-filter for linear systems has been unmatched, and is
still widely applied when the spectra of the noise signal is known. However, in the case
when the statistics of the noise or disturbances are not known well, the Kalman-filter can
only perform averagely. In addition, the nonlinear enhancement of the Kalman-filter or the
“extended Kalman-filter” suffers from the usual problem with linearization, i.e., it can only
perform well locally around a certain operating point for a nonlinear system, and under the
same basic assumptions that the noise inputs are white.

It is therefore reasonable to expect that a filter that is inherently nonlinear and does
not make any a priori assumptions on the spectra of the noise input, except that they
have bounded energies, would perform better for a nonlinear system. Moreover, previous
statistical nonlinear filtering techniques developed using minimum-variance [172] as well as
maximum-likelihood [203] criteria are infinite-dimensional and too complicated to solve the
filter differential equations. On the other hand, the nonlinear H∞ filter is easy to derive,
and relies on finding a smooth solution to a HJI-PDE which can be found using polynomial
approximations.

The linear H∞ filtering problem has been considered by many authors [207, 243, 281].
In [207], a fairly complete theory of linear H∞ filtering and smoothing for finite and infinite-
horizon problems is given. It is thus the purpose of this chapter to present the nonlinear
counterparts of the filtering results. We begin with the continuous-time problem and then
the discrete-time problem. Moreover, we also present results on the robust filtering problems.

8.1 Continuous-Time Nonlinear H∞-Filtering

The general set-up for this problem is shown in Figure 8.1, where the plant is represented
by an affine nonlinear system Σa, while F is the filter. The filter processes the measurement
output y from the plant which is also corrupted by the noise signal w, and generates an

205
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FIGURE 8.1
Configuration for Nonlinear H∞-Filtering

estimate ẑ of the desired variable z. The plant can be represented by an affine causal
state-space system defined on a smooth n-dimensional manifold X ⊆ �n in coordinates
x = (x1, . . . , xn) with zero-input:

Σa :

⎧⎨⎩
ẋ = f(x) + g1(x)w; x(t0) = x0
z = h1(x)
y = h2(x) + k21(x)w

(8.1)

where x ∈ X is the state vector, w ∈ W is an unknown disturbance (or noise) signal, which
belongs to the setW ⊂ L2([0,∞),�r) of admissible disturbances, the output y ∈ Y ⊂ �m is
the measured output (or observation) of the system, and belongs to Y, the set of admissible
outputs, and z ∈ �s is the output to be estimated.

The functions f : X → V∞(X ), g1 : X → Mn×r(X ), h1 : X → �s, h2 : X → �m, and
k21 : X → Mm×r(X ) are real C∞ functions of x. Furthermore, we assume without any
loss of generality that the system (8.1) has a unique equilibrium-point at x = 0 such that
f(0) = 0, h1(0) = h2(0) = 0, and we also assume that there exists a unique solution x(t)
for the system for all initial conditions x0 and all w ∈ W .

The objective is to synthesize a causal filter, F , for estimating the state x(t) (or a
function of it z = h1(x)) from observations of y(τ) up to time t, over a time horizon [t0, T ],
i.e., from

Yt
Δ
= {y(τ) : τ ≤ t}, t ∈ [t0, T ],

such that the L2-gain from w to z̃ (the estimation error, to be defined later) is less than or
equal to a given number γ > 0 for all w ∈ W , for all initial conditions in some subspace
O ⊂ X , i.e., we require that for a given γ > 0,∫ T

t0

‖z̃(τ)‖2dτ ≤
∫ T

t0

‖w(τ)‖2dτ, T > t0, (8.2)

for all w ∈ W , and for all x0 ∈ O. In addition, it is also required that with w ≡ 0, the
penalty variable or estimation error satisfies limt→∞ z̃(t) = 0.

More formally, we define the local nonlinear H∞ suboptimal filtering or state estimation
problem as follows.

Definition 8.1.1 (Nonlinear H∞ (Suboptimal) Filtering Problem (NLHIFP)). Given the
plant Σa and a number γ� > 0. Find a causal filter F : Y → X which estimates x as x̂,
such that

x̂(t) = F(Yt)

and (8.2) is satisfied for all γ ≥ γ�, for all w ∈ W, and for all x0 ∈ O. In addition, with
w ≡ 0, we have limt→∞ z̃(t) = 0.

Moreover, if the above conditions are satisfied for all x(t0) ∈ X , we say that F solves
the NLHIFP globally.
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Remark 8.1.1 The problem defined above is the finite-horizon filtering problem. We have
the infinite-horizon problem if we let T →∞.

To solve the above problem, a structure is chosen for the filter F . Based on our experience
with linear systems, a “Kalman” structure is selected as:

˙̂x = f(x̂) + L(x̂, t)(y(t)− h2(x̂)), x̂(t0) = x̂0
ẑ = h1(x̂)

}
(8.3)

where x̂ ∈ X is the estimated state, L(., .) ∈ �n×m ×� is the error-gain matrix which has
to be determined, and ẑ ∈ �s is the estimated output function. We can then define the
output estimation error as

z̃ = z − ẑ = h1(x) − h1(x̂),
and the problem can be formulated as a two-person zero-sum differential game as discussed
in Chapter 2. The cost functional is defined as

Ĵ(w,L)
Δ
=

1

2

∫ T

t0

(‖z(t)‖2 − γ2‖w(t)‖2)dt, (8.4)

and we consider the problem of finding L�(.) such that Ĵ(w,L) is minimized subject to the
dynamics (8.1), (8.3), for all w ∈ L2[t0, T ], and for all x0 ∈ X . To proceed, we augment the
system equations (8.1) and (8.3) into the following system:{

ẋe = fe(xe) + ge(xe)w
z̃ = h1(x)− h1(x̂) (8.5)

where

xe =

(
x
x̂

)
, fe(xe) =

(
f(x)

f(x̂) + L(x̂)(h2(x)− h2(x̂))
)
,

ge(xe) =

(
g1(x)

L(x̂)k21(x)

)
.

We then make the following assumption:

Assumption 8.1.1 The system matrices are such that

k21(x)g
T
1 (x) = 0

k21(x)k
T
21(x) = I.

Remark 8.1.2 The first of the above assumptions means that the measurement-noise and
the system-noise are independent; while the second is a normalization to simplify the prob-
lem.

To solve the above problem, we can apply the sufficient conditions given by Theorem
2.3.2 from Chapter 2, i.e., we consider the following HJIE:

−Yt(xe, t) = inf
L

sup
w
{Yxe(xe, t)(fe(xe)+ge(xe)w)− 1

2
γ2wTw+

1

2
zT z}, Y (xe, T ) = 0 (8.6)

for some smooth C1 (with respect to both its arguments) function Y : N̂ × N̂ × � → �
locally defined in a neighborhood N̂ of the origin xe = 0. We then have the following lemma
which is a restatement of Theorem 5.1.1.
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Lemma 8.1.1 Suppose there exists a pair of strategies (w,L) = (w�, L�) for which there

exists a positive-definite C1 function Y : N̂×N̂×� → �+, locally defined in a neighborhood

N̂ × N̂ ⊂ X × X of xe = 0 satisfying the HJIE (8.6). Then the pair (w�, L�) provides a
saddle-point solution for the differential game.

To find the pair (w�, L�) that satisfies the HJIE, we proceed as in Chapter 5, by forming
the Hamiltonian function Λ : T �(X × X )×W ×Mn×m → � for the differential game:

Λ(xe, w, L, Yxe) = Yxe(xe, t)(fe(xe) + ge(xe)w)− 1

2
γ2‖w‖2 + 1

2
‖z‖2. (8.7)

Then we apply the necessary conditions for the unconstrained optimization problem:

(w�, L�) = arg

{
sup
w

min
L

Λ(xe, w, L, Yx)

}
.

We summarize the result in the following proposition.

Theorem 8.1.1 Consider the system (8.5), and suppose there exists a C1 (with respect to

all its arguments) positive-definite function Y : N̂ × N̂ ×� → �+ satisfying the HJIE:

Yt(x
e, t) + Yx(x

e, t)f(x) + Yx̂(x
e, t)f(x̂) + 1

2γ2Yx(x
e, t)g1(x)g

T
1 (x)Y

T
x (xe, t)−

γ2

2 (h2(x)− h2(x̂))T (h2(x) − h2(x̂))+
1
2 (h1(x) − h1(x̂))T (h1(x)− h1(x̂)) = 0, Y (xe, T ) = 0, (8.8)

together with the coupling condition

Yx̂(x
e, t)L(x̂, t) = −γ2(h2(x) − h2(x̂))T . (8.9)

Then the matrix L(x̂, t) satisfying (8.9) solves the finite horizon NLHIFP locally in N̂ .

Proof: Consider the Hamiltonian function Λ(xe, w, L, Y ex ). Since it is quadratic in w, we
can apply the necessary condition for optimality, i.e.,

∂Λ

∂w

∣∣∣∣
w=w�

= 0

to get

w� :=
1

γ2
(gT1 (x)Y

T
x (xe, t) + kT21(x)L

T (x̂, t)Y Tx̂ (xe, t)).

Moreover, it can be checked that the Hessian matrix of Λ(xe, w�, L, Y ex ) is negative-definite,
and hence

Λ(xe, w�, L, Y ex ) ≥ Λ(xe, w, L, Y ex ) ∀w ∈ W .

However, Λ is linear in L, so we cannot apply the above technique to obtain L�. Instead,
we use a completion of the squares method. Accordingly, substituting w� in (8.7), we get

Λ(xe, w�, L, Y ex ) = Yx(x
e, t)f(x) + Yx̂(x

e, t)f(x̂) + Yx̂(x
e, t)L(x̂, t)(h2(x)− h2(x̂)) +

1

2γ2
Yx(x

e, t)g1(x)g
T
1 (x)Y

T
x (xe, t) +

1

2
zT z +

1

2γ2
Yx̂(x

e, t)L(x̂, t)(x)LT (x̂, t)Y Tx̂ (xe, t).
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Now, completing the squares for L in the above expression, we get

Λ(xe, w�, L, Y ex ) = Yx(x
e, t)f(x) + Yx̂(x

e, t)f(x̂)− 1

2
γ2 ‖(h2(x) − h2(x̂))‖2 +

1

2γ2

∥∥LT (x̂, t)Y Tx̂ (xe, t) + γ2(h2(x)− h2(x̂))
∥∥2 + 1

2
zT z +

1

2γ2
Yx(x

e, t)g1(x)g
T
1 (x)Y

T
x (xe, t).

Thus, taking L� as in (8.9) renders the saddle-point conditions

Λ(w,L�) ≤ Λ(w�, L�) ≤ Λ(w�, L)

satisfied for all (w,L) ∈ W × �n×m × �, and the HJIE (8.6) reduces to (8.8). By Lemma
8.1.1, we conclude that (w�, L�) is indeed a saddle-point solution for the game. Finally, it is
very easy to show from the HJIE (8.8) that the L2-gain condition (8.2) is also satisfied. �

Remark 8.1.3 By virtue of the side-condition (8.9), the HJIE (8.8) can be represented as

Yt(x
e, t) + Yx(x

e, t)f(x) + Yx̂(x
e, t)f(x̂) +

1

2γ2
Yx(x

e, t)g1(x)g
T
1 (x)Y

T
x (xe, t)

− 1

2γ2
Yx̂(x

e, t)L(x̂)LT (x̂)Y Tx̂ (xe, t) +
1

2
(h1(x)− h1(x̂))T (h1(x) − h1(x̂)) = 0,

Y (xe, T ) = 0. (8.10)

Remark 8.1.4 The above result, Theorem 8.1.1, can also be obtained from a dissipative
systems perspective. Indeed, it can be checked that a function Y (., .) satisfying the HJIE
(8.8) renders the dissipation-inequality

Y (xe(T ), T )− Y (xe(t0), t0) ≤ 1

2

∫ T

t0

(γ2‖w(t)‖2 − ‖z̃(t)‖2)dt (8.11)

satisfied for all xe(t0) and all w ∈ W. Conversely, it can also be shown (as it has been
shown in the previous chapters), that a function Y (., .) satisfying the dissipation-inequality
(8.11) also satisfies in more general terms the HJI-inequality (8.8) with “=” replaced by
“≤”. Thus, this observation allows us to solve a HJI-inequality which is substantially easier
and more advantageous to solve.

For the case of the LTI system

Σl :

⎧⎨⎩ ẋ = Ax+B1w, x(t0) = x0
z̃ = C1(x − x̂)
y = C2x+D21w,

(8.12)

we have the following corollary.

Corollary 8.1.1 Consider the LTI system Σl (8.12) and the filtering problem for this sys-
tem. Suppose there exists a symmetric positive-definite solution P to the Riccati-ODE:

Ṗ (t) = ATP (t) + P (t)A + P (t)[
1

γ2
CT1 C1 − CT2 C2]P (t) +B1B

T
1 , P (T ) = 0. (8.13)

Then, the filter
˙̂x = Ax̂+ L(t)(y − C2x̂)
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solves the finite-horizon linear H∞ filtering problem if the gain-matrix L(t) is taken as

L(t) = P (t)CT2 .

Proof: Assume D21D
T
21 = I, D21B1 = 0, t0 = 0. Let P (t0) > 0, and consider the positive-

definite function

Y (x, x̂, t) =
1

2
γ2(x− x̂)TP−1(t)(x− x̂), P (t) > 0. (8.14)

Taking partial-derivatives and substituting in (8.8), we obtain

−1

2
γ2(x− x̂)TP−1(t)Ṗ (t)P−1(t)(x− x̂) + γ2(x− x̂)TP−1(t)A(x − x̂) +
γ2

2
(x− x̂)TP−1(t)B1B

T
1 P

−1(t)(x − x̂)− γ2

2
(x− x̂)TCT2 C2(x− x̂) +

1

2
(x− x̂)TCT1 C1(x− x̂) = 0. (8.15)

Splitting the second term in the left-hand-side into two (since it is a scalar):

γ2(x− x̂)TP−1(t)A(x − x̂) =
1

2
γ2(x− x̂)TP−1(t)A(x − x̂) +

1

2
γ2(x− x̂)TATP−1(t)(x− x̂),

and substituting in the above equation, we get upon cancellation,

P−1(t)Ṗ (t)P−1(t) = P−1(t)A+ATP−1(t) + P−1(t)B1B
T
1 P

−1(t)−
CT2 C2 + γ−2CT1 C1. (8.16)

Finally, multiplying the above equation from the left and from the right by P (t), we get
the Riccati ODE (8.13). The terminal condition is obtained by setting t = T in (8.14) and
equating to zero.

Furthermore, substituting in (8.9) we get after cancellation

P−1(t)L(t) = CT2 or L(t) = P (t)CT2 . �

Remark 8.1.5 Note that, if we used the HJIE (8.10) instead, or by substituting C2 =
P−1(t)L(t) in (8.16), we get the following Riccati ODE after simplification:

Ṗ (t) = ATP (t) + P (t)A+ P (t)[
1

γ2
CT1 C1 − LT (t)L(t)]P (t) + B1B

T
1 , P (T ) = 0.

This result is the same as in reference [207]. In addition, cancelling (x− x̂) from (8.15), and
then multipling both sides by P (t), followed by the factorization, will result in the following
alternative filter Riccati ODE

Ṗ (t) = P (t)AT +AP (t) + P (t)[
1

γ2
CT1 C1 − CT2 C2]P (t) +B1B

T
1 , P (T ) = 0. (8.17)

8.1.1 Infinite-Horizon Continuous-Time Nonlinear
H∞-Filtering

In this subsection, we discuss the infinite-horizon filter in which case we let T →∞. Since
we are interested in finding time-invariant gains for the filter, we seek a time-independent
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function Y : N̂1 × N̂1 → �+ such that the HJIE:

Yx(x
e)f(x) + Yx̂(x

e)f(x̂) + 1
2γ2Yx(x

e)g1(x)g
T
1 (x)Y

T
x (xe)−

γ2

2 (h2(x)− h2(x̂))T (h2(x) − h2(x̂))+
1
2 (h1(x) − h1(x̂))T (h1(x)− h1(x̂)) = 0, Y (0) = 0, x, x̂ ∈ N̂1 (8.18)

is satisfied, together with the coupling condition

Yx̂(x
e)L(x̂) = −γ2(h2(x)− h2(x̂))T , x, x̂ ∈ N̂1. (8.19)

Or equivalently, the HJIE:

Yx(x
e)f(x) + Yx̂(x

e)f(x̂) + 1
2γ2Yx(x

e)g1(x)g
T
1 (x)Y

T
x (xe)−

1
2γ2Yx̂(x

e)L(x̂)LT (x̂)Y Tx̂ (xe)+

1
2 (h1(x) − h1(x̂))T (h1(x)− h1(x̂)) = 0, Y (0) = 0. x, x̂ ∈ N̂1 (8.20)

However here, since the estimation is carried over an infinite-horizon, it is necessary to ensure
that the interconnected system (8.5) is stable with w = 0. This will in turn guarantee that
we can find a smooth function Y (.) which satisfies the HJIE (8.18) and provides an optimal
gain for the filter. One additional assumption is however required: the system (8.1) must be
locally asymptotically-stable. The following theorem summarizes this development.

Proposition 8.1.1 Consider the nonlinear system (8.1) and the infinite-horizon NLHIFP
for it. Suppose the system is locally asymptotically-stable, and there exists a C1-positive-
definite function Y : N̂1 × N̂1 → �+ locally defined in a neighborhood of (x, x̂) = (0, 0) and
satisfying the HJIE (8.18) together with the coupling condition (8.19), or equivalently the
HJIE (8.20) for some matrix function L(.) ∈Mn×m. Then, the infinite-horizon NLHIFP

is locally solvable in N̂1 and the interconnected system is locally asymptotically-stable.

Proof: By Remark 8.1.4, any function Y satisfying (8.18)-(8.19) or (8.20) also satisfies the
dissipation-inequality

Y (xe(t))− Y (xe(t0)) ≤ 1

2

∫ t

t0

(γ2‖w(t)‖2 − ‖z̃(t)‖2)dt (8.21)

for all t and all w ∈ W . Differentiating this inequality along the trajectories of the inter-
connected system with w = 0, we get

Ẏ (xe(t)) = −1

2
‖z‖2.

Thus, the interconnected system is stable. In addition, any trajectory xe(t) of the system

starting in N̂1 neighborhood of the origin xe = 0 such that Ẏ (t) ≡ 0 ∀t ≥ ts, is such that
h1(x(t)) = h1(x̂(t)) and x(t) = x̂(t) ∀t ≥ ts. This further implies that h2(x(t)) = h2(x̂(t)),
and therefore, it must be a trajectory of the free-system

ẋe = f(x) =

(
f(x)
f(x̂)

)
.

By local asymptotic-stability of the free-system ẋ = f(x), we have local asymptotic-stability
of the interconnected system. �

Remark 8.1.6 Note that, in the above proposition, it is not necessary to have a stable
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FIGURE 8.2
Nonlinear H∞-Filter Performance with Known Initial Condition

system for H∞ estimation. However, estimating the states of an unstable system is of no
practical benefit.

Example 8.1.1 Consider a simple scalar example

ẋ = −x3
y = x+ w

z̃ = x− x̂.

We consider the infinite-horizon problem and the HJIE (8.18) together with (8.19). Substi-
tuting in these equations we get

−x3Yx − x3Yx̂ − γ2

2
(x − x̂)2 + 1

2
(x − x̂)2 = 0, Y (0, 0) = 0

Yx̂l∞ = −2γ2(x− x̂).
If we let γ = 1, then

−x3Yx − x̂3Yx̂ = 0

and it can be checked that
Yx = x, Yx̂ = x̂

solve the HJI-inequality, and result in

Y (x, x̂) =
1

2
(x2 + x̂2) =⇒ l�∞ =

−2(x− x̂)
x̂

.

The results of simulation of the system with this filter are shown on Figures 8.2 and 8.3. A
noise signal

w(t) = w0 + 0.1 sin(t)

where w0 is a zero-mean Gaussian white-noise with unit variance, is also added to the
output.
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FIGURE 8.3
Nonlinear H∞-Filter Performance with Unknown Initial Condition

8.1.2 The Linearized Filter

Because of the difficulty of solving the HJIE in implementation issues, it is sometimes useful
to consider the linearized filter and solve the associated Riccati equation. Such a filter will
be a variant of the extended-Kalman filter, but is different from it in the sense that, in the
extended-Kalman filter, the finite-horizon Riccati equation is solved at every instant, while
for this filter, we solve an infinite-horizon Riccati equation. Accordingly, let

F =
∂f

∂x
(0), G1 = g1(0), H1 =

∂h1
∂x

(0), H2 =
∂h2
∂x

(0) (8.22)

be a linearization of the system about x = 0. Then the following result follows trivially.

Proposition 8.1.2 Consider the nonlinear system (8.1) and its linearization (8.22). Sup-
pose for some γ > 0 there exists a real positive-definite symmetric solution to the filter
algebraic-Riccati equation (FARE):

PFT + FP + P [
1

γ2
HT

1 H1 −HT
2 H2]P +G1G

T
1 = 0, (8.23)

or

PFT + FP + P [
1

γ2
HT

1 H1 − LTL]P +G1G
T
1 = 0, (8.24)

for some matrix L = PHT
2 . Then, the filter

˙̂x = F x̂+ L(y −H2x̂)

solves the infinite-horizon NLHIFP for the system (8.1) locally on a small neighborhood
O of x = 0 if the gain matrix L is taken as specified above.

Proof: Proof follows trivially from linearization. It can be checked that the function V (x) =
1
2γ

2(x− x̂)P−1(x− x̂), P a solution of (8.23) or (8.24) satisfies the HJIE (8.8) together with
(8.9) or equivalently the HJIE (8.10) for the linearized system.

Remark 8.1.7 To guarantee that there exists a positive-definite solution to the ARE (8.23)
or (8.24), it is necessary for the linearized system (8.22) or [F,H1] to be detectable (see
[292]).
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8.2 Continuous-Time Robust Nonlinear H∞-Filtering

In this section we discuss the continuous-time robust nonlinear H∞-filtering problem
(RNLHIF ) in the presence of structured uncertainties in the system. This situation is
shown in Figure 8.4 below, and arises when the system model is not known exactly, as is
usually the case in practice. For this purpose, we consider the following model of the system
with uncertainties:

Σa,Δ :

⎧⎨⎩
ẋ = f(x) + Δf(x, t) + g1(x)w; x(0) = 0
z = h1(x)
y = h2(x) + Δh2(x, t) + k21(x)w

(8.25)

where all the variables have their previous meanings. In addition, Δf : X × � → V∞X ,
Δf(0, t) = 0, Δh2 : X × � → �m, Δh2(0, t) = 0 are the uncertainties of the system which
belong to the set of admissible uncertainties ΞΔ and is defined as follows.

Assumption 8.2.1 The admissible uncertainties of the system are structured and matched,
and they belong to the following set:

ΞΔ =
{
Δf,Δh2 |Δf(x, t) = H1(x)F (x, t)E(x), Δh2(x, t) = H2(x)F (x, t)E(x),

E(0) = 0,

∫ ∞

0

(‖E(x)‖2 − ‖F (x, t)E(x)‖2)dt ≥ 0, and

[k21(x) H2(x)][k21(x) H2(x)]
T > 0 ∀x ∈ X , t ∈ �

}
where H1(.), H2(.), F (., .), E(.) have appropriate dimensions.

The problem is the following.

Definition 8.2.1 (Robust Nonlinear H∞-Filtering Problem (RNLHIFP)). Find a filter of
the form

Σf :

{
ξ̇ = a(ξ) + b(ξ)y, ξ(0) = 0
ẑ = c(ξ)

(8.26)

where ξ ∈ X is the state estimate, y ∈ �m is the system output, ẑ is the estimated variable,
and the functions a : X → V∞X , a(0) = 0, b : X → Mn×m, c : X → �s, c(0) = 0 are
smooth C2 functions, such that the L2-gain from w to the estimation error z̃ = z− ẑ is less
than or equal to a given number γ > 0, i.e.,∫ T

0

‖z̃‖2dt ≤ γ2
∫ T

0

‖w(t)‖2dt (8.27)

for all T > 0, all w ∈ L2[0, T ], and all admissible uncertainties. In addition with w ≡ 0, we
have limt→∞ z̃(t) = 0.

To solve the above problem, we first recall the following result [210] which gives sufficient
conditions for the solvability of the NLHIFP for the nominal system (i.e., without the
uncertainties Δf(x, t) and Δh2(x, t)). Without any loss of generality, we shall also assume
for the remainder of this section that γ = 1 henceforth.

Theorem 8.2.1 Consider the nominal system (8.25) without the uncertainties Δf(x, t)
and Δh2(x, t) and the NLHIFP for this system. Suppose there exists a positive-semidefinite
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ẑ

Σ
~

r v

F

FIGURE 8.4
Configuration for Robust Nonlinear H∞-Filtering

function Ψ : Ñ × Ñ → � locally defined in a neighborhood Ñ × Ñ of the origin (x, ξ) = 0
such that the following HJIE is satisfied

HJI(x, ξ) + b̃T (x, ξ)R(x)b̃(x, ξ) ≤ 0 (8.28)

for all x, ξ ∈ Ñ × Ñ , where

HJI(x, ξ)
Δ
= [Ψx(x, ξ) Ψξ(x, ξ)][f̃ (x, ξ) + g̃(x, ξ)ΨTx (ξ, ξ)] +

1

4
[Ψx(x, ξ) Ψξ(x, ξ)]k̃(x, ξ)k̃

T (x, ξ)

[
ΨTx (x, ξ)
ΨTξ (x, ξ)

]
−

1

4
Ψx(ξ, ξ)g1(ξ)k

T
21(ξ)R

−1(x)k21(ξ)g
T
1 (ξ)Ψ

T
x (ξ, ξ)−

h̃2(x, ξ)R
−1(x)h̃2(x, ξ) + h̃T1 (x, ξ)h̃1(x, ξ) +

1

2
Ψx(ξ, ξ)g1(ξ)k

T
21(ξ)R

−1(x)h̃2(x, ξ)

b̃(x, ξ) =
1

2
bT (ξ)ΨTξ (x, ξ) +R−1(x)[

1

2
k21(x)g

T
1 (x)Ψ

T
x (x, ξ) + h̃2(x, ξ)],

and

f̃(x, ξ) =

[
f(x)− g1(x)kT21(x)R−1(x)h̃2(x, ξ)

f(ξ)

]
,

g̃(x, ξ) =

[
1
2g1(ξ)k

T
21(ξ)R

−1(x)k21(ξ)g
T
1 (ξ)

1
2g1(ξ)g

T (ξ)

]
,

k̃T (x, ξ) = [g1(x)(I − kT21(x)R−1(x)k21(x))
1
2 0],

h̃1(x, ξ) = h1(x)− h1(ξ),
h̃2(x, ξ) = h2(x)− h2(ξ),
R(x) = k21(x)k

T
21(x).

Then, the filter (8.26) with

a(ξ) = f(ξ)− b(ξ)h2(ξ)
c(ξ) = h1(ξ)

solves the NLHIFP for the system (8.25).

Proof: The proof of this theorem can be found in [210].

Remark 8.2.1 Note that Theorem 8.2.1 provides alternative sufficient conditions for the
solvability of the NLHIFP discussed in Section 8.1.
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Next, before we can present a solution to the RNLHIFP , which is a refinement of
Theorem 8.2.1, we transform the uncertain system (8.25) into a scaled or auxiliary system
(see also [226]) using the matching properties of the uncertainties in ΞΔ:

Σas,Δ :

⎧⎪⎪⎨⎪⎪⎩
ẋs = f(xs) + [g1(xs)

1
τH1(xs)]ws; xs(0) = 0

zs =

[
h1(xs)
τE(xs)

]
ys = h2(xs) + [k21(xs)

1
τH2(xs)]ws

(8.29)

where xs ∈ X is the state-vector of the scaled system, ws ∈ W ⊂ L2([0,∞),�r+v) is the
noise input, τ > 0 is a scaling constant, zs is the new controlled (or estimated) output and
has a fictitious component coming from the uncertainties. To estimate zs, we employ the
filter structure (8.26) with an extended output:

Σf :

⎧⎨⎩ ξ̇ = a(ξ) + b(ξ)ys, ξ(0) = 0

ẑs =

[
c(ξ)
0

]
,

(8.30)

where all the variables have their previous meanings. We then have the following preliminary
result which establishes the equivalence between the system (8.25) and the scaled system
(8.29).

Theorem 8.2.2 Consider the nonlinear uncertain system (8.25) and the RNLHIFP for
this system. There exists a filter of the form (8.26) which solves the problem for this system
for all admissible uncertainties if, and only if, there exists a τ > 0 such that the same filter
(8.30) solves the problem for the scaled system (8.29).

Proof: The proof of this theorem can be found in Appendix B.
We can now present a solution to the RNLHIFP in the following theorem which gives

sufficient conditions for the solvability of the problem.

Theorem 8.2.3 Consider the uncertain system (8.29) and the RNLHIFP for this system.
Given a scaling factor τ > 0, suppose there exists a positive-semidefinite function Φ :
Ñ1 × Ñ1 → � locally defined in a neighborhood Ñ1 × Ñ1 of the origin (xs, ξ) = (0, 0) such
that the following HJIE is satisfied:

˜HJI(xs, ξ) + b̂T (xs, ξ)R̂(x)b̂(xs, ξ) ≤ 0 (8.31)

for all xs, ξ ∈ Ñ1 × Ñ1, where

˜HJI(xs, ξ)
Δ
= [Φxs(xs, ξ) Φξ(xs, ξ)][f̂(xs, ξ) + ĝ(xs, ξ)Ψ

T
xs
(ξ, ξ)] +

1

4
[Φxs(xs, ξ) Φξ(xs, ξ)]k̂(xs, ξ)k̂

T (xs, ξ)

[
Φxs(xs, ξ)
Ψξ(xs, ξ)

]
−1

4
Φxs(ξ, ξ)ĝ1(ξ)k̂21(ξ)R̂

−1(xs)k̂
T
21(ξ)ĝ

T
1 (ξ)Φ

T
xs
(ξ, ξ)−

ĥT2 (xs, ξ)R̂
−1(xs)ĥ2(xs, ξ) + ĥT1 (xs, ξ)ĥ1(xs, ξ) +

1

2
Φxs(ξ, ξ)ĝ1(ξ)k̂

T
21(ξ)R̂

−1(xs)ĥ2(xs, ξ) + τ2ET (xs)E(xs)

b̂(xs, ξ) =
1

2
bT (ξ)ΨTξ (xs, ξ) + R−1(xs)[

1

2
k21(xs)g

T
1 (xs)Ψ

T
xs
(x, ξ) −

1

2
k21(ξ)g

T
1 (ξ)Ψ

T
xs
(ξ, ξ) + ĥ2(xs, ξ)],
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and

f̂(xs, ξ) =

[
f(xs)− ĝ1(x)k̂T21(xs)R̂−1(xs)ĥ2(xs, ξ)

f(ξ)

]
,

ĝ(x, ξ) =

[
1
2 ĝ1(ξ)k̂

T
21(ξ)R̂

−1(x)k̂21(ξ)ĝ
T
1 (ξ)Φ

T
xs
(ξ, ξ)

1
2 ĝ1(ξ)ĝ

T (ξ)ΦTxs
(ξ, ξ)

]
k̂T (xs, ξ) = [ĝ1(xs)(I − k̂T21(x)R̂−1(xs)k̂21(x))

1
2 0]

k̂21(xs) = [k21(xs)
1

τ
H2(xs)]

ĝ1(xs) = [g1(xs)
1

τ
H1(xs)]

ĥ1(xs, ξ) = h1(xs)− h1(ξ)
ĥ2(xs, ξ) = h2(xs)− h2(ξ)
R̂(xs) = k̂21(xs)k̂

T
21(xs).

Then the filter (8.30) with

a(ξ) = f(ξ) +
1

2
ĝ1(x)ĝ

T
1 (x)Φ

T
x (ξ, ξ)− b(ξ)[h2(ξ) +

1

2
k̂21(x)g

T
1 (x)Φ

T
x (ξ, ξ)

c(ξ) = h1(ξ)

solves the RNLHIFP for the system (8.25).

Proof: The result follows by applying Theorem 8.2.2 for the scaled system (8.25). �
It should be observed in the previous two Sections 8.1, 8.2, that the filters constructed

can hardly be implemented in practice, because the gain matrices are functions of the
original state of the system, which is to be estimated. Thus, except for the linear case, such
filters will be of little practical interest. Based on this observation, in the next section, we
present another class of filters which can be implemented in practice.

8.3 Certainty-Equivalent Filters (CEFs)

We discuss in this section a class of estimators for the nonlinear system (8.1) which we
refer to as “certainty-equivalent” worst-case estimators (see also [139]). The estimator is
constructed on the assumption that the asymptotic value of x̂ equals x, and the gain matrices
are designed so that they are not functions of the state vector x, but of x̂ and y only. We begin
with the one degree-of-freedom (1-DOF) case, then we discuss the 2-DOF case. Accordingly,
we propose the following class of estimators:

Σacef1 :

⎧⎨⎩
˙̂x = f(x̂) + g1(x̂)ŵ

� + L̂(x̂, y)(y − h2(x̂)− k21(x̂)ŵ�)
ẑ = h2(x̂)
z̃ = y − h2(x̂)

(8.32)

where ẑ = ŷ ∈ �m is the estimated output, z̃ ∈ �m is the new penalty variable, ŵ� is the
estimated worst-case system noise and L̂ : X ×Y →Mn×m is the gain matrix for the filter.

Again, the problem is to find a suitable gain matrix L̂(., .) for the above filter, for

estimating the state x(t) of the system (8.1) from available observations Yt
Δ
= {y(τ), τ ≤ t},
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t ∈ [t0,∞), such that the L2-gain from the disturbance/noise signal w to the error output
z̃ (to be defined later) is less than or equal to a desired number γ > 0, i.e.,∫ T

t0

‖z̃(τ)‖2dτ ≤ γ2
∫ T

t0

‖w(τ)‖2dτ, T > t0, (8.33)

for all w ∈ W , for all x0 ∈ O ⊂ X . Moreover, with w = 0, we also have limt→∞ z̃(t) = 0.
The above problem can similarly be formulated by considering the cost functional

J(L̂, w) =
1

2

∫ ∞

t0

(‖z̃(τ)‖2 − γ2‖w(τ)‖2)dτ. (8.34)

as a differential game with the two contending players controlling L and w respectively.
Again by making J ≤ 0, we see that the L2-gain constraint (8.33) is satisfied, and moreover,
we seek for a saddle-point equilibrium solution, (L̂�, w�), to the above game such that

J(L̂�, w) ≤ J(L̂�, w�) ≤ J(L̂, w�) ∀w ∈ W , ∀L̂ ∈Mn×m. (8.35)

Before we proceed with the solution to the problem, we introduce the following notion of
local zero-input observability.

Definition 8.3.1 For the nonlinear system Σa, we say that it is locally zero-input observ-
able if for all states x1, x2 ∈ U ⊂ X and input w(.) ≡ 0

y(., x1, w) = y(., x2, w) =⇒ x1 = x2,

where y(., xi, w), i = 1, 2 is the output of the system with the initial condition x(t0) = xi.
Moreover, the system is said to be zero-input observable, if it is locally zero-input observable
at each x0 ∈ X or U = X .

Next, we first estimate ŵ�, and for this purpose, define the Hamiltonian function H :
T �X ×W ×Mn×m → � for the estimator:

H(x̂, w, L̂, V̂ Tx̂ ) = V̂x̂(x̂, y)[f(x̂) + g1(x̂)w + L̂(x̂, y)(y − h2(x̂)− k21(x̂)w)] + V̂y ẏ +

1

2
(‖z̃‖2 − γ2‖w‖2) (8.36)

for some smooth function V̂ : X × Y → � and with the adjoint vector p = V̂ Tx̂ (x̂, y).
Applying now the necessary condition for the worst-case noise

∂H

∂w

∣∣∣∣
w=ŵ�

= 0 =⇒ ŵ� =
1

γ2
[gT1 (x̂)V̂

T
x̂ (x̂)− kT21(x̂)L̂(x̂, y)V̂ Tx̂ (x̂, y)].

Then substituting ŵ� into (8.36), we get

H(x̂, ŵ�, L̂, V̂ Tx̂ ) = Vx̂f(x̂) + V̂y ẏ +
1

2γ2
V̂x̂g1(x̂)g

T
1 (x̂)V̂

T
x̂ (x̂) + V̂x̂L̂(x̂, y)(y − h2(x̂)) +

1

2γ2
V̂x̂L̂(x̂, y)L̂

T (x̂, y)V̂x̂ +
1

2
(y − h2(x̂))T (y − h2(x̂)). (8.37)

Completing the squares now for L̂ in the above expression for H(., ŵ�, L, .), we get

H(x̂, ŵ�, L̂, V̂ Tx̂ ) = Vx̂f(x̂) + V̂y ẏ +
1

2γ2
V̂x̂g1(x̂)g

T
1 (x̂)V̂

T
x̂ −

γ2

2
(y − h2(x̂))T (y − h2(x̂)) +

1

2γ2

∥∥∥L̂T (x̂, y)V̂x̂ + γ2(y − h2(x̂))
∥∥∥2 + 1

2
(y − h2(x̂))T (y − h2(x̂)).
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Therefore, choosing L̂� as

V̂x̂(x̂, y)L̂
�(x̂, y) = −γ2(y − h2(x̂))T (8.38)

minimizes H(., ., ., ., .) and gurantees that the saddle-point conditions (8.35) are satisfied by
(ŵ�, L̂�). Finally, substituting this value in (8.37) and setting

H(., ŵ�, L̂�, ., .) = 0,

yields the HJIE

V̂x̂(x̂, y)f(x̂) + V̂y(x̂, y)ẏ +
1

2γ2 V̂x̂(x̂, y)g1(x̂)g
T (x̂)V̂ Tx̂ (x̂, y)−

γ2

2 (y − h2(x̂))T (y − h2(x̂))+
1
2 (y − h2(x̂))T (y − h2(x̂)) = 0, V̂ (0, 0) = 0, (8.39)

or equivalently the HJIE

V̂x̂(x̂, y)f(x̂) + V̂y(x̂, y)ẏ +
1

2γ2 V̂x̂(x̂, y)g1(x̂)g
T
1 (x̂)V̂

T
x̂ (x̂, y)−

1
2γ2 V̂x̂(x̂, y)L̂(x̂, y)L̂

T (x̂, y)V̂ Tx̂ (x̂, y)+

1
2 (y − h2(x̂))T (y − h2(x̂)) = 0, V̂ (0, 0) = 0. (8.40)

This is summarized in the following result.

Proposition 8.3.1 Consider the nonlinear system (8.1) and the NLHIFP for it. Suppose
Assumption 8.1.1 holds, the plant Σa is locally asymptotically-stable about the equilibrium-
point x = 0 and zero-input observable. Suppose further, there exists a C1 positive-
semidefinite function V̂ : N̂ × Ŷ → �+ locally defined in a neighborhood N̂ × Ŷ ⊂ X ×Y of
the origin (x̂, y) = (0, 0), and a matrix function L̂ : N̂ × Ŷ →Mn×m, satisfying the HJIE

(8.39) or (8.40) together with the coupling condition (8.38). Then the filter Σacef2 solves the
NLHIFP for the system.

Proof: Let V̂ ≥ 0 be a C1 solution of the HJIE (8.39) or (8.40). Differentiating V̂ along a
trajectory of (8.32) with w in place of ŵ�, it can be shown that

˙̂
V ≤ 1

2
(γ2‖ŵ‖2 − ‖z̃‖2).

Integrating this inequality from t = t0 to t =∞, and since V ≥ 0 implies that the L2-gain
condition

∫∞
t0
‖z̃(t)‖2dt ≤ γ2

∫∞
t0
‖w(t)‖2dt is satisfied. Moreover, setting w = 0 in the above

inequality implies that
˙̂
V ≤ − 1

2‖z̃‖2 and hence the estimator dynamics is stable. In addition,

˙̂
V ≡ 0 ∀t ≥ ts =⇒ z̃ ≡ 0 =⇒ y = h2(x̂) = ŷ.

By the zero-input observability of the system Σa, this implies that x = x̂. �

Remark 8.3.1 Notice also that for γ = 1, a control Lyapunov-function V̂ [102, 170] for
the system (8.1) solves the above HJIE (8.39).
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8.3.1 2-DOF Certainty-Equivalent Filters

Next, we extend the design procedure in the previous section to the 2-DOF case. In this
regard, we assume that the time derivative ẏ is available as an additional measurement
information. This can be obtained or estimated using a differentiator or numerically. Notice
also that, with y = h2(x) + k21(x)w and with w ∈ L2(0, T ) for some T sufficiently large,
then since the space of continuous functions with compact support Cc is dense in L2, we
may assume that the time derivatives ẏ, ÿ exist a.e. That is, we may approximate w by
piece-wise C1 functions. However, this assumption would have been difficult to justify if we
had assumed w to be some random process, e.g., a white noise process.

Accordingly, consider the following class of filters:

Σacef2 :

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

˙̀x = f(x̀) + g1(x̀)ẁ
� + L̀1(x̀, y, ẏ)(y − h2(x̀)− k21(x̀)ẁ�)+

L̀2(x̀, y, ẏ)(ẏ − Lf(x̀)h2(x̀))
z̀ =

[
h2(x̀)

Lf(x̀)h2(x̀))
]

z̃ =

[
y − h2(x̀)

ẏ − Lf(x̀)h2(x̀)
]

where z̀ ∈ �m is the estimated output of the filter, z̃ ∈ �s is the error or penalty variable,
Lfh2 denotes the Lie-derivative of h2 along f [268], while L̀1 : X × TY → Mn×m, L̀2 :
X × TY →Mn×m are the filter gains, and all the other variables and functions have their
corresponding previous meanings and dimensions. As in the previous subsection, we can
define the Hamiltonian H̀ : T �X ×W ×Mn×m ×Mn×m → � of the system as

H̀(x̀, ẁ, L̀1, L̀2, V̀
T
x̀ ) = V̀x̀(x̀, y, ẏ)

{
f(x̀) + g1(x̀)ẁ) + L̀1(x̀, y, ẏ)(y − h2(x̀)− k21(x̀)ẁ) +

L̀2(x̀, y, ẏ)(ẏ − Lf(x̀)h2(x̀))
}
+ V̀y ẏ + V̀ẏ ÿ +

1

2
(‖z̃‖2 − γ2‖ẁ‖2) (8.41)

for some smooth function V̀ : X ×TY → � and by setting the adjoint vector p̀ = V̀ Tx̀ . Then
proceeding as before, we clearly have

ẁ� =
1

γ2
[gT1 (x̀)V̀

T
x̀ (x̀, y, ẏ)− kT21(x̀)L̀1(x̀, y, ẏ)V̀

T
x̀ (x̀, y, ẏ)].

Substitute now ẁ� into (8.41) to get

H̀(x̀, ẁ�, L̀1, L̀2, V̀
T
x̀ ) = V̀x̀f(x̀) + V̀y ẏ + V̀ẏ ÿ +

1

2γ2
V̀x̀g1(x̀)g

T
1 (x̀)V̀

T
x̀ +

V̀x̀L̀1(x̀, y, ẏ)(y − h2(x̀)) + 1

2γ2
V̀x̀L̀1(x̀, y, ẏ)L̀

T
1 (x̀, y, ẏ)V̀

T
x̀ +

V̀x̀L2(x̀, y, ẏ)(ẏ − Lfh2(x̀)) + 1

2
(ẏ − Lfh2(x̀))T (ẏ − Lfh2(x̀)) +

1

2
(y − h2(x̀))T (y − h2(x̀))

and completing the squares for L̀1 and L̀2, we get

H̀(x̀, ẁ�, L̀1, L̀2, V̀
T
x̀ ) = V̀x̀f(x̀) + V̀y ẏ + V̀ẏ ÿ +

1

2γ2
V̀x̀g1(x̀)g

T
1 (x̀)V̀

T
x̀ −

γ2

2
(y − h2(x̀))T (y − h2(x̀)) + 1

2γ2

∥∥∥L̀T1 (x̀, y, ẏ)V̀ Tx̀ + γ2(y − h2(x̀))
∥∥∥2 +

1

2
‖LT2 (x̀, y, ẏ)V̀ Tx̀ + (ẏ − Lfh2(x̀))‖2 − 1

2
V̀x̀L2(x̀, y, ẏ)L

T
2 (x̀, y, ẏ)V̀

T
x̀ +

1

2
(y − h2(x̀))T (y − h2(x̀)).
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Hence, setting

V̀x̀(x̀, y, ẏ)L̀
�
1(x̀, y, ẏ) = −γ2(y − h2(x̀))T (8.42)

V̀x̀(x̀, y, ẏ)L̀
�
2(x̀, y, ẏ) = −(ẏ − Lfh2(x̀))T (8.43)

minimizes H̀ and gurantees that the saddle-point conditions (8.35) are satisfied. Finally,
setting

H̀(x̀, ẁ�, L̀�1, L̀
�
2, V̀

T
x̀ ) = 0

yields the HJIE

V̀x̀(x̀, y, ẏ)f(x̀) + V̀y(x̀, y, ẏ)ẏ + V̀ẏ(x̀, y, ẏ)ÿ+
1

2γ2 V̀x̀(x̀, y, ẏ)g1(x̀)g
T
1 (x̀)V̀

T
x̀ (x̀, y, ẏ)−

1
2 (ẏ − Lfh2(x̀))T (ẏ − Lfh2(x̀))+

(1−γ2)
2 (y − h2(x̀))T (y − h2(x̀)) = 0, V̀ (0, 0) = 0. (8.44)

Consequently, we have the following result.

Theorem 8.3.1 Consider the nonlinear system (8.1) and the NLHIFP for it. Suppose As-
sumption 8.1.1 holds, the plant Σa is locally asymptotically-stable about the equilibrium-point
x = 0 and zero-input observable. Suppose further, there exists a C1 positive-semidefinite
function V̀ : Ǹ × Ỳ → �+ locally defined in a neighborhood Ǹ × Ỳ ⊂ X × TY of the origin
(x̀, y, ẏ) = (0, 0, 0), and matrix functions L1 : Ǹ × Ỳ → Mn×m, L2 : Ǹ × Y̆ → Mn×m,
satisfying the HJIE (8.44) or equivalently the HJIE:

V̀x̀(x̀, y, ẏ)f(x̀) + V̀y(x̀, y, ẏ)ẏ + V̀ẏ(x̀, y, ẏ)ÿ +
1

2γ2 V̀x̀(x̀, y, ẏ)g1(x̀)g
T
1 (x̀)V̀

T
x̀ (x̀, y, ẏ)−

1
2γ2 V̀x̀(x̀, y, ẏ)L̀1(x̀, y, ẏ)L̀

T
1 (x̀, y, ẏ)V̀

T
x̀ (x̀, y, ẏ)−

1
2 V̀x̀(x̀, y, ẏ)L̀2(x̀, y, ẏ)L̀

T
2 (x̀, y, ẏ)V̀

T
x̀ (x̀, y, ẏ) + 1

2 (y − h2(x̀))T (y − h2(x̀)) = 0,

V̀ (0, 0, 0) = 0 (8.45)

together with the coupling condition (8.42), (8.43). Then the filter Σacef2 solves the
HINLFP for the system.

Proof: The first part of the proof has already been established above, that (ẁ�, [L̀�1, L̀
�
2])

constitute a saddle-point solution for the game (8.34), (8.41). Therefore, we only need to
show that the L2-gain requirement (8.33) is satisfied, and the filter provides asymptotic
estimates when w = 0.

Let V̀ ≥ 0 be a C1 solution of the HJIE (8.44), and differentiating it along a trajectory

of the filter Σacef3 with ẁ in place of ẁ�, and L̀�1, L̀
�
2, we have

˙̀
V = V̀x̀(x̀, y, ẏ)[f(x̀) + g1(x̀)ẁ + L̀1(x̀, y)(y − h2(x̀)− k21(x̀)ẁ) +

L2(x̀, y, ẏ)(ẏ − Lfh2(x̀))] + V̀y ẏ + V̀ẏ ÿ

=
{
V̀x̀f(x̀) + V̀y ẏ + V̀ẏ ÿ +

1

2γ2
V̀x̀g1(x̀)g

T
1 (x̀)V̀

T
x̀ +

(1 − γ2)
2

(y − h2(x̀))T (y − h2(x̀))− 1

2
(ẏ − Lfh2(x̀))T (ẏ − Lfh2(x̀))

}
+

V̂x̀g1(x̀)ẁ − V̀x̀L̀�1(x̀, y)k21(x̀)ẁ −
1

2γ2
V̀x̀g1(x̀)g

T
1 (x̀)V̀

T
x̀ −

γ2

2
(y − h2(x̀))

T (y − h2(x̀)) + V̂x̀L2(x̀, y, ẏ)(ẏ − Lfh2(x̀))−
1

2
(y − h2(x̀))T (y − h2(x̀)) + 1

2
(ẏ − Lfh2(x̀))T (ẏ − Lfh2(x̀))
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= −γ
2

2

∥∥∥∥w − 1

γ2
gT1 (x̀)V̀

T
x̀ +

1

γ2
kT21(x̀)L̀

�T

1 (x̀, y)V̀ Tx̀

∥∥∥∥2 + γ2

2
‖ẁ‖2 − 1

2
‖z̃‖2

≤ 1

2
(γ2‖ẁ‖2 − ‖z̃‖2).

Integrating the above inequality from t = t0 to t = ∞, we get that the L2-gain condition
(8.33) is satisfied.

Similarly, setting ẁ = 0, we have
˙̀
V = − 1

2‖z̃‖2. Therefore, the filter dynamics is stable.
Moreover, the condition

˙̀
V ≡ 0 ∀t ≥ ts =⇒ z̃ ≡ 0 =⇒ y ≡ h2(x̀), ẏ ≡ Lfh2(x̀).

By the zero-input observability of the system Σa, this implies that x̀ ≡ x∀t ≥ ts. �
We consider an example to illustrate and compare the performances of the 1-DOF and

the 2-DOF.

Example 8.3.1 Consider the nonlinear system

ẋ1 = −x31 − x2

ẋ2 = −x1 − x2

y = x1 + w

where w = 5w0 + 5 sin(t) and w0 is a zero-mean Gaussian white-noise with unit variance.
It can be checked that the system is locally zero-input observable and the functions V̂ (x) =
1
2 (x̂

2
1+ x̂

2
2), V̀ (x̀) = 1

2 (x̀
2
1+ x̀

2
2) solve the HJI-inequalities corresponding to (8.39), (8.44) for

the 1-DOF and 2-DOF certainty-equivalent filters respectively with γ = 1. Subsequently, we
calculate the gains of the filters as

L̂(x̂, y) =

[
1

−y/x̂2
]
, L̀1(x̀, y, ẏ) =

[
1

−y/x̀2
]
, L̀2(x̀, y, ẏ] =

[ −x̀22
−(ẏ − x̀2)/x̀2

]
and construct the filters Σacef1 , Σacef2 respectively. The results of the individual filter perfor-
mance with the same initial conditions but unknown system initial conditions are shown in
Figure 8.5. It is seen from the simulation that the 2-DOF filter has faster convergence than
the 1-DOF filter, though the latter may have better steady-state performance. The estima-
tion errors are also insensitive or robust against a significantly high persistent measurement
noise.

8.4 Discrete-Time Nonlinear H∞-Filtering

In this section, we consider H∞-filtering problem for discrete-time nonlinear systems. The
configuration for this problem is similar to the continuous-time problem shown in Figure
8.1 but with discrete-time inputs and output measurements instead, and is shown in Figure
8.7. We consider an affine causal discrete-time state-space system with zero input defined
on X ⊆ �n in coordinates x = (x1, . . . , xn):

Σda :

⎧⎨⎩ xk+1 = f(xk) + g1(xk)wk; x(k0) = x0
zk = h1(xk)
yk = h2(xk) + k21(xk)wk

(8.46)
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FIGURE 8.5
1-DOF and 2-DOF Nonlinear H∞-Filter Performance with Unknown Initial Condition
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FIGURE 8.6
Configuration for Discrete-Time Nonlinear H∞-Filtering

where x ∈ X is the state vector, w ∈ W ⊂ �2[k0,∞) is the disturbance or noise signal,
which belongs to the set W ⊂ �r of admissible disturbances or noise signals, the output
y ∈ �m is the measured output of the system, while z ∈ �s is the output to be estimated.
The functions f : X → X , g1 : X → Mn×r(X ), h1 : X → �s, h2 : X → �m, and
k12 : X → Ms×p(X ), k21 : X → Mm×r(X ) are real C∞ functions of x. Furthermore, we
assume without any loss of generality that the system (8.46) has a unique equilibrium-point
at x = 0 such that f(0) = 0, h1(0) = h2(0) = 0.

The objective is to synthesize a causal filter, Fk, for estimating the state xk or a function
of it, zk = h1(xk), from observations of yk up to time k ∈ Z+, i.e., from

Yk
Δ
= {yi : i ≤ k},

such that the �2-gain from w to z̆, the error (or penalty variable), of the interconnected
system defined as

‖Σdaf ◦ Σda‖�∞ Δ
= sup

0�=w∈�2

‖z̆‖2
‖w‖2 , (8.47)

where w := {wk}, z̆ := {z̆k}, is rendered less or equal to some given positive number γ > 0.
Moreover, with wk ≡ 0, we have limk→∞ z̆k = 0.

For nonlinear systems, the above condition is interpreted as the �2-gain constraint and
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is represented as
K∑

k=k0

‖z̆k‖2 ≤ γ2
K∑

k=k0

‖wk‖2, K > k0 ∈ Z (8.48)

for all wk ∈ W , and for all x0 ∈ O ⊂ X .
The discrete-time nonlinear H∞ suboptimal filtering or estimation problem can be de-

fined formally as follows.

Definition 8.4.1 (Discrete-Time Nonlinear H∞ (Suboptimal) Filtering/ Prediction Prob-
lem (DNLHIFP)). Given the plant Σda and a number γ� > 0. Find a filter Fk : Y → X
such that

x̂k+1 = Fk(Yk), k = k0, . . . ,K

and the constraint (8.48) is satisfied for all γ ≥ γ�, for all w ∈ W, and for all x0 ∈ O.
Moreover, with wk ≡ 0, we have limk→∞ z̆k = 0.

Remark 8.4.1 The problem defined above is the finite-horizon filtering problem. We have
the infinite-horizon problem if we let K →∞.

To solve the above problem, we consider the following class of estimators:

Σdaf :

{
x̂k+1 = f(x̂k) + L(x̂k, k)[yk − h2(x̂k)], x̂(k0) = x̂0

ẑk = h1(x̂k)
(8.49)

where x̂k ∈ X is the estimated state, L(., .) ∈Mn×m(X ×Z) is the error-gain matrix which
has to be determined, and ẑ ∈ �s is the estimated output of the filter. We can now define
the estimation error or penalty variable, z̆, which has to be controlled as:

z̆k := zk − ẑk = h1(xk)− h1(x̂k).
Then we combine the plant (8.46) and estimator (8.49) dynamics to obtain the following
augmented system:

x̆k+1 = f̆(x̆k) + ğ(x̆k)wk, x̆(k0) = (x0
T

x̂0
T

)T

z̆k = h̆(x̆k)

}
, (8.50)

where x̆k = (xTk x̂Tk )
T ,

f̆(x̆) =

(
f(xk)

f(x̂k) + L(x̂k, k)(h2(xk)− h2(x̂k))
)
, ğ(x̆) =

(
g1(xk)

L(x̂k, k)k21(xk)

)
,

h̆(x̆k) = h1(xk)− h1(x̂k).
The problem is then formulated as a two-player zero-sum differential game with the cost

functional:

min
L

max
w

J̃(L,w) =
1

2

K∑
k=k0

{‖z̆k‖2 − γ2‖wk‖2}, (8.51)

where w := {wk}, L := L(xk, k). By making J ≤ 0, we see that the H∞ constraint ‖Σdaf ◦
Σa‖H∞ ≤ γ is satisfied. A saddle-point equilibrium solution to the above game is said to
exist if we can find a pair (L�, w�) such that

J̃(L�, w) ≤ J̃(L�, w�) ≤ J̃(L,w�) ∀w ∈ W , ∀L ∈Mn×m. (8.52)
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Sufficient conditions for the solvability of the above game are well known [59]. These are
also given as Theorem 2.2.2 which we recall here.

Theorem 8.4.1 For the two-person discrete-time nonzero-sum game (8.51)-(8.50), under
memoryless perfect information structure, a pair of strategies (L�, w�) provides a feedback
saddle-point solution if, and ony if, there exist a set of K − k0 functions V : X × Z → �,
such that the following recursive equations (or discrete-Hamilton-Jacobi-Isaac’s equations
(DHJIE)) are satisfied for each k ∈ [k0,K]:

V (x̆, k) = min
L∈Mn×m

sup
w∈W

{
1

2
(‖z̆k‖2 − γ2‖wk‖2) + V (x̆k+1, k + 1)

}
,

= sup
w∈W

min
L∈Mn×m

{
1

2
(‖z̆k‖2 − ‖wk‖2) + V (x̆k+1, k + 1)

}
,

=
1

2
(‖z̆k(x̆)‖2 − γ2‖w�k(x̆)‖2) + V (x̆�k+1, k + 1), V (x̆,K + 1) = 0, (8.53)

k = k0, . . . ,K, where x̆ = x̆k, and

x�k+1 = f̆�(x̆k) + ğ�(x̆k)w
�
k, f̆

�(x̆k) = f̆(x̆k)
∣∣∣
L=L�

, ğ�(x̆k) = ğ(x̆k)|L=L� .

Equation (8.53) is also known as Isaac’s equation.
Thus, we can apply the above theorem to derive sufficient conditions for the solvability

of the DNLHIFP . To do that, we define the Hamiltonian function H : (X × X ) ×W ×
Mn×m ×� → � associated with the cost functional (8.51) and the estimator dynamics as

H(x̆, wk, L, V ) = V (f̆(x̆)+ ğ(x̆)wk(x̆), k+1)−V (x̆, k)+
1

2
‖z̆k(x̆)‖2− 1

2
γ2‖wk(x̆)‖2, (8.54)

where the adjoint variable has been set to p = V . Then we have the following result.

Theorem 8.4.2 Consider the nonlinear system (8.46) and the DNLHIFP for it. Suppose
the function h1 is one-to-one (or injective) and the plant Σda is locally asymptotically-stable
about the equilibrium-point x = 0. Further, suppose there exists a C1 (with respect to both
arguments) positive-definite function V : N ×N × Z→ � locally defined in a neighborhood
N ⊂ X of the origin x̆ = 0, and a matrix function L : N × Z → Mn×m satisfying the
following DHJIE:

V (x̆, k) = V (f̆�(x̆) + ğ�(x̆)w�k(x̆), k + 1) +
1

2
‖z̆k(x̆)‖2 − 1

2
γ2‖w�k(x̆)‖2, V (x̆,K + 1) = 0,

(8.55)
k = k0, . . . ,K, together with the side-conditions:

w�k(x̆) =
1

γ2
ğT (x̆)

∂TV (λ, k + 1)

∂λ

∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w�

k

, (8.56)

L�(x̂) = arg min
L
{H(x̆, w�k, L, V )} , (8.57)

∂2H

∂w2
(x̆, wk, L

�, V )

∣∣∣∣
x̆=0

< 0, (8.58)

∂2H

∂L2
(x̆, w�k, L, V )

∣∣∣∣
x̆=0

> 0. (8.59)

Then: (i) there exists a unique saddle-point equilibrium solution (w�, L�) for the game
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(8.51), (8.50) locally in N ; and (ii) the filter Σdaf with the gain-matrix L(x̂k, k) satisfying
(8.57) solves the finite-horizon DNLHIFP for the system locally in N .

Proof: Assume there exists positive-definite solution V (., k) to the DHJIEs (8.55) in N ⊂
X for each k, and (i) consider the Hamiltonian function H(., ., ., .). Apply the necessary
condition for optimality, i.e.,

∂TH

∂w

∣∣∣∣
w=w�

= ğT (x̆)
∂TV (λ, k + 1)

∂λ

∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w�

k

− γ2w�k = 0,

to get

w�k =
1

γ2
ğT (x̆)

∂TV (λ, k + 1)

∂λ

∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w�

k

:= α0(x̆, w
�
k). (8.60)

Thus, w� is expressed implicitly. Moreover, since

∂2H

∂w2
= ğT (x̆)

∂2V (λ, k + 1)

∂λ2

∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w�

k

ğ(x̆)− γ2I

is nonsingular about (x̆, w) = (0, 0), the equation (8.60) has a unique solution α0(x̆), α0(0) =
0 in the neighborhood N ×W of (x,w) = (0, 0) by the Implicit-function Theorem [234].

Now substitute w� in the expression for H(., ., ., .) (8.54), to get

H(x̆, w�k, L, V ) = V (f̆(x̆) + ğ(x̆)w�k(x̆), k + 1)− V (x̆, k) +
1

2
‖z̆k(x̆)‖2 − 1

2
γ2‖w�k(x̆)‖2

and let
L� = argmin

L
{H(x̆, w�k, L, V )} .

Then, by Taylor’s theorem, we can expand H(., ., ., .) about (L�, w�) [267] as

H(x̆, w, L, V ) = H(x̆, w�, L�, V ) +
1

2
(w − w�)T ∂

2H

∂w2
(w,L�)(w − w�) +

1

2
Tr

{
[In ⊗ (L − L�)T ]∂

2H

∂L2
(w�, L)[Im ⊗ (L− L�)T ]

}
+

O(‖w − w�‖3 + ‖L− L�‖3). (8.61)

Thus, taking L� as in (8.57) and w� = α0(x̆, w
�) and if the conditions (8.58), (8.59) hold,

we see that the saddle-point conditions

H(w,L�) ≤ H(w�, L�) ≤ H(w�, L) ∀L ∈Mn×m, ∀w ∈ �2[k0,K], k ∈ [k0,K]

are locally satisfied. Moreover, substituting (w�, L�) in (8.53) gives the DHJIE (8.55).
(ii) Reconsider equation (8.61). Since the conditions (8.58) and (8.59) are satisfied about
x̆ = 0, by the Inverse-function Theorem [234], there exists a neighborhood U ⊂ N ×N of
x̆ = 0 for which they are also satisfied. Consequently, we immediately have the important
inequality

H(x̆, w, L�, V ) ≤ H(x̆, w�, L�, V ) = 0 ∀x̆ ∈ U
⇐⇒ V (x̆k+1, k + 1)− V (x̆, k) ≤ 1

2
γ2‖wk‖2 − 1

2
‖z̆k‖2, ∀x̆ ∈ U, ∀wk ∈ W . (8.62)

Summing now from k = k0 to k = K, we get the dissipation inequality [183]:

V (x̆K+1,K + 1)− V (xk0 , k0) ≤
K∑
k0

1

2
γ2‖wk‖2 − 1

2
‖z̆k‖2. (8.63)

Thus, the system has �2-gain from w to z̆ less or equal to γ. �
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8.4.1 Infinite-Horizon Discrete-Time Nonlinear H∞-Filtering

In this subsection, we discuss the infinite-horizon discrete-time filtering problem, in which
case we let K → ∞. Since we are interested in finding a time-invariant gain for the filter,
we seek a time-independent function V : Ñ × Ñ → � locally defined in a neighborhood
Ñ × Ñ ⊂ X × X of (x, x̂) = (0, 0) such that the following stationary DHJIE:

Ṽ (f̆�(x̆) + ğ�(x̆)w̃�(x̆))− Ṽ (x̆) +
1

2
‖z̆(x̆)‖2 − 1

2
γ2‖w̃�(x̆)‖2 = 0, Ṽ (0) = 0, x, x̂ ∈ N̂

(8.64)
is satisfied together with the side-conditions:

w̃�(x̆) =
1

γ2
ğT (x̆)

∂T Ṽ (λ)

∂λ

∣∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w̃�

:= α1(x̆, w̃
�), (8.65)

L̃�(x̂) = arg min
L

{
H̃(x̆, w̃�, L̃, Ṽ )

}
(8.66)

∂2H̃

∂w2
(x̆, w, L̃�, Ṽ )

∣∣∣∣∣
x̆=0

< 0, (8.67)

∂2H̃

∂L2
(x̆, w̃�, L̃, Ṽ )

∣∣∣∣∣
x̆=0

> 0, (8.68)

where
f̆�(x̆) = f̆(x̆)

∣∣∣
L̃=L̃�

, ğ�(x̆) = ğ(x̆)|L̃=L̃� ,

H̃(x̆, wk, L̃, Ṽ ) = Ṽ (f̆(x̆) + ğ(x̆)w) − Ṽ (x̆) +
1

2
‖z̆k‖2 − 1

2
γ2‖wk‖2, (8.69)

and w̃�, L̃� are the asymptotic values of w�k, L
�
k respectively. Again here, since the estimation

is carried over an infinite-horizon, it is necessary to ensure that the augmented system (8.50)
is stable with w = 0. However, in this case, we can relax the requirement of asymptotic-
stability for the original system (8.46) with a milder requirement of detectability which we
define next.

Definition 8.4.2 The pair {f, h} is said to be locally zero-state detectable if there exists
a neighborhood O of x = 0 such that, if xk is a trajectory of xk+1 = f(xk) satisfying
x(k0) ∈ O, then h(xk) is defined for all k ≥ k0 and h(xk) ≡ 0 for all k ≥ ks, implies
limk→∞ xk = 0.

A filter is also required to be stable, so that trajectories do not blow-up for example in
an open-loop system. Thus, we define the “admissibility” of a filter as follows.

Definition 8.4.3 A filter F is admissible if it is (internally) asymptotically (or exponen-
tially) stable for any given initial condition x(k0) of the plant Σda, and with w = 0

lim
k→∞

z̆k = 0.

The following proposition can now be proven along the same lines as Theorem 8.4.2.

Proposition 8.4.1 Consider the nonlinear system (8.46) and the infinite-horizon
DNLHIFP for it. Suppose the function h1 is one-to-one (or injective) and the plant
Σda is zero-state detectable. Further, suppose there exist a C1 positive-definite function
Ṽ : Ñ × Ñ → � locally defined in a neighborhood Ñ ⊂ X of the origin x̆ = 0, Ṽ (0) = 0 and
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a matrix function L̃ : Ñ →Mn×m satisfying the DHJIEs (8.64) together with (8.65)-(8.69).
Then: (i) there exists locally a unique saddle-point solution (w̃�, L̃�) for the game; and (ii)
the filter Σdaf with the gain matrix L̃(x̂) = L̃�(x̂) satisfying (8.66) solves the infinite-horizon

DNLHIFP locally in Ñ .

Proof: (Sketch). We only prove that the filter Σdaf is admissible, as the rest of the proof
is similar to the finite-horizon case. Using similar manipulations as in the proof of Theorem
8.4.1, it can be shown that with w = 0,

Ṽ (x̆k+1)− Ṽ (x̆k) ≤ −1

2
‖z̆k‖2.

Therefore, the augmented system is locally stable. Further, the condition that Ṽ (x̆k+1) ≡
Ṽ (x̆k) ∀k ≥ kc, for some kc ≥ k0, implies that z̆k ≡ 0∀k ≥ kc. Moreover, the zero-state
detectability of the system (8.46) implies the zero-state detectability of the system (8.50)
since h1 is injective. Thus, by virtue of this, we have limk→∞ xk = 0, and by LaSalle’s
invariance-principle, this implies asymptotic-stability of the system (8.50). Hence, the filter
Σdaf is admissible. �

8.4.2 Approximate and Explicit Solution

In this subsection, we discuss how the DNLHIFP can be solved approximately to obtain
explicit solutions [126]. We consider the infinite-horizon problem, but the approach can also
be used for the finite-horizon problem. For simplicity, we make the following assumption on
the system matrices.

Assumption 8.4.1 The system matrices are such that

k21(x)g
T
1 (x) = 0 ∀x ∈ X ,

k21(x)k
T
21(x) = I ∀x ∈ X .

Now, consider the infinite-horizon Hamiltonian function H̃(., ., ., .) defined by (8.69). Ex-

panding it in Taylor-series about f̂(x̆) =

(
f(x)
f(x̂)

)
up to first-order1 and denoting this

expansion by Ĥ(., ., ., .) and L by L̂, we get:

Ĥ(x̆, w, L̂, Ṽ ) =
{
Ṽ (f̂(x̆)) + Ṽx(f̂(x̆))g1(x)w + Ṽx̂(f̂(x̆))[L̂(x̂)(h2(x)− h2(x̂) + k21(x)w)]

+O(‖ṽ‖2)
}
− Ṽ (x̆) +

1

2
‖z̆‖2 − 1

2
γ2‖w‖2, x̆ ∈ N̂ × N̂ , w ∈ W (8.70)

where x̆ = x̆k, z̆ = z̆k, w = wk, Ṽx, Ṽx̂ are the row-vectors of the partial-derivatives of Ṽ
with respect to x, x̂ respectively,

ṽ =

(
g1(x)w

L̂(x̂)[h2(x)− h2(x̂) + k21(x)w]

)
and

lim
ṽ→0

O(‖ṽ‖2)
‖ṽ‖2 = 0.

1A second-order Taylor-series approximation would be more accurate, but the solutions become more
complicated. Moreover, the first-order method gives a solution that is close to the continuous-time case [66].
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Then, applying the necessary condition for optimality, we get

∂Ĥ

∂wk

∣∣∣∣∣
w=ŵ�

= gT1 (x)Ṽ
T
x (f̂(x̆)) + kT21(x)L̂

T (x̂)Ṽ Tx̂ (f̂(x̆))− γ2ŵ� = 0,

=⇒ ŵ�(x̆) =
1

γ2
[gT1 (x)Ṽ

T
x (f̂(x̆)) + kT21(x)L̂

T (x̂)Ṽ Tx̂ (f̂(x̆))]. (8.71)

Now substitute ŵ� in (8.70) to obtain

Ĥ(x̆, ŵ�k, L̂, Ṽ ) ≈ V (f̂(x̆))− Ṽ (x̆) +
1

2γ2
Ṽx(f̂(x̆))g1(x)g

T
1 (x)Ṽ

T
x (f̂(x̆)) +

1

2
‖z̆‖2 +

Ṽx̂(f̂(x̆))L̂(x̂)[h2(x)− h2(x̂)] + 1

2γ2
Ṽx̂(f̂(x̆))L̂(x̂)L̂

T (x̂)Ṽ Tx (f̂(x̆)).

Completing the squares for L̂ in the above expression for Ĥ(., ., ., .), we get

Ĥ(x̆, ŵ�, L̂, Ṽ ) ≈ Ṽ (f̂(x̆))− Ṽ (x̆) +
1

2γ2
Ṽx(f̂(x̆))g1(x)g

T
1 (x)Ṽ

T
x (f̂(x̆)) +

1

2
‖z̆k‖2 +

1

2γ2

∥∥∥L̂T (x̂)Ṽ Tx̂ (f̂(x̆)) + γ2(h2(x) − h2(x̂))
∥∥∥2 − γ2

2
‖h2(x) − h2(x̂)‖2.

Thus, taking L̂� as

Ṽx̂(f̂(x̆))L̂
�(x̂) = −γ2(h2(x)− h2(x̂))T , x, x̂ ∈ N̂ (8.72)

minimizes Ĥ(., ., ., .) and renders the saddle-point condition

Ĥ(ŵ�, L̂�) ≤ Ĥ(w�, L̂) ∀L̂ ∈Mn×m

satisfied.
Substitute now L̂� as given by (8.72) in the expression for Ĥ(., ., ., .) and complete the

squares in w to obtain:

Ĥ(x̆, w, L̂�, Ṽ ) = Ṽ (f̂(x̆))− 1

2γ2
Ṽx̂(f̂(x̆))L̂(x̂)L̂

T (x̂)Ṽ Tx̂ (f̂(x̆) +
1

2
‖z̆k‖2 +

1

2γ2
Ṽx(f̂(x̆)g1(x)g

T
1 (x)Ṽ

T
x (f̂(x̆))− Ṽ (x̆)

−γ
2

2

∥∥∥w − 1

γ2
gT1 (x)Ṽ

T
x (f̂(x̆))− 1

γ2
kT21(x)L̂

T (x̂)Ṽ Tx̂ (f̂(x̆))
∥∥∥2.

Thus, substituting w = ŵ� as given in (8.71), we see that the second saddle-point condition

Ĥ(ŵ�, L̂�) ≥ H(w, L̂�), ∀w ∈ W
is also satisfied. Hence, the pair (ŵ�, L̂�) constitutes a unique saddle-point solution to the

game corresponding to the Hamiltonian Ĥ(., ., ., .). Finally, substituting (ŵ�, L̂�) in the
DHJIE (8.53), we get the following DHJIE:

Ṽ (f̂(x̆))− Ṽ (x̆) + 1
2γ2 Ṽx(f̂(x̆))g1(x)g

T
1 (x)Ṽ

T
x (f̂(x̆))−

1
2γ2 Ṽx̂(f̂(x̆))L̂(x̂)L̂

T (x̂)Ṽ Tx̂ (f̂(x̆))+

1
2 (h1(x)− h1(x̂))T (h1(x) − h1(x̂)) = 0, Ṽ (0) = 0, x, x̂ ∈ N̂ . (8.73)
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With the above analysis, we have the following theorem.

Theorem 8.4.3 Consider the nonlinear system (8.46) and the infinite-horizon DNLHIFP
for this system. Suppose the function h1 is one-to-one (or injective) and the plant Σda

is zero-state detectable. Suppose further there exists a C1 positive-definite function Ṽ :
N̂ × N̂ → � locally defined in a neighborhood N̂ × N̂ ⊂ X × X of the origin x̆ = 0, and
a matrix function L̂ : N̂ × N̂ → Mn×m satisfying the DHJIE (8.73) together with the
side-condition (8.72). Then:

(i) there exists locally in N̂ a unique saddle-point solution (ŵ�, L̂�) for the dynamic game
corresponding to (8.51), (8.50);

(ii) the filter Σdaf with the gain matrix L̂(x̂) = L̂�(x̂) satisfying (8.72) solves the infinite-

horizon DNLHIFP for the system locally in N̂ .

Proof: Part (i) has already been shown above. For part (ii), consider the time variation of
Ṽ > 0 (a solution to the DHJIE (8.73)) along a trajectory of the augmented system (8.50)
with L̂ = L̂�, i.e.,

Ṽ (x̆k+1) = Ṽ (f̆(x̆) + ğ(x̆)w) ∀x̆ ∈ N̂ × N̂, ∀w ∈ W
≈ Ṽ (f̂(x̆)) + Ṽx(f̂(x̆))g1(x)w + Ṽx̂(f̂(x̆))[L̂

�(x̂)(h2(x)− h2(x̂) + k21(x)w)]

= Ṽ (f̂(x̆)) +
1

2γ2
Ṽx(f̂(x̆))g1(x)g

T
1 (x)Ṽ

T
x (f̂(x̆)) + Ṽx̂(f̂(x̆))L̂

�(x̂)[h2(x) − h2(x̂)]

−γ
2

2
‖w − ŵ�‖2 + γ2

2
‖w‖2 + 1

2γ2
Ṽx̂(f̂(x̆))L̂

�(x̂)L̂�
T

(x̂)Ṽ Tx̂ (f̂(x̆))

= Ṽ (f̂(x̆)) +
1

2γ2
Ṽx(f̂(x̆))g1(x)g

T
1 (x)Ṽ

T
x (f̂(x̆))− γ2

2
‖w − ŵ�‖2 + γ2

2
‖w‖2 −

1

2γ2
Ṽx̂(f̂(x̆))L̂

�(x̂)L̂�
T

(x̂)Ṽ Tx̂ (f̂(x̆))

≤ Ṽ (x) +
γ2

2
‖wk‖2 − 1

2
‖z̆k‖2 ∀x̆ ∈ N̂ × N̂ , ∀w ∈ W ,

where use has been made of the Taylor-series approximation, equation (8.72) and the DHJIE
(8.73). Finally, the above inequality clearly implies the infinitesimal dissipation-inequality:

Ṽ (x̆k+1)− Ṽ (x̆k) ≤ 1

2
γ2‖wk‖2 − 1

2
‖z̆k‖2 ∀x̆ ∈ N̂ × N̂ , ∀w ∈ W .

Therefore, the system (8.50) has locally �2-gain from w to z̆ less or equal to γ. The remaining
arguments are the same as in the proof of Proposition 8.4.1. �

We now specialize the result of the above theorem to the linear-time-invariant (LTI)
system:

Σdl :

⎧⎨⎩ ẋk+1 = Axk +B1wk, x(k0) = x0

z̆k = C1(xk − x̂k)
yk = C2xk +D21wk, D21B

T
1 = 0, DT

21D21 = I,
(8.74)

where all the variables have their previous meanings, and A ∈ �n×n, B1 ∈ �n×r, C1 ∈ �s×n,
C2 ∈ �m×n and D21 ∈ �m×r are constant real matrices. We have the following corollary to
Theorem 8.4.3.

Corollary 8.4.1 Consider the discrete-LTI system Σdl defined by (8.74) and the
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DNLHIFP for it. Suppose C1 is full column rank and A is Hurwitz. Suppose further,
there exists a positive-definite real symmetric solution P̂ to the discrete algebraic-Riccati
equation (DARE):

AT P̂A− P̂ − 1

2γ2
AT P̂B1B

T
1 P̂A−

1

2γ2
AT P̂ L̂L̂T P̂A+ CT1 C1 = 0 (8.75)

together with the coupling condition:

AT P̂ L̂�l = −γ2CT2 . (8.76)

Then:

(i) there exists a unique saddle-point solution (ŵ�l , L̂
�
l ) for the game given by

ŵ�l =
1

γ2
(BT1 +DT

21L̂)P̂A(x − x̂),

(x− x̂)TAT P̂ L̂�l = −γ2(x− x̂)TCT2 ;

(ii) the filter F defined by

Σldf : x̂k+1 = Ax̂k + L̂(y − C2xk), x̂(k0) = x̂0

with the gain matrix L̂ = L̂�l satisfying (8.76) solves the infinite-horizon DNLHIFP for
the system.

Proof: Take:

Ṽ (x̆) =
1

2
(x − x̂)T P̂ (x − x̂), P̂ = P̂ T > 0,

and apply the result of the theorem. �
Next we consider an example.

Example 8.4.1 We consider the following scalar example:

xk+1 = x
1
3

k

yk = xk + wk

zk = xk

where wk = w0 +0.1sin(2πk), and w0 is zero-mean Gaussian white noise. We compute the
solution of the DHJIE (8.73) using the iterative scheme:

Ṽ j+1(x̆) = Ṽ k(f̂(x̆)) +
1

2γ2
Ṽ jx (f̂(x̆))g1(x)g

T
1 (x)Ṽ

T,j
x (f̂(x̆))−

1

2γ2
Ṽ jx̂ (f̂(x̆))L̂

j(x̂)L̂j,T (x̂)Ṽ T,jx̂ (f̂(x̆)) +
1

2
(h1(x) − h1(x̂))T (h1(x)− h1(x̂)),

Ṽ j(0) = 0, x, x̂ ∈ N̂ , j = 0, 1, . . . (8.77)

starting with the initial guess Ṽ 0(x̆) = 1
2 (x − x̂)2, γ = 1 and initial filter-gain l0 = 1, after

one iteration, we get Ṽ 1(x̆) = (x
1
3 − x̂ 1

3 )2+ 1
2 (x− x̂)2 and Ṽ 1

x̂ (f̂(x̆)) = − 2
3

(
x

1
9 −x̂ 1

9

x̂
2
9

)
−(x

1
3 −

x̂
1
3 ). Then we proceed to compute the filter-gain using (8.72). The result of the simulation

is shown in Figure 8.7.
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FIGURE 8.7
Discrete-Time Nonlinear H∞-Filter Performance with Unknown Initial Condition

8.5 Discrete-Time Certainty-Equivalent Filters (CEFs)

In this section, we present the discrete-time counterpart of the the results of Section 8.3.1
which we referred to as “certainty-equivalent” worst-case estimators. It is also similarly
apparent that the filter gain derived in equation (8.72) may depend on the estimated state,
and this will present a serious stumbling block in implementation. Therefore, in this section
we derive results in which the gain matrices are not functions of the state x, but of x̂ and y
only. The estimator is constructed on the assumption that the asymptotic value of x̂ equals
x. We first construct the estimator for the 1-DOF case, and then we discuss the 2-DOF
case.

We reconsider the nonlinear discrete-time affine causal state-space system defined on a
state-space X ⊆ �n with zero-input:

Σda :

{
xk+1 = f(xk) + g1(xk)wk; x(k0) = x0

yk = h2(xk) + k21(xk)wk
(8.78)

where x ∈ X is the state vector, w ∈ W ⊂ �2([k0,∞),�r) is the disturbance or noise signal,
which belongs to the setW of admissible disturbances and noise signals, the output y ∈ Y ⊂
�m is the measured output of the system, which belongs to the set Y of measured outputs,
while z ∈ �s is the output to be estimated. The functions f : X → X , g1 : X → Mn×r,
whereMi×j(X ) is the ring of i×j matrices over X , h2 : X → �m, and k21 : X →Mm×r(X )
are real C∞ functions of x. Furthermore, we assume without any loss of generality that the
system (8.78) has a unique equilibrium-point at x = 0 such that f(0) = 0, h2(0) = 0.

Assumption 8.5.1 The system matrices are such that

k21(x)g
T
1 (x) = 0

k21(x)k
T
21(x) = I.

Again, the discrete-time H∞ nonlinear filtering problem (DHINLFP ) is to synthesize a
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filter, Fk, for estimating the state xk from available observations Yk
Δ
= {yi, i ≤ k} over a

time horizon [k0,∞), such that

x̂k+1 = Fk(Yk), k ∈ [k0,∞),

and the �2-gain from the disturbance/noise signal w to the estimation error output z̃ (to be
defined later) is less than or equal to a desired number γ > 0, i.e.,

∞∑
k=k0

‖z̃k‖2 ≤ γ2
∞∑

k=k0

‖wk‖2, k ∈ Z (8.79)

for all w ∈ W , for all x0 ∈ O ⊂ X .
There are various notions of observability, however for our purpose, we shall adopt the

following which also generalizes the notion of “zero-state observability.”

Definition 8.5.1 For the nonlinear system (8.78), we say that it is locally zero-input ob-
servable if for all states xk1 , xk2 ∈ U ⊂ X and input w(.) ≡ 0,

y(., xk1 , w) ≡ y(., xk2 , w) =⇒ xk1 = xk2 ,

where y(., xki , w), i = 1, 2 is the output of the system with the initial condition x(k0) = xki .
Moreover, the system is said to be zero-input observable if it is locally zero-input observable
at each x0 ∈ X or U = X .

We now propose the following class of estimators:

Σdacef1 :

⎧⎨⎩
˙̂xk+1 = f(x̂k) + g1(x̂)ŵ

�
k + L(x̂k, yk)(yk − h2(x̂k)− k21(x̂k)ŵ�k)

ẑk = h2(x̂k)
z̃k = yk − h2(x̂k)

(8.80)

where ẑ = ŷ ∈ �m is the estimated output, z̃k ∈ �m is the new estimation error or penalty
variable, ŵ� is the estimated worst-case system noise and L : X ×Y →Mn×m is the gain-
matrix of the filter. We first determine w�, and accordingly, define the Hamiltonian function
H : X × Y ×W ×Mn×m ×� → � corresponding to (8.80) and the cost functional

J = min
L

max
w

∞∑
k=k0

[‖z̃k‖2 − γ2‖wk‖2], k ∈ Z (8.81)

by

H(x̂, y, w, L, V ) = V (f(x̂) + g1(x̂)w + L(x̂, y)(y − h2(x̂)− k21(x̂)w, y) −
V (x̂, yk−1) +

1

2
(‖z̃‖2 − γ2‖w‖2) (8.82)

for some smooth function V : X × Y → �, where x = xk, y = yk, w = wk and the adjoint
variable p is set as p = V . Applying now the necessary condition for the worst-case noise,
we get

∂TH

∂w

∣∣∣∣
w=ŵ�

= (gT1 (x̂)− kT21(x̂)LT (x̂, y))
∂TV (λ, y)

∂λ

∣∣∣∣
λ=f�(x̂,y,ŵ�)

−γ2ŵ� = 0, (8.83)

where
f�(x̂, y, ŵ�) = f(x̂) + g1(x̂)ŵ

� + L(x̂, y)(yk − h2(x̂)− k21(x̂)ŵ�),
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and

ŵ� =
1

γ2
(gT1 (x̂)− kT21(x̂)LT (x̂, y))

∂TV (λ, y)

∂λ

∣∣∣∣
λ=f�(x̂,y,ŵ�)

:= α0(x̂, ŵ
�, y). (8.84)

Moreover, since

∂2H

∂w2

∣∣∣∣
w=ŵ�

= (gT1 (x̂)− kT21(x̂)LT (x̂, y))
∂2V (λ, y)

∂λ2

∣∣∣
λ=f�(x̂,y,ŵ�)

(g1(x̂)− L(x̂, y)k21(x̂))− γ2I

is nonsingular about (x̂, w, y) = (0, 0, 0), equation (8.84) has a unique solution ŵ� = α(x̂, y),
α(0, 0) = 0 in the neighborhood N ×W × Y of (x,w, y) = (0, 0, 0) by the Implicit-function
Theorem [234].

Now substitute ŵ� in the expression for H(., ., ., .) (8.82), to get

H(x̂, y, ŵ�, L, V ) = V (f(x̂) + g1(x̂)ŵ
� + L(x̂, y)(y − h2(x̂)− k21(x̂)ŵ�), y)−

V (x̂, yk−1) +
1

2
(‖z̃‖2 − γ2‖ŵ�‖2)

and let
L� = argmin

L
{H(x̂, y, ŵ�, L, V )} . (8.85)

Then by Taylor’s theorem [267], we can expand H(., ., ., .) about (L�, ŵ�) as

H(x̂, y, w, L, V ) = H(x̂, y, ŵ�, L�, V ) +
1

2
(w − ŵ�)T ∂

2H

∂w2
(w,L�)(w − ŵ�) +

1

2
Tr

{
[In ⊗ (L− L�)T ]∂

2H

∂L2
(ŵ�, L)[Im ⊗ (L− L�)T ]

}
+

O(‖w − ŵ�‖3 + ‖L− L�‖3). (8.86)

Thus, taking L� as in (8.85) and ŵ� = α(x̂, y) and if the conditions

∂2H

∂w2
(x̂, y, w, L�, V )

∣∣∣∣
(x̂=0,w=0)

< 0, (8.87)

∂2H

∂L2
(x̂, y, ŵ�, L, V )

∣∣∣∣
(x̂=0,w=0)

> 0 (8.88)

hold, we see that the saddle-point conditions

H(w,L�) ≤ H(ŵ�, L�) ≤ H(ŵ�, L) ∀L ∈ Mn×m, ∀w ∈ W
are locally satisfied. Moreover, setting

H(x̂, y, ŵ�, L�, V ) = 0

gives the DHJIE:

V (f(x̂) + g1(x̂)α(x̂, y) + L�(x̂, y)(y − h2(x̂)− k21(x̂)α(x̂, y)), y)− V (x̂, yk−1)+
1
2‖z̃(x̂)‖2 − 1

2γ
2‖α(x̂, y)‖2 = 0, V (0, 0) = 0, x̂, y ∈ N × Y. (8.89)

Consequently, we have the following result.

Proposition 8.5.1 Consider the discrete-time nonlinear system (8.78) and the DHINLFP
for it. Suppose Assumption 8.5.1 holds, the plant Σda is locally asymptotically-stable about
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the equilibrium point x = 0 and zero-input observable. Further, suppose there exists a
C2 positive-semidefinite function V : N × Y → �+ locally defined in a neighborhood
N × Y ⊂ X × Y of the origin (x̂, y) = (0, 0), and a matrix function L : N × Y →Mn×m,
satisfying the DHJIE (8.89) together with the side-conditions (8.85), (8.87), (8.88). Then

the filter Σdacef1 solves the DHINLFP for the system locally in N .

Proof: The first part of the theorem on the existence of the saddle-point solutions (ŵ�, L�)
has already been shown above. It remains to show that the �2-gain condition (8.79) is
satisfied and the filter provides asymptotic estimates.

For this, let V ≥ 0 be a C2 solution of the DHJIE (8.89) and reconsider equation (8.86).
Since the conditions (8.87) and (8.88) are satisfied about x̂ = 0, by the Inverse-function
Theorem [234], there exists a neighborhood U ⊂ N ×W of (x̂, w) = (0, 0) for which they
are also satisfied. Consequently, we immediately have the important inequality

H(x̂, y, w, L�, V ) ≤ H(x̂, y, ŵ�, L�, V ) = 0 ∀x̂ ∈ N, ∀y ∈ Y, ∀w ∈ W
⇐⇒ V (x̂k+1, yk)− V (x̂k, yk−1) ≤ 1

2γ
2‖wk‖2 − 1

2‖z̆k‖2. (8.90)

Summing now from k = k0 to ∞, we get that the �2-gain condition (8.79) is satisfied:

V (x̂∞, y∞) +
1

2

∞∑
k0

‖z̆k‖2 ≤ 1

2

∞∑
k=k0

γ2‖wk‖2 + V (xk0 , yk0−1). (8.91)

Moreover, setting wk ≡ 0 in (8.90), implies that V (x̂k+1, yk)− V (x̂k, yk−1) ≤ − 1
2‖z̃k‖2 and

hence the estimator dynamics is stable. In addition,

V (x̂k+1, yk)− V (x̂k, yk−1) ≡ 0 =⇒ z̃ ≡ 0 =⇒ y = h2(x̂) = ŷ.

By the zero-input observability of the system Σda, this implies that x = x̂. �

8.5.1 2-DOF Proportional-Derivative (PD) CEFs

Next, we extend the above certainty-equivalent design to the 2-DOF case. In this regard,
we assume that the time derivative yk− yk−1 is available (or equivalently yk−1 is available),
and consider the following class of filters:

Σdacef2 :

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

x́k+1 = f(x́k) + g1(x́k)ẃ
�(x́k) + Ĺ1(x́k, yk, yk−1)(yk − h2(x́k)−

k21(x́k)ẃ
�(x́k)) + Ĺ2(x̀k, yk, yk−1)(yk − yk−1 − h2(x́k)+

h2(x́k−1))

źk =

[
h2(x́k)

h2(x́k)− h2(x́k−1)

]
z̃k =

[
yk − h2(x́k)

(yk − yk−1)− (h2(x́k)− h2(x́k−1))

]
where ź ∈ �m is the estimated output of the filter, z̃ ∈ �s is the error or penalty variable,
while Ĺ1 : X × X × Y × Y →Mn×m, Ĺ2 : X × X × Y × Y →Mn×m are the proportional
and derivative gains of the filter respectively, and all the other variables and functions have
their corresponding previous meanings and dimensions. As in the previous section, we can
define the corresponding Hamiltonian function H́ : X ×W ×Mn×m ×Mn×m ×� → � for
the filter as

H́(x́, ẃ, Ĺ1, Ĺ2, V́ ) = V́ (f́(x́, x́k−1, y, yk−1), x́, y)− V́ (x́, x́k−1, yk−1) +
1

2
(‖z̃‖2 − γ2‖ẃ‖2)

(8.92)
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for some smooth function Ṽ : X × X × Y × Y → � and where

f́(x́, x́k−1, y, yk−1) = f(x́) + g1(x́)ẃ + Ĺ1(x́, x́k−1, y, yk−1)[y − h2(x́)− k21(x́)ẃ] +
Ĺ2(x́, x́k−1, y, yk−1)[y − yk−1 − (h2(x́)− h2(x́k−1)].

Notice that, in the above and subsequently, we only use the subscripts k, k−1 to distinguish
the variables, otherwise, the functions are smooth in the variables x́, x́k−1, y, yk−1, ẃ, etc.

Similarly, applying the necessary condition for the worst-case noise, we have

ẃ� =
1

γ2
(gT1 (x́)− kT21(x́)ĹT1 (x́, x́k−1, y, yk−1))

∂T V́ (λ, x́, y)

∂λ

∣∣∣∣∣
λ=f́(x́,.,.,.)

:= α1(x́, x́k−1, ẃ
�, y, yk−1). (8.93)

Morever, since

∂2H́

∂w2
= (gT1 (x́)− kT21(x́)ĹT1 (x́, ., ., .))

∂2V́ (λ, x́, y)

∂λ2

∣∣∣
λ=f́(x́,.,.,.)

(g1(x́)− Ĺ1(x́, ., ., .)k21(x́))− γ2I

is nonsingular about (x́, x́k−1, ẃ, y, yk−1) = (0, 0, 0, 0, 0), then again by the Impilicit-function
Theorem, (8.93) has a unique solution ẃ� = ά(x́, x́k−1, yk, yk−1), ά(0, 0, 0, 0, 0) = 0 locally
about (x́, x́k−1, ẃ, y, yk−1) = (0, 0, 0, 0, 0).

Substitute now ẃ� into (8.92) to get

H́(x́, ẃ, Ĺ1, Ĺ2, V́ ) = V́ (f́(x́, ., ., .), x́, y)− V́ (x́, x́k−1, yk−1) +
1

2
(‖z̃‖2 − γ2‖ẃ�‖2) (8.94)

and let
[Ĺ�1 Ĺ�2] = arg min

Ĺ1,Ĺ2

{
H́(x́, ẃ�, Ĺ1, Ĺ2, V́ )

}
. (8.95)

Then, it can be shown using Taylor-series expansion similar to (8.86) and if the conditions

∂2H́

∂w2
(x́, ẃ, Ĺ�1, Ĺ

�
2, V́ )

∣∣∣∣∣
(x́=0,ẃ=0)

< 0 (8.96)

∂2H́

∂Ĺ2
1

(x́, ẃ�, Ĺ1, Ĺ
�
2, V́ )

∣∣∣∣∣
(x́=0,ẃ=0)

> 0 (8.97)

∂2H́

∂Ĺ2
2

(x́, ẃ�, Ĺ�1, Ĺ2, V́ )

∣∣∣∣∣
(x́=0,ẃ=0)

> 0 (8.98)

are locally satisfied, then the saddle-point conditions

H́(ẃ, Ĺ�1, Ĺ
�
2) ≤ H́(ẃ�, Ĺ�1, Ĺ

�
2) ≤ H́(ẃ�, Ĺ1, Ĺ2) ∀Ĺ1, Ĺ2 ∈ Mn×m, ∀w ∈ W ,

are locally satisfied also.
Finally, setting

H́(x́, ẃ�, Ĺ�1, Ĺ
�
2, V́

T
x́ ) = 0

yields the DHJIE

V́ (f́�(x́, x́k−1, y, yk−1), x́, y)− V́ (x́, x́k−1, yk−1)+
1

2
(‖z̃‖2−γ2‖ẃ�‖2) = 0, V́ (0, 0, 0, 0) = 0,

(8.99)
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where

f́�(x́, x́k−1, y, yk−1) = f(x́) + g1(x́)ẃ
� + Ĺ�1(x́, xk−1, y, yk−1)[y − h2(x́)− k21(x́)ẃ�] +

Ĺ�2(x́, xk−1, y, yk−1)[y − yk−1 − (h2(x́)− h2(x́k−1)].

With the above analysis, we have the following result.

Theorem 8.5.1 Consider the discrete-time nonlinear system (8.78) and the DHINLFP
for it. Suppose Assumption 8.5.1 holds, the plant Σda is locally asymptotically stable about
the equilibrium point x = 0 and zero-input observable. Further, suppose there exists a C2

positive-semidefinite function V́ : Ń × Ń × Ý → �+ locally defined in a neighborhood
Ń × Ń × Ý × Ý of the origin (x́, x́k−1, y) = (0, 0, 0), and matrix functions Ĺ1, Ĺ2 ∈ Mn×m,
satisfying the DHJIE (8.99) together with the side-conditions (8.93), (8.95), (8.97)-(8.98).

Then the filter Σdacef2 solves the DHINLFP for the system locally in Ń .

Proof: We simply repeat the steps of the proof of Proposition 8.5.1. �

8.5.2 Approximate and Explicit Solution

It is hard to appreciate the results of Sections 8.5, 8.5.1, since the filter gains L, Ĺi, i = 1, 2,
are given implicitly. Therefore, in this subsection, we address this difficulty and derive ap-
proximate explicit solutions. More specifically, we shall rederive explicitly the results of
Proposition 8.5.1 and Theorem 8.5.1. We begin with the 1-DOF filter Σdacef1 . Accordingly,
consider the Hamiltonian function H(., ., ., .) given by (8.82) and expand it in Taylor-series

about f(x̂) up to first-order. Denoting this approximation by Ĥ(., ., ., .) and the correspond-
ing values of L, V and w by L̂, V̂ , and ŵ respectively, we get

Ĥ(x̂, y, ŵ, L̂, V̂ ) =
{
V̂ (f(x̂), y) + V̂x̂f(x̂), y)[g1(x̂)ŵ + L̂(x̂, y)(y − h2(x̂)− k21(x̂)ŵ)]

+O(‖v̂‖2)
}
− V̂ (x̂, yk−1) +

1

2
(‖z̃‖2 − γ2‖ŵ‖2) (8.100)

where
v̂ = g1(x̂)ŵ + L(x̂, y)(y − h2(x̂)− k21(x̂)ŵ),

lim
ṽ→0

O(‖v̂‖2)
‖v̂‖2 = 0.

Now applying the necessary condition for the worst-case noise, we get

∂Ĥ

∂w

∣∣∣∣∣
ŵ=ŵ�

= gT1 (x̂)V̂
T
x̂ (f̂(x̂), y)− kT21(x)L̂T (x̂)V̂ Tx̂ (f(x̂), y)− γ2ŵ� = 0

=⇒ ŵ� :=
1

γ2
[gT1 (x̂)V̂

T
x̂ (f(x̂), y)− kT21(x̂)L̂T (x̂)V̂ Tx̂ (f(x̂), y)]. (8.101)

Consequently, substituting ŵ� into (8.100) and assuming the conditions of Assumption 8.5.1
hold, we get

Ĥ(x̂, y, ŵ�, L̂, V̂ ) ≈ V̂ (f(x̂), y) +
1

2γ2
V̂x̂(f(x̂), y)g1(x̂)g

T
1 (x̂)V̂

T
x̂ (f(x̂), y)−

V̂ (x̂, yk−1) + V̂x̂(f(x̂), y)L̂(x̂, y)(y − h2(x̂)) +
1

2γ2
V̂x̂(f(x̂), y)(x̂)L̂(x̂, y)L̂

T (x̂, y)V̂ Tx̂ (f(x̂), y) +
1

2
‖z̃‖2.
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Next, we complete the squares with respect to L̂ in Ĥ(., ., ŵ�, .) to minimize it, i.e.,

Ĥ(x̂, y, ŵ�, L̂, V̂ ) ≈ V̂ (f(x̂), y) +
1

2γ2
V̂x̂(f(x̂), y)g1(x̂)g

T
1 (x̂)V̂

T
x̂ (f(x̂), y)− V̂ (x̂, yk−1) +

1

2γ2

∥∥∥L̂T (x̂, y)V̂ Tx̂ (f(x̂)) + γ2(y − h2(x̂))
∥∥∥2 − γ2

2
‖y − h2(x̂)‖2 + 1

2
‖z̃‖2.

Thus, setting L̂� as

V̂x̂(f(x̂), y)L̂
�(x̂) = −γ2(y − h2(x̂))T , x̂ ∈ N̂ (8.102)

minimizes Ĥ(., ., ., .) and renders the saddle-point condition

Ĥ(ŵ�, L̂�) ≤ Ĥ(ŵ�, L̂) ∀L̂ ∈Mn×m

satisfied.
Substitute now L̂� as given by (8.102) in the expression for Ĥ(., ., ., .) and complete the

squares in ŵ to obtain:

Ĥ(x̂, ŵ, L̂�, V̂ ) = V̂ (f(x̂), y)− 1

2γ2
V̂x̂(f(x̂), y)L̂(x̂, y)L̂

T (x̂, y)V̂ Tx̂ (f(x̆), y)− V̂ (x̂, yk−1) +

1

2γ2
V̂x̂(f(x̂), y)g1(x̂)g

T
1 (x̂)V̂

T
x̂ (f(x̂), y) +

1

2
‖z̃‖2 −

γ2

2

∥∥∥ŵ − 1

γ2
gT1 (x̂)V̂

T
x̂ (f(x̂), y)− 1

γ2
kT21(x̂)L̂

T (x̂)V̂ Tx̂ (f(x̂), y)
∥∥∥2.

Similarly, substituting ŵ = ŵ� as given in (8.101), we see that the second saddle-point
condition

Ĥ(ŵ�, L̂�) ≥ Ĥ(w, L̂�), ∀ŵ ∈ W
is also satisfied. Therefore, the pair (ŵ�, L̂�) constitute a unique saddle-point solution to the
two-person zero-sum dynamic game corresponding to the Hamiltonian Ĥ(., ., ., .). Finally,
setting

Ĥ(x̂, ŵ�, L̂�, V̂ ) = 0

yields the following DHJIE:

V̂ (f(x̂), y)− V̂ (x̂, yk−1) +
1

2γ2 V̂x̂(f(x̆), y)g1(x̂)g
T
1 (x̂)V̂

T
x̂ (f(x̂), y)−

1
2γ2 V̂x̂(f(x̂), y)L̂(x̂, y)L̂

T (x̂, y)V̂ Tx̂ (f(x̂), y)+

1
2 (y − h2(x̂))T (y − h2(x̂)) = 0, Ṽ (0, 0) = 0, x̂ ∈ N̂ (8.103)

or equivalently the DHJIE:

V̂ (f(x̂), y)− V̂ (x̂, y) + 1
2γ2 V̂x̂(f(x̂), y)g1(x̂)g

T
1 (x̂)V̂

T
x̂ (f(x̂), y)−

γ2

2 (y − h2(x̂))T (y − h2(x̂)) + 1
2 (y − h2(x̂))

T (y − h2(x̂)) = 0, V̂ (0, 0) = 0. (8.104)

Consequently, we have the following approximate counterpart of Proposition 8.5.1.

Proposition 8.5.2 Consider the discrete-time nonlinear system (8.78) and the DHINLFP
for it. Suppose Assumption 8.5.1 holds, the plant Σda is locally asymptotically-stable about
the equilibrium point x = 0 and zero-input observable. Further, suppose there exists a
C1 positive-semidefinite function V̂ : N̂ × Ŷ → �+ locally defined in a neighborhood
N̂ × Ŷ ⊂ X × Y of the origin (x̂, y) = (0, 0), and a matrix function L̂ : N̂ × Ŷ →Mn×m,
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satisfying the following DHJIE (8.103) or (8.104) together with the side-conditions (8.102).

Then, the filter Σdacef1 solves the DHINLFP for the system locally in N̂ .

Proof: The first part of the theorem on the existence of the saddle-point solutions (ŵ�, L̂�)
has already been shown above. It remains to show that the �2-gain condition (8.79) is
satisfied and the filter provides asymptotic estimates.

Accordingly, assume there exists a smooth solution V̂ ≥ 0 to the DHJIE (8.103), and

consider the time variation of V̂ along the trajectories of the filter Σdacef1 , (8.80), with

L̂ = L̂�, i.e.,

V̂ (x̂k+1, y) = V̂ (f(x̂) + v̂), ∀x̂ ∈ N̂, ∀y ∈ Ŷ , ∀ŵ ∈ W
≈ V̂ (f(x̂), y) + V̂x̂(f(x̂), y)g1(x̂)ŵ + V̂x̂(f(x̂), y)[L̂

�(x̂, y)(y − h2(x̂)− k21(x̂)ŵ)]
= V̂ (f(x̂), y) +

1

2γ2
V̂x̂(f(x̂), y)g1(x̂)g

T
1 (x̂)V̂

T
x̂ (f(x̂), y) +

V̂x̂(f(x̂), y)L̂
�(x̂, y)(y − h2(x̂))− γ2

2
‖ŵ − ŵ�‖2 +

γ2

2
‖ŵ‖2 + 1

2γ2
V̂x̂(f(x̂), y)L̂

�(x̂, y)L̂�
T

(x̂, y)V̂ Tx̂ (f(x̂), y)

= V̂ (f(x̂), y) +
1

2γ2
V̂x̂(f(x̂))g1(x̂)g

T
1 (x̂)V̂

T
x̂ (f(x̂), y) +

γ2

2
‖ŵ‖2 −

γ2

2
‖ŵ − ŵ�‖2 − 1

2γ2
V̂x̂(f(x̂), y)L̂

�(x̂)L̂�
T

(x̂)V̂ Tx̂ (f(x̂), y)

≤ V̂ (x̂, yk−1) +
γ2

2
‖ŵ‖2 − 1

2
‖z̃‖2 ∀x̂ ∈ N̂ , y ∈ Ŷ , ∀w ∈ W ,

where use has been made of the Taylor-series approximation, equation (8.102), and the
DHJIE (8.103). Finally, the above inequality clearly implies the infinitesimal dissipation
inequality [183]:

V̂ (x̂k+1, yk)− V̂ (x̂k, yk−1) ≤ 1

2
γ2‖ŵ‖2 − 1

2
‖z̃‖2 ∀x̂ ∈ N̂ , ∀y ∈ Ŷ , ∀ŵ ∈ W .

Therefore, the filter (8.80) provides locally �2-gain from ŵ to z̃ less or equal to γ. The
remaining arguments are the same as in the proof of Proposition 8.5.1. �

Next, we extend the above approximation procedure to the 2-DOF filter Σdacef2 to arrive
at the following result which is the approximate counterpart of Theorem 8.5.1.

Theorem 8.5.2 Consider the discrete-time nonlinear system (8.78) and the DHINLFP
for it. Suppose Assumption 8.5.1 holds, the plant Σda is locally asymptotically-stable about
the equilibrium point x = 0 and zero-input observable. Further, suppose there exists a C1

positive-semidefinite function V̂ : N̂ × N̂ × Ŷ → �+ locally defined in a neighborhood

N̂ × N̂ × Ŷ × Ŷ of the origin (x́, x́k−1, y) = (0, 0, 0), and matrix functions L̂1 ∈ Mn×m,
L̂2 ∈Mn×m, satisfying the DHJIE:

V̂ (f(x́), x́, yk) +
1

2γ2 V̂x́(f(x́), ., ., .)g1(x́)g
T
1 (x́)V̂

T
x́ (f(x́), ., ., .)−

V̂ (x́, x́k−1, yk−1) +
(1−γ2)

2 (y − h2(x́))T (y − h2(x́))−
1
2 (Δy −Δh2(x́))

T (Δy −Δh2(x́)) = 0, V̂ (0, ., 0) = 0 (8.105)

together with the coupling conditions

V̂x́(x́, ., .)L̂
�
1(x́, ., ., .) = −γ2(y − h2(x́))T (8.106)

V̂x́(x́, ., .)L̂
�
2(x́, ., ., .) = −(Δy −Δh2(x́))

T , (8.107)
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where Δy = yk − yk−1, Δh2(x) = h2(xk) − h2(xk−1). Then the filter Σdacef2 solves the

DHINLFP for the system locally in N̂ .

Proof: (Sketch) We can similarly write the first-order Taylor-series approximation of H́ as

Ĥ(x́, ŵ, L̂1, L̂2, V̂ ) = V̂ (f(x́), x́, y) + V̂x́(f(x́), ., .)g1(x́)ẃ +

V̂x́(f(x́), ., .)L̂1(x́, ., ., .)(y − h2(x́)− k21(x́)ẃ) +
V̂x́(f(x́), ., .)L̂2(x́, ., ., .)(Δy −Δh2(x̀))−
V̂ (x́, x́k−1, yk−1) +

1

2
(‖z̃k‖2 − γ2‖ẃ‖2)

where ŵ, L̂1 and L̂2 are the corresponding approximate values of ẃ, Ĺ1 and Ĺ2 respectively.
Then we can also calculate the approximate estimated worst-case system noise, ŵ� ≈ ẃ�,
as

ŵ� =
1

γ2
[gT1 (x́)V̂

T
x́ (f(x́), ., .)− kT21(x́)L̂T1 (x́, ., ., )V̂ Tx́ (f(x́), ., .)].

Subsequently, going through the rest of the steps of the proof as in Proposition 8.5.2, we
get (8.106), (8.107), and setting

Ĥ(x́, ŵ�, L̂�1, L̂
�
2, V́

T
x́ ) = 0

yields the DHJIE (8.105). �
We consider a simple example.

Example 8.5.1 We consider the following scalar system

xk+1 = x
1
5

k + x
1
3

k

yk = xk + wk

where wk = w0k + 0.1 sin(20πk) and w0 is a zero-mean Gaussian white-noise.
We compute the approximate solutions of the DHJIEs (8.104) and (8.105) using an

iterative process and then calculate the filter gains respectively. We outline each case below.
1-DOF Filter

Let γ = 1 and since g1(x) = 0, we assume V̂ 0(x̂, y) = 1
2 (x̂

2 + y2) and compute

V̂ 1(x, y) =
1

2
(x̂

1
5 + x̂

1
3 )2 +

1

2
y2

V̂ 1
x (xk, yk) = (x̂

1
5

k + x̂
1
3

k )(
1

5
x̂

−4
5

k +
1

3
x̂

−2
3

k )

Therefore,

L(x̂k, yk) = − yk − h2(x̂k)
(x̂

1
2

k + x̂
1
3

k )(
1
5 x̂

−4
5

k + 1
3 x̂

−2
3

k )
.

The filter is then simulated with a different initial condition from the system, and the results
of the simulation are shown in Figure 8.8.

2-DOF Filter
Similarly, we compute an approximate solution of the DHJIE (8.105) starting with the initial

guess V̂ (x́, y) = 1
2 (x́

2 + y2) and γ = 1. Moreover, we can neglect the last term in (8.105)
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FIGURE 8.8
1-DOF Discrete-Time H∞-Filter Performance with Unknown Initial Condition; Reprinted
from Int. J. of Robust and Nonlinear Control, vol. 20, no. 7, pp. 818-833, c© 2010, “2-DOF
Discrete-time nonlinear H∞ filtering,” by M. D. S. Aliyu and E. K. Boukas, with permission
from Wiley Blackwell.

since it is negative; hence the approximate solution we obtain will correspond to the solution
of the DHJI-inequality corresponding to (8.105):

V̂ 1(x́, x́k−1, y) =
1

2
(x́

1
2 + x́

1
3 )2 +

1

2
x́2k−1 +

1

2
y2k−1

=⇒ V 1
x (x́k, x́k−1, yk−1) = (x́

1
2

k + x́
1
3

k )(
1

2
x́

−1
2

k +
1

3
x́

−2
3

k )

using an iterative procedure [23], and compute the filter gains as

L1(x́k, x́k−1, yk, yk−1) = − yk − h2(x́k)
(x́

1
2

k + x́
1
3

k )(
1
2 x́

−1
2

k + 1
3 x́

−2
3

k )
(8.108)

L2(x́k, x́k−1, yk, yk−1) = − (Δyk −Δh2(x́k))

(x́
1
2

k + x́
1
3

k )(
1
2 x́

−1
2

k + 1
3 x́

−2
3

k )
. (8.109)

This filter is simulated with the same initial condition as the 1-DOF filter above and the
results of the simulation are shown similarly on Figure 8.9. The results of the simulations
show that the 2-DOF filter has slightly improved performance over the 1-DOF filter.

8.6 Robust Discrete-Time Nonlinear H∞-Filtering

In this section, we discuss the robust H∞-filtering problem for a class of uncertain nonlinear
discrete-time systems described by the following model, and defined on X ⊂ �n:

ΣadΔ :

⎧⎨⎩ xk+1 = [A+ΔAk]xk +Gg(xk) +Bwk; xk0 = x0, k ∈ Z
zk = C1xk
yk = [C2 +ΔC2,k]xk +Hh(xk) +Dwk

(8.110)
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FIGURE 8.9
2-DOF Discrete-Time H∞-Filter Performance with Unknown Initial Condition; Reprinted
from Int. J. of Robust and Nonlinear Control, vol. 20, no. 7, pp. 818-833, c© 2010,“2-DOF
Discrete-time nonlinear H∞ filtering,” by M. D. S. Aliyu and E. K. Boukas, with permission
from Wiley Blackwell.

where all the variables have their previous meanings. In addition, A, ΔAk ∈ �n×n, G ∈
�n×n1 , g : X → �n1 , B ∈ �n×r, C1 ∈ �s×n, C2,ΔC2,k ∈ �m×n, and H ∈ �m×n2 ,
h : X → �n1 . ΔAk is the uncertainty in the system matrix A while ΔC2,k is the uncertainty
in the system output matrix C2 which are both time-varying. Moreover, the uncertainties
are matched, and belong to the following set of admissible uncertainties.

Assumption 8.6.1 The admissible uncertainties of the system are structured and matched,
and they belong to the following set:

Ξd,Δ =
{
ΔAk,ΔC2,k |ΔAk = H1FkE, ΔC2,k = H2FkE, FTk Fk ≤ I

}
where H1, H2, Fk, E are real constant matrices of appropriate dimensions, and Fk is an
unknown time-varying matrix.

Whereas the nonlinearities g(.) and h(.) satisfy the following assumption.

Assumption 8.6.2 The nonlinearies g(.) and h(.) are Lipschitz continuous, i.e., for any
x1, x2 ∈ X , there exist constant matrices Γ1, Γ2 such that:

g(0) = 0, (8.111)

‖g(x1)− g(x2)‖ ≤ ‖Γ1(x1 − x2)‖, (8.112)

‖h(x1)− h(x2)‖ ≤ ‖Γ2(x1 − x2)‖. (8.113)

for some constant matrices Γ1, Γ2.

The problem is then the following.



Nonlinear H∞-Filtering 243

Definition 8.6.1 (Robust Discrete-Time Nonlinear H∞ (Suboptimal) Filtering Problem
(RDNLHIFP)). Given the system (8.110) and a prescribed level of noise attenuation γ > 0,
find a causal filter Fk such that the �2-gain from (w, x0) to the filtering error (to be defined
later), z̃, is attenuated by γ, i.e.,

‖z̃‖�2 ≤ γ2
{
‖w‖�2 + x0R̃x0

}
,

and the error-dynamics (to be defined) is globally exponentially-stable for all (0, 0) �=
(w, x0) ∈ �2[k0,∞) ⊕ X and all ΔAk, ΔC2,k ∈ ΞdΔ, k ∈ Z where R̃ = R̃T > 0 is some
suitable weighting matrix.

Before we present a solution to the above filtering problem, we establish the following
bounded-real-lemmas for discrete-time-varying systems (see also Chapter 3) that will be
required in the proof of the main result of this section.

Consider the linear discrete-time-varying system:

Σdl :

{
˙̌xk+1 = Ǎkx̌k + B̌kw̌k, x̌k0 = x̌0

žk = Čkx̌k
(8.114)

where x̌k ∈ X is the state vector, w̌k ∈ �2([k0,∞),�r) is the input vector, žk ∈ �s is the
controlled output, and Ǎk, B̌k, Čk are bounded time-varying matrices. The induced �∞-
norm (or H∞(j�)-norm in the context of our discussion) from (w̌, x̌0) to žk for the above
system is defined by:

‖Σdl‖l∞ Δ
= sup

(w̌,x̌0)∈�2⊕X

‖ž‖2
‖w̌‖2 + x̌0T R̃x̌0

. (8.115)

Then, we have the following lemma.

Lemma 8.6.1 For the linear time-varying discrete-time system (8.114) and a given γ > 0,
the following statements are equivalent:

(a) the system is exponentially stable and ‖Σdl‖l∞ < γ;

(b) there exists a bounded time-varying matrix function Qk = QTk ≥ 0, ∀k ≥ k0 satisfying:

ǍkQkǍ
T
k −Qk+1 + γ−2ǍkQkČ

T
k (I − γ−2ČkQkČ

T
k )

−1ČkQkǍ
T
k + B̌kB̌

T
k = 0; Qk0 = R̃−1,

I − γ−2ČkQkČ
T
k > 0 ∀k ≥ k0

and the closed-loop system

x̌k+1 = [Ǎk + γ−2ǍkQkČ
T
k (I − γ−2ČkQkČ

T
k )

−1Čk]x̌k

is exponentially stable;

(c) there exists a scalar δ1 > 0 and a bounded time-varying matrix function P̌k = P̌ Tk ,
∀k ≥ k0 satisfying:

ǍkP̌k+1Ǎ
T
k − P̌k + γ−2ǍTk P̌k+1B̌k(I − γ−2B̌Tk P̌k+1B̌k)

−1B̌Tk P̌k+1Ǎk + ČTk Čk + δ1I < 0;

P̌k0 < γ2R̃,

I − γ−2B̌Tk P̌k+1B̌k > 0 ∀k ≥ k0.

Proof: (a) ⇔ (b) ⇒ (c) has been shown in Reference [280], Theorem 3.1. To show that

(a) ⇒ (c), we consider the extended output z� =

[
Čk√
δ1I

]
xk. By exponential stability of
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the system, and the fact that ‖Σdl0 ‖l∞ < γ, there exists a sufficiently small number δ1 > 0
such that ‖Σdl‖l∞ < γ for all (w, x0) ∈ �2 ⊕ X to z�. The result then follows again from
Theorem 3.1, Reference [280]. �

The following lemma gives the bounded-real conditions for the system (8.110).

Lemma 8.6.2 Consider the nonlinear discrete-time system ΣadΔ (8.110) satisfying Assump-
tions 8.6.1, 8.6.2. For a given γ > 0 and a weighting matrix R̃ = R̃T > 0, the system is
globally exponentially-stable and

‖z‖2l2 < γ{‖w‖2�2 + x0
T
R̃x0}

for any non-zero (x0, w) ∈ X ⊕ �2 and for all ΔAk if there exists scalars ε > 0, δ1 > 0 and
a bounded time-varying matrix function Qk = QTk > 0, ∀k ≥ k0 satisfying:

ATQk+1A−Qk + γ−2ATQk+1B1(I − γ−2BT1 Qk+1B1)
−1BT1 Qk+1A+ CT1 C1 +

ε2ETE + ΓT1 Γ1 + δ1I < 0;

Qk0 < γ2R̃, (8.116)

I − γ−2BT1 Qk+1B1 > 0 ∀k ≥ k0,

where
B1 =

[
B

γ

ε
H1 γG

]
.

Proof: The inequality (8.116) implies that Qk > δ1I ∀k ≥ k0. Moreover, since Qk is
bounded, there exists a scalar δ2 > 0 such that Qk ≤ δ2I ∀k ≥ k0. Now consider the
Lyapunov-function candidate:

V (x, k) = xTkQkxk

such that
δ1‖x‖2 ≤ V (x, k) ≤ δ2‖x‖2.

Then, it can be shown (using similar arguments as in the proof of Theorem 4.1, Reference
[279]) that along any trajectory of the free-system (8.110) with wk = 0 ∀k ≥ k0,

ΔV (x, k) = V (k + 1, x)− V (x, k) ≤ −δ1‖xk‖2.
Therefore, by Lyapunov’s theorem [157], the free-system is globally exponentially-stable. �

We now present the solution to RDNLHIFP for the class of nonlinear discrete-time
systems ΣdlΔ. For this, we need some additional assumptions on the system matrices.

Assumption 8.6.3 The system (8.110) matrices are such that

(a1) (C2, A) is detectable.

(a2) [D H2 H ] has full row-rank.

(a3) The matrix A is nonsingular.

Theorem 8.6.1 Consider the uncertain nonlinear discrete-time system (8.110) satisfying
the Assumptions 8.6.1-8.6.3. Given γ > 0 and R̃ = R̃T > 0, let ν > 0 be a small number
and suppose the following conditions hold:

(a) for some constant number ε > 0, there exists a stabilizing solution P = PT > 0 to the
stationary DARE:

ATPA− P + γ−2ATPB̃(I − γ−2B̃TPB̃)−1B̃TPA+ ET1 E1 + νI = 0 (8.117)
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such that P < γ2R̃ and I − γ−2B̃TPB̃ > 0, where

E1 = (ε2ETE + ΓT1 Γ1)
1
2 , B̃ =

[
B

γ

ε
H1 γG

]
.

(b) there exists a bounded time-varying matrix Sk = STk ≥ 0 ∀k ≥ k0, satisfying

Sk+1 = ÂSkÂ
T − (ÂSkĈ

T
1 + B̂D̂T

1 )(Ĉ1SkĈ
T
1 + R̂)−1(Ĉ1SkÂ

T + D̂1B̂
T ) + B̂B̂T ;

S0 = (R̃ − γ−2P )−1, (8.118)

I − γ−2M̂TSkM̂
T > 0 ∀k ≥ k0,

and the system

ρk+1 := A2kρk = [Â− (ÂSkĈ
T
1 + B̂D̂T

1 )(Ĉ1SkĈ
T
1 + R̂)−1Ĉ1]ρk (8.119)

is exponentially-stable, where

Â = A+ δAe := A+ γ−2B̄B̄T (P−1 − γ−2B̃B̃T )−1A

Ĉ2 = C2 + δC2e := C2 + γ−2D̄B̄T (P−1 − γ−2B̃B̃T )−1A

B̂ = [B̄Z γG 0], D̂ = [D̄Z 0 γH ]

Ĉ1 =

[
γ−1M̂

Ĉ2

]
, D̂1 =

[
0

D̂

]
, R̂ =

[ −I 0

0 D̂D̂T

]
B̄ =

[
B γ

εH1

]
, D̂ =

[
D γ

εH2

]
M̂ = [CT1 C1 + ΓTΓ]

1
2 , Γ = [ΓT1 ΓT2 ]

T

Z = [I + γ−2B̄T (P−1 − γ−2B̃B̃T )−1B̄]
1
2 .

Then, the RNLHIFP for the system is solvable with a finite-dimensional filter. Moreover,
if the above conditions are satisfied, a suitable filter is given by

Σdaf :

{
x̂k+1 = Âx̂+Gg(x̂) + L̂k[yk − Ĉ2x̂−Hh(x̂)], x̂k0 = 0

ẑ = C1x̂,
(8.120)

where L̂k is the gain-matrix and is given by

L̂k = (ÂŜkĈ
T
2 + B̂D̂T )(Ĉ2ŜkĈ

T
2 + D̂D̂T )−1 (8.121)

Ŝk = Sk + γ−2SkM̂T (I − γ−2M̂SkM̂
T )−1M̂Sk.

Proof:We note that, P−1−γ−2B̃B̃T is positive-definite since P > 0 and I−γ−2B̃TPB̃ > 0.
Thus, Z is welldefined. Similarly, I − γ−2M̂SkM̂

T > 0 ∀k ≥ k0 and together with Assump-
tion 8.6.3:(a2), imply that Ĉ1SkC

T
1 +R̂ is nonsingular for all k ≥ k0. Consequently, equation

(8.118) is welldefined.
Next, consider the filter Σdaf and rewrite its equation as:

x̂k+1 = (A+ δAe)x̂+Gg(x̂) + L̂k[yk − (C2 + δC2e)x̂ −Hh(x̂)], x̂k0 = 0

ẑk = C1x̂

where δAe and δC2e are defined above, and represent the uncertain and time-varying compo-
nents of A and C2 (i.e., ΔAk and ΔC2k) respectively, that are compensated in the estimator.
Then the dynamics of the state estimation error x̃k := xk − x̂k is given by⎧⎨⎩ x̃k+1 = [A+ δAe − L̂k(C2 + δC2e)]x̃+ [(ΔA− δAe)− L̂k(ΔC2 − δC2e)]xk

+(B − L̂kD)wk +G[g(xk)− g(x̂)]− L̂kH [h(xk)− h(x̂)], x̃k0 = x0
z̃ = C1x̃

(8.122)
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where z̃ := z − ẑ is the output estimation error. Now combine the system (8.110) and the
error-dynamics (8.122) into the following augmented system:

ηk+1 = (Aa +HaFkEa)ηk +Gaga(xk, x̂) +Bawk; ηk0 = [x0
T
x0
T
]T

ek = Caηk

where

η = [xT x̃T ]T

Aa =

[
A 0

−(δAe − L̂kδC2e) A+ δAe − L̂k(C2 + δC2e)

]
Ba =

[
B

B − L̂kD
]
, Ha =

[
H1

H1 − L̂kH2

]

Ga =

[
G 0 0

0 G −L̂kH
]
, ga(xk, x̂k) =

⎡⎣ g(xk)
g(xk)− g(x̂k)
h(xk)− h(x̂k)

⎤⎦
Ca = [0 C1], Ea = [E 0].

Then, by Assumption 8.6.2

‖ga(xk, x̂k) ≤ ‖Γ̂ηk‖, with Γ̂ = Blockdiag{Γ1, Γ}.

Further, define

Π =

[
Π11 Π12

ΠT12 Π22

]
= AaXkA

T
a −Xk+1 +AaXkĈ

T
k (I − ĈaXkĈ

T
a )

−1ĈaXkA
T
a +

B̂aB̂
T
a (8.123)

where

B̂a = [γ−1Ba ε−1Ha Ga], Ĉa =

[
Ê1 0

0 M̂

]
and Ê1 is such that

ÊT1 Ê1 = ε2ETE + V T1 V1 + νI.

Also, let Qk = γ−2Sk and

Xk =

[
P−1 0
0 Qk

]
.

Then by standard matrix manipulations, it can be shown that

Π11 = AP−1AT − P−1 + AP−1Ê1(I − Ê1P
−1ÊT1 )

−1Ê1P
−1AT + γ−2B̃B̃T

and

Π12 = −A(P − ÊT1 Ê1)
−1(δAe − L̂kδC2e)

T + γ−2BBT +

ε−2H1H
T
1 − (γ−2BDT + ε−2H1H

T
1 )L̂

T
k .

Moreover, since A is nonsingular, in view of (8.117) and the definition of δAe, δC2e, it
implies that

Π11 = 0, Π12 = 0.
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It remains to show that Π22 = 0. Using similar arguments as in Reference [89] (Theorem
3.1), it follows from (8.123) that Qk satisfies the DRE:

Qk+1 = ÂQ̂kÂ
T − (ÂQ̂kĈ

T + γ−2B̂D̂T )(ĈQ̂kĈ
T + γ−2D̂D̂T )−1(ĈQ̂kÂ

T +

γ−2D̂B̂T ) + γ−2B̂B̂T ; Qk0 = γ2R− P (8.124)

where
Q̂k = Qk +QkM̂

T (I − M̂QkM̂
T )−1M̂Qk.

Now, from (8.123) using some matrix manipulations we get

Π22 = ÂQ̂kÂ
T − (ÂQ̂kĈ

T + γ−2B̂D̂T )L̂k − L̂k(ĈQ̂kÂT + γ−2D̂B̂T ) +

L̂k(ĈQ̂Ĉ
T + γ−2D̂D̂T )L̂Tk + γ−2B̂B̂T

and the gain matrix L̂k from (8.121) can be rewritten as

L̂k = (ÂQ̂kĈ
T + γ−2B̂D̂T )(ĈQ̂kĈ

T + γ−2D̂D̂T )−1. (8.125)

Thus, from (8.124) and (8.125), it follows that T22 = 0, and hence we conclude from (8.123)
that

AaXkA
T
a −Xk+1 +AaXkĈ

T
a (I − ĈaXkĈ

T
a )

−1ĈaXkA
T
a + B̂aB̂

T
a = 0; X0 = R̂−1 (8.126)

where

R̂ =

[
P 0

0 γ2R̃− P
]
> 0.

Next, we show that, Xk is such that the time-varying system

ρk+1 = Âaρk = [Âa + (ÂaXkĈ
T
a (I − ĈaXkĈ

T
a )

−1Ĉa]ρk (8.127)

is exponentially-stable. Let

Âa :=

[
Ā 0
∗ A2k

]
where A2k is as defined in (8.119), ‘∗’ denotes a bounded but otherwise unimportant term,
and

Ā = A+ γ−2B̃(I − γ−2B̃P B̃)−1B̃TPA.

Ā is Schur-stable2 since P is a stabilizing solution of (8.117). Moreover, by exponential-
stability of the system (8.119), it follows that (8.127) is also exponentially-stable. Therefore,
Xk is the stabilizing solution of (8.124). Consequently, by Lemma 8.6.1 there exists a scalar
δ1 > 0 and a bounded time-varying matrix Yk = Y Tk > 0 ∀k ≥ k0 such that

ATa YkAa − Yk +ATa Yk+1B̂a(I − B̂Ta Yk+1B̂a)
−1B̂Ta Yk+1Aa + ĈTa Ĉa + δ1I < 0; Yk0 < R̂.

Noting that

ĈTa Ĉa = ĈTa Ĉa + ε2ETa Ea + Γ̂T Γ̂ +

[
νI 0
0 0

]
,

we see that Yk satisfies the following inequality:

ATa YkAa − Yk +ATa Yk+1B̂a(I − B̂Ta Yk+1B̂a)
−1B̂Ta Yk+1Aa + ĈTa Ĉa + ε2ETa Ea +

Γ̂T Γ̂ + δ1I < 0, Yk0 < R̂.

2Eigenvalues of Ā are inside the unit circle.
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In addition,
ηT0 R̂η0 = γ2xT0 R̃x0.

Finally, application of Lemma 8.6.2 and using the definition of B̂a imply that the error-
dynamics (8.122) are exponentially-stable and

‖z̃‖2�2 ≤ γ{‖w‖2�2‖+ xT0 R̃x0}

for all (0, 0) �= (x0, w) ∈ X ⊕ �2 and all ΔAk, ΔC2,k ∈ Ξd,Δ. �
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Sections 8.3 and 8.5 on 2-DOF and certainty equivalent filters are based on the References
[22, 23, 24]. In particular continuous-time and discrete-time 2-DOF proportional-integral
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in [22] and [24] respectively.
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while the discrete-time case in Section 8.6 is based on [279]. Lastly, comparison of simulation
results between the H∞ filter and the extended-Kalman-filter can be found in the same
references.



9

Singular Nonlinear H∞-Control and H∞-Control for
Singularly-Perturbed Nonlinear Systems

In this chapter, we discuss the singular nonlinear H∞-control problem. This problem arises
when the full control signal is not available in the penalty variable due to some rank-
deficiency of the gain matrix, and hence the problem is not well posed. The problem also
arises when studying certain robustness issues in parametric or multiplicative uncertain
systems.

Two approaches for solving the above problem are: (i) using the regular nonlinear H∞-
control techniques discussed in Chapters 5 and 6; and (ii) using high-gain feedback and/or
converting the problem to the problem of “almost-disturbance-decoupling” discussed also
in Chapter 5. We shall discuss both approaches in the chapter. We shall also discuss the
measurement-feedback problem. However, only the continuous-time problem for affine non-
linear systems will be presented. Moreover, the approaches are extensions to similar tech-
niques used for linear systems as discussed in References [237, 252, 253].

Another problem that is in the class of “singular” problems is that of H∞-control of
singularly-perturbed systems. These class of systems possess fast and slow modes which are
weakly coupled. Such models are also used to represent systems with algebraic constraints,
and the solution to the system with constraint is found as the asymptotic limit of the
solution to an extended system without constraints. We shall study this problem in the
later part of the chapter.

9.1 Singular Nonlinear H∞-Control with State-Feedback

At the outset, we consider affine nonlinear systems defined on a state-space manifold X ⊂ �n
defined in local coordinates (x1, . . . , xn):

Σ̃a :

⎧⎨⎩
ẋ = f(x) + g1(x)w + g̃2(x)ũ; x(t0) = x0
z = h1(x) + k̃12(x)ũ
y = x

(9.1)

where u ∈ U ⊂ �p is the p-dimensional control input, which belongs to the set of admissible
controls U ⊂ L2([t0, T ],�p), w ∈ W is the disturbance signal, which belongs to the set
W ⊂ L2([t0, T ],�r) of admissible disturbances, the output y ∈ �m is the states-vector of
the system which are measured directly, and z ∈ �s is the output to be controlled. The
functions f : X → V∞X , g1 : X → Mn×r(X ), g̃2 : X → Mn×p(X ), h1 : X → �s, and
k̃12 : X → Mp×m(X ) are assumed to be real C∞-functions of x. Furthermore, we assume
that x = 0 is the only equilibrium of the system and is such that f(0) = 0, h1(0) = 0. We
also assume that the system is well defined, i.e., for any initial state x(t0) ∈ X and any
admissible input u ∈ U , there exists a unique solution x(t, t0, x0, u) to (9.1) on [t0,∞) which

249
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continuously depends on the initial conditions, or the system satisfies the local existence
and uniqueness theorem for ordinary differential equations [157].

The objective is to find a static state-feedback control law of the form

ũ = α̃(x), α̃(0) = 0 (9.2)

which achieves locally L2-gain from w to z less than or equal to γ� > 0 for the closed-loop
system (9.1), (9.2) and asymptotic-stability with w = 0.

The problem could have been solved by the techniques of Chapters 5 and 6, if not for the
fact that the coefficient matrix in the penalty variable k12 is not full-rank, and this creates
the “singularity” to the problem. To proceed, let κ = min rank{k21(x)} < p assumed to
be constant over the neighborhood M ⊂ X of x = 0. Then, it is possible to find a local
diffeomorphism1 (a local coordinate-transformation)

u = ϕ(x)ũ

which transforms the system (9.1) into

Σa :

⎧⎨⎩
ẋ = f(x) + g1(x)w + g2(x)u; x(t0) = x0
z = h1(x) + k12(x)u
y = x

(9.3)

with
g2(x) = g̃2(x)ϕ

−1(x), k12(x) = k̃12(x)ϕ
−1(x) = [D12 0] (9.4)

and D12 ∈ �s×κ, DT
12D12 = I. The control vector can now be partitioned conformably with

the partition (9.4) so that u =

[
u1
u2

]
, where u1 ∈ �κ, u2 ∈ �p−κ, and the system (9.3) is

represented as

Σa :

⎧⎨⎩
ẋ = f(x) + g1(x)w + g21(x)u1 + g22(x)u2; x(t0) = x0
z = h1(x) +D12u1
y = x,

(9.5)

where g2(x) = [g21(x) g22(x)], and g21, g22 have compatible dimensions. The problem can
now be more formally defined as follows.

Definition 9.1.1 (State-Feedback Singular (Suboptimal) Nonlinear H∞-Control Problem
(SFBSNLHICP)). For a given number γ� > 0, find (if possible!) a state-feedbback control
law of the form

u =

[
u1
u2

]
=

[
α21(x)
α22(x)

]
, α2j(0) = 0, j = 1, 2, (9.6)

such that the closed-loop system (9.5), (9.6) is locally asymptotically-stable with w = 0, and
has locally finite L2-gain from w to z less than or equal to γ�.

The following theorem gives sufficient conditions under which the SFBSNLHICP can
be solved using the techniques discussed in Chapter 5.

1A coordinate transformation that is bijective (therefore invertible) and smooth (or a smooth homeo-
morphism). A global diffeomorphism can be found if there exists a minor of k̃12 with constant rank κ for
all x ∈ X .
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Theorem 9.1.1 Suppose the state-feedback H∞-control problem for the subsystem

ẋ = f(x) + g1(x)w + g21(x)u1; x(t0) = x0
y = x
z = h1(x) + k12(x)u1, kT12(x)k12(x) = I, hT1 (x)k12(x) = 0

⎫⎬⎭ (9.7)

is solvable for a given γ > 0, with the control law

u�1 = −gT21(x)V Tx (x),

where V : M → � is a smooth positive-definite solution of the HJIE:

Vx(x)f(x) +
1

2
Vx(x)[

1

γ2
g1(x)g

T
1 (x) − g21(x)gT21(x)]V Tx (x) +

1

2
hT1 (x)h1(x) = 0, V (0) = 0.

(9.8)
In addition, suppose there exists a function α22 : M → �p−κ such that

Vx(x)g22(x)α22(x) ≤ 0 ∀x ∈M (9.9)

and the pair {f(x) + g22(x)α22(x), h1(x)} is zero-state detectable. Then, the state-feedback
control law

u =

[
u�1(x)
u�2(x)

]
=

[ −gT21(x)V Tx
α22(x)

]
(9.10)

solves the SFBSNLHICP for the system (9.1) in M .

Proof: Differentiating the solution V > 0 of (9.8) along a trajectory of the closed-loop
system (9.5) with the control law (9.10), we get upon using the HJIE (9.8):

V̇ = Vx(x)[f(x) + g1(x)w + g21(x)u1 + g22(x)u2]

= Vx(x)[f(x) + g1(x)w − g21(x)gT21(x)V Tx (x) + g22(x)α22(x)]

= Vx(x)f(x) + Vx(x)g1(x)w − Vx(x)g21(x)gT21(x)V T (x) + Vx(x)g22(x)α22(x)

≤ −1

2
Vx(x)g21(x)g

T
21(x)V

T
x (x)− 1

2
hT (x)h(x) +

1

2
γ2‖w‖2 −

γ2

2

∥∥∥∥w − gT1 (x)V
T
x (x)

γ2

∥∥∥∥2
≤ 1

2
(γ2‖w‖2 − ‖z‖2). (9.11)

Integrating now from t = t0 to t = T we have the dissipation-inequality

V (x(T ))− V (x0) ≤
∫ T

t0

1

2
(γ2‖w‖2 − ‖z‖2)dt

and therefore the system has L2-gain ≤ γ. Further, with w = 0, we get

V̇ ≤ −1

2
‖z‖2,

and thus, the closed-loop system is locally stable. Moreover, the condition V̇ ≡ 0 for all
t ≥ tc, for some tc ≥ t0, implies that z ≡ 0 and h1(x) ≡ 0, u�1(x) ≡ 0 for all t ≥ tc.
Consequently, it is a trajectory of ẋ = f(x)+g22(x)α22(x). By the zero-state detectability of
{f(x)+g22(x)α22(x), h1(x)}, this implies limt→∞ x(t) = 0. Finally, by LaSalle’s invariance-
principle, we conclude asymptotic-stability. �
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Remark 9.1.1 The above theorem gives sufficient conditions for the solvability of the
SFBSNLHICP for the case in which the regular SFBHICP for the subsystem (9.5)
is solvable. Thus, it follows that the control input u1, which is referred to as the “regular
control,” has enough power to provide disturbance attenuation and stability for the system;
while the remaining input u2, which is referred to as the “singular control” can be utilized
to achieve additional objectives such as transient performance. If however, this is not the
case, then some other approach must be used for solving the singular problem. One approach
converts the problem to the “almost-disturbance-decoupling problem” discussed in Chapter 5
[42], while another approach uses high-gain feedback. The latter approach will be discussed
in the next subsection.

Remark 9.1.2 Note that the condition (9.9) is fulfilled with u2 = 0. However, for any
other function u2 = α22(x) �= 0 which satisfies (9.9), we have that

‖Σa(u2 = α22(x) �= 0)‖L2 < ‖Σa(u2 = 0)‖L2 .

In fact, a better choice of u2 is

u2 = −R−1gT22(x)V
T
x (x)

for some weighting matrix R > 0.

9.1.1 State-Feedback Singular Nonlinear H∞-Control Using High-Gain
Feedback

In this subsection, we discuss an alternative approach to the SFBSNLHICP . For this
purpose, rewrite the system (9.3) in the form

Σa :

⎧⎪⎪⎨⎪⎪⎩
ẋ = f(x) + g1(x)w + g21(x)u1 + g22(x)u2; x(t0) = x0

z =

[
h1(x)
u1

]
y = x,

(9.12)

where all the variables and functions have their previous meanings, and consider the fol-
lowing auxiliary ε-perturbed version of it:

Σaε :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ = f(x) + g1(x)w + g21(x)u1 + g22(x)u2; x(t0) = x0

zε =

⎡⎣ h1(x)
u1√
εu2

⎤⎦
y = x.

(9.13)

Then we have the following proposition.

Proposition 9.1.1 Suppose there exists a feedback of the form (9.6) which solves the
SFBSNLHICP for the system (9.12) with finite L2-gain from w to α22. Then, the closed-
loop system (9.12), (9.6) has L2-gain ≤ γ if, and only if, the closed-loop system (9.13),
(9.6) has L2-gain ≤ γ for some sufficiently small ε > 0.

Proof: (⇒) By assumption, the L2-gain from w to α22 is finite (assume ≤ ρ <∞). Thus,∫ T

t0

ε‖α22(x(t))‖2 ≤ ερ2
∫ T

t0

‖w(t)‖2dt ∀T > 0.
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Moreover, the closed-loop system (9.12), (9.6) has L2-gain ≤ γ, therefore∫ T

t0

‖z(t)‖2 ≤ γ2
∫ T

t0

‖w(t)‖2dt ∀T > 0.

Adding the above two inequalities, we get∫ T

t0

‖z(t)‖2dt+ ε‖α22(x(t))‖2 ≤ γ2
∫ T

t0

‖w(t)‖2dt+ ερ2
∫ T

t0

‖w(t)‖2dt ∀T > 0.

Since w ∈ L2[0,∞) and ε is small, there exists a constant β < ∞ such that for all w ∈
L2[0,∞), ερ2

∫ T
t0
‖w(t)‖2dt < β. Therefore,∫ T

t0

‖zε(t)‖2dt ≤ γ2
∫ T

t0

‖w(t)‖2dt+ β,

and hence the result.
(⇐) This is straight-forward. Clearly∫ T

t0

‖zε(t)‖2dt ≤ γ2
∫ T

t0

‖w(t)‖2dt

=⇒
∫ T

t0

‖z(t)‖2dt ≤ γ2
∫ T

t0

‖w(t)‖2dt �

Based on the above proposition, we can proceed to design a regular stabilizing feedback for
the system (9.12) using the system (9.13). For this, we have the following theorem.

Theorem 9.1.2 Consider the nonlinear system Σa defined by (9.12) and the SFBSNLHICP
for it. Suppose there exists a C1 solution V ≥ 0 to the HJIE:

Vx(x)f(x) +
1

2
Vx(x)[

1

γ2
g1(x)g

T
1 (x) − g21(x)gT21(x)−

1

ε
g22(x)g

T
22(x)]V

T
x (x) +

1

2
hT1 (x)h1(x) = 0, V (0) = 0, (9.14)

for some γ > 0 and some sufficiently small ε > 0. Then the state-feedback

u =

[
u�1(x)
u�2(x)

]
= −

[
gT21(x)
1
εg
T
22(x)

]
V Tx (x) (9.15)

solves the SFBSNLHICP for the system.

Proof: It can be shown as in the proof of Theorem 9.1.1 that the state-feedback (9.15) when
applied to the system Σaε leads to a closed-loop system which is locally asmptotically-stable
and has L2-gain ≤ γ from w to zε. The result then follows by application of Proposition
9.1.1. �

We can specialize the result of Theorem 9.1.2 to the linear system

Σl :

⎧⎪⎪⎨⎪⎪⎩
ẋ = Ax+B1w +B21u1 +B22u2, x(t0) = x0

z =

[
C1x
u1

]
y = x,

(9.16)
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where all the variables have their previous meanings, and A ∈ �n×n, B1 ∈ �n×r, B21 ∈
�n×κ, B22 ∈ �n×p−κ, C1 ∈ �s×n are real constant matrices. We have the following corollary
to Theorem 9.1.2.

Corollary 9.1.1 Consider the linear system Σl defined by (9.16) and the SFBSNLHICP
for it. Suppose there exists a symmetric solution P > 0 to the ARE:

ATP + PA+ P [
1

γ2
B1B

T
1 −B21B

T
21 −

1

ε
B22B

T
22]P + CT1 C1 + εQ = 0, (9.17)

for some matrix Q > 0, γ > 0 and some sufficiently small ε > 0. Then, the state-feedback

ul =

[
u�1,l
u�2,l

]
= −

[
BT21
1
εB

T
22

]
Px (9.18)

solves the SFBSNLHICP for the system.

Remark 9.1.3 Note that there is no assumption of detectability of (C1, A) in the above
corollary. This is because, since εQ + CT1 C1 > 0, there exists a C such that εQ + CT1 C1 =
CTC and (C,A) is always detectable.

9.2 Output Measurement-Feedback Singular Nonlinear H∞-Control

In this section, we discuss a solution to the singular nonlinear H∞-control problem for the
system Σa using a dynamic measurement-feedback controller of the form:

Σcdyn :

⎧⎨⎩ ξ̇ = η(ξ) + θ(ξ)y

u =

[
u1
u2

]
=

[
α21(ξ)
α22(ξ)

]
,

(9.19)

where ξ ∈ Ξ is the state of the compensator with Ξ ⊂ X a neighborhood of the origin,
η : Ξ → V∞(Ξ), η(0) = 0, and θ : Ξ →Mn×m are some smooth functions. The controller
processes the measured variable y of the plant (9.1) and generates the appropriate control
action u, such that the closed-loop system Σa◦Σcdyn has locally L2-gain from the disturbance
signal w to the output z less than or equal to some prescribed number γ� > 0 with internal
stability. This problem will be abbreviated as MFBSNLHICP .

To solve the above problem, we consider the following representation of the system (9.3)
with disturbances and measurement noise:

Σ̃a :

⎧⎪⎪⎨⎪⎪⎩
ẋ = f(x) + g1(x)w1 + g21(x)u1 + g22(x)u2; x(t0) = x0

z =

[
h1(x)
u1

]
y = h2(x) + w2,

(9.20)

where h2 : X → �m is a smooth matrix while all the other functions and variables have
their previous meanings. As in the previous section, we can proceed to design the controller
for the following auxiliary ε-perturbed version of the plant Σ̃a:

Σ̃aε :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ = f(x) + g1(x)w1 + g21(x)u1 + g22(x)u2; x(t0) = x0

z =

⎡⎣ h1(x)
u1√
εu2

⎤⎦
y = h2(x) + w2.

(9.21)
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Moreover, it can be shown similarly to Proposition 9.1.1, that under the assumption that
the L2-gain from w to u2 is finite, the closed-loop system (9.20), (9.19) has L2-gain ≤ γ if
and only if the closed-loop system (9.21), (9.19) has L2-gain ≤ γ. We can then employ the
techniques of Chapter 6 to design a “certainty-equivalent worst-case” dynamic controller
Σcdyn for the system. The following theorem gives sufficient conditions for the solvability of
the problem.

Theorem 9.2.1 Consider the nonlinear system Σ̃a and theMFBSNLHICP . Suppose for
some sufficiently small ε > 0 there exist smooth C2 solutions V ≥ 0 to the HJIE (9.14) and
W ≥ 0 to the HJIE:

Wx(x)f(x)+
1

2γ2
Wx(x)g1(x)g

T
1 (x)W

T
x (x)+

1

2
h1(x)h

T
1 (x)−

1

2
γ2hT2 (x)h2(x) = 0, W (0) = 0,

(9.22)
on M ⊂ X such that

f − g21gT21V Tx −
1

ε
g22(x)g

T
22(x)V

T
x +

1

γ2
g1g

T
1 V

T
x is exponentially stable,

−
(
f +

1

γ2
g1g

T
1 W

T
x

)
is exponentially stable,

Wxx(x) > Vxx(x) ∀x ∈M.

Then, the dynamic controller defined by

Σcdyn :

⎧⎪⎪⎨⎪⎪⎩
ξ̇ = f(ξ)− g21(ξ)gT21(ξ)V Tξ (ξ)− 1

εg22(ξ)g
T
22(ξ)V

T
ξ (ξ)+

1
γ2 g1(ξ)g

T
1 (ξ)V

T
ξ (ξ) + γ2[Wξξ(ξ)− Vξξ(ξ)]−1 ∂h2

∂ξ (ξ)(y − h2(ξ))
u =

[
u1
u2

]
= −

[
gT21(ξ)
1
εg
T
22(ξ)

]
V Tξ (ξ)

(9.23)

solves the MFBSNLHICP for the system locally on M .

Proof: (Sketch). For the purpose of the proof, we consider the finite-horizon problem on the
interval [t0, T ], and derive the solution of the infinite-horizon problem by letting T → ∞.
Accordingly, we consider the cost-functional:

min
u∈U

max
w∈W

Jm(w, u) =
1

2

∫ T

t0

{‖u1‖2 + ε‖u2‖2 + ‖h1(x)‖2 − γ2‖w1‖2 − γ2‖w2‖2}dt

where u(τ) depends on y(τ), τ ≤ t. As in Chapter 6, the problem can then be split into two
subproblems: (i) the state-feedback subproblem; and (ii) the state-estimation subproblem.

Subproblem (i) has already been dealt with in the previous section leading to the feed-
backs (9.15). For (ii), we consider the certainty-equivalent worst-case estimator:

ξ̇ = f(ξ) + g1(ξ)α1(ξ) + g21(ξ)α21(ξ) + g22(ξ)α22(ξ) +Gs(ξ)(y − h2(ξ)),
where α1(x) = w� = 1

γ2 g1(x)g
T
1 (x)V

T
x (x) is the worst-case disturbance, α21(x) = u�1(x),

α22(x) = u�2(x) and Gs(.) is the output-injection gain matrix. Then, we can design the gain
matrix Gs(.) to minimize the estimation error e = y − h2(ξ) and render the closed-loop
system asymptotically-stable.

Acordingly, let ũ1(t), ũ2(t) and ỹ(t), t ∈ [t0, τ ] be a given pair of inputs and corresponding
measured output. Then, we consider the problem of maximizing the cost functional

J̃m(w, u) = V (x(τ), τ) +
1

2

∫ τ

t0

{‖ũ1‖2 + ε‖ũ2‖2 + ‖h1(x)‖2 − γ2‖w1‖2 − γ2‖w2‖2}dt,
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with respect to x(t), w1(t), w2(t), where V (x, τ) is the value-function for the first opti-
mization subproblem to determine the state-feedbacks, and subject to the constaint that
the output of the system (9.21) equals ỹ(t). Moreover, since w2 directly affects the obser-
vation y, we can substitute w2 = h2(x) − ỹ into the cost functional J̃m(., .) such that the
above constraint is automatically satisfied. The resulting value-function for this maximiza-
tion subproblem is then given by S(x, τ) = V (x, τ) −W (x, τ), where W ≥ 0 satisfies the
HJIE

Wt(x, t) +Wx(x, t)[f(x) + g21(x)ũ1(t) + g22(x)ũ2(t)] +
1
2h

T
1 (x)h1(x)

1
2γ2Wx(x, t)g1(x)g

T
1 (x)W

T
x (x, t) +− 1

2γ
2hT2 (x)h2(x) + γ2hT2 (x)ỹ(t)−

1
2γ

2‖ỹ(t)‖2 + 1
2‖ũ1(t)‖2 + 1

2ε‖ũ2(t)‖2 = 0, W (x, t0) = 0. (9.24)

Assuming that the maximum of S(., .) is determined by the condition Sx(ξ(t), t) = 0 and
that the Hessian is nondegenerate,2 then the corresponding state-equation for ξ can be
found by differentiation of Sx(ξ(t), t) = 0.

Finally, we obtain the controller which solves the infinite-horizon problem by letting
T →∞ while imposing that x(t)→ 0, and t0 → −∞ while x(t0)→ 0. A finite-dimensional
approximation to this controller is given by (9.23). �

9.3 Singular Nonlinear H∞-Control with Static Output-Feedback

In this section, we briefly extend the static output-feedback approach developed in Section
6.5 to the case of singular control for the affine nonlinear system. In this regard, consider
the following model of the system with the penalty variable defined in the following form

Σa1 :

⎧⎪⎪⎨⎪⎪⎩
ẋ = f(x) + g1(x)w + g̃2(x)ũ
y = h2(x)

z =

[
h1(x)

k̃12(x)ũ

]
,

(9.25)

where all the variables and functions have their previous meanings and dimensions, and
min rank{k12(x)} = κ < p (assuming it is constant for all x). Then as discussed in Section
9.1, in this case, there exists a coordinate transformation ϕ under which the system can be
represented in the following form [42]:

Σa2 :

⎧⎪⎪⎨⎪⎪⎩
ẋ = f(x) + g1(x)w + g21(x)u1 + g22(x)u2
y = h2(x)

z =

[
h1(x)
D12u1

]
, DT

12D12 = I,
(9.26)

where g2 = [g21(x) g22], D12 ∈ �s−κ×κ, u1 ∈ �κ is the regular control, and u2 ∈ �p−κ, is
the singular control. Furthermore, it has been shown that the state-feedback control law

u =

[
u1
u2

]
=

[ −gT21(x)Ṽ Tx (x)
α22(x)

]
, (9.27)

where α22(x) is such that
Ṽx(x)g22(x)α22(x) ≤ 0

2The Hessian is nondegenerate if it is not identically zero.



Singular Nonlinear H∞-Control and H∞-Control for Singularly-Perturbed Nonlinear Systems 257

and Ṽ > 0 is a smooth local solution of the HJIE (9.8), solves the state-feedback singular
H∞-control problem (SFBSNLHICP ) for the system (9.25) if the pair {f + g22α, h1} is
locally zero-state detectable. The following theorem then shows that, if the state-feedback
singular H∞-control problem is locally solvable with a regular control, then a set of condi-
tions similar to (6.91), (6.92) are sufficient to guarantee the solvability of the SOFBP.

Theorem 9.3.1 Consider the nonlinear system (9.25) and the singular H∞-control prob-
lem for this system. Suppose the SFBSNLHICP is locally solvable with a regular control
and there exist C0 functions F3 : Y ⊂ �m → �κ, φ3 : X2 ⊂ X → �p, ψ3 : Y → �p−κ such
that the conditions

F3 ◦ h2(x) = −gT21(x)Ṽ Tx (x) + φ3(x), (9.28)

Ṽx(x)[g21(x)φ3(x) + g22(x)ψ3(h2(x))] ≤ 0, (9.29)

are satisfied. In addition, suppose also the pair {f(x)+g22(x)ψ3 ◦h2(x), h1(x)} is zero-state
detectable. Then, the static output-feedback control law

u =

[
u1
u2

]
=

[
F3(y)
ψ3(y)

]
(9.30)

solves the singular H∞-control problem for the system locally.

Proof: Differentiating the solution Ṽ > 0 of (9.8) along a trajectory of the closed-loop
system (9.25) with the control law (9.30), we get upon using (9.28), (9.29) and the HJIE
(9.8):

˙̃V = Ṽx(x)[f(x) + g1(x)w + g21(x)(F3(h2(x)) + g22(x)ψ3(y)]

= Ṽx(x)[f(x) + g1(x)w − g21(x)gT21(x)Ṽ Tx (x) + g21(x)φ3(x) + g22(x)ψ3(y)]

= Ṽx(x)f(x) + Ṽx(x)g1(x)w − Ṽx(x)g21(x)gT21(x)Ṽ T (x) +
Ṽx(x)(g21(x)φ3(x) + ψ3(h2(x)))

≤ −1

2
Ṽx(x)g21(x)g

T
21(x)Ṽ

T (x) − 1

2
hT1 (x)h1(x) +

1

2
γ2‖w‖2 −

γ2

2

∥∥∥∥∥w − gT1 (x)Ṽ
T
x (x)

γ2

∥∥∥∥∥
2

≤ 1

2
(γ2‖w‖2 − ‖z‖2). (9.31)

Integrating now the above inequality from t = t0 to t = T we have the dissipation inequality

Ṽ (x(T ))− Ṽ (x0) ≤
∫ T

t0

1

2
(γ2‖w‖2 − ‖z‖2)dt

and therefore the system has L2-gain ≤ γ. Moreover, with w = 0, we get

˙̃V ≤ −1

2
‖z‖2,

and thus, the closed-loop system is locally stable. Moreover, the condition ˙̃V ≡ 0 for all
t ≥ tc, for some tc ≥ t0, implies that z ≡ 0 and h1(x) = 0, u�(x) = 0 for all t ≥ tc.
Consequently, it is a trajectory of ẋ = f(x)+ g22(x)ψ3(h2(x)). By the zero-state detectabil-
ity of {f(x) + g22(x)ψ3(h2(x)), h1(x)}, this implies limt→∞ x(t) = 0, and using LaSalle’s
invariance-principle we conclude asymptotic-stability. �
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On the other hand, if the singular problem is not solvable using the regular control
above, then it has been shown in Section 9.1.1 that a high-gain feedback can be used to
solve it. Thus, similarly, the results of Theorem 9.1.2 can be extended straightforwardly to
the static-output feedback design. It can easily be guessed that if there exist C0 functions
F4 : Y ⊂ �m → U , φ4 : X4 ⊂ X → �p, ψ4 : Y → �p−κ, such that the conditions

F4 ◦ h2(x) = −
[

gT21(x)
1
εg
T
22(x)

]
Ṽ Tx (x) + φ4(x), (9.32)

Ṽx(x)[g21(x)φ4(x) + g22(x)ψ4(h2(x))] ≤ 0, (9.33)

where Ṽ is a local solution of the HJIE (9.8), are satisfied, then the output-feedback control
law

u =

[
F4(y)
ψ4(y)

]
(9.34)

solves the singular H∞-control problem for the system locally.

9.4 Singular Nonlinear H∞-Control for Cascaded Nonlinear Sys-
tems

In this section, we discuss the SFBSNLHICP for a fairly large class of cascaded nonlinear
systems that are totally singular, and we extend some of the results presented in Section
9.1 to this case. This class of systems can be represented by an aggregate state-space model
defined on a manifold X ⊂ �n:

Σaagg :

⎧⎨⎩ ẋ = f(x) + g1(x)w + g2(x)u; x(t0) = x0
z = h(x)
y = x,

(9.35)

where all the variables have their previous meanings, while g1 : X →Mn×r, g2 : X → �n×p,
h : X → �s are C∞ function of x. We assume that the system has a unique equilibrium-
point x = 0, and f(0) = 0, h(0) = 0. In addition, we also assume that there exist local
coordinates [xT1 xT2 ] = [x1, . . . , xq, xq+1, . . . , xn], 1 ≤ q < n such that the system Σaagg can
be decomposed into

Σadec :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ1 = f1(x1) + g11(x1)w + g21(x1)h2(x1, x2) x1(t0) = x10
ẋ2 = f2(x1, x2) + g12(x1, x2)w + g22(x1, x2)u; x2(t0) = x20

z =

[
z1
z2

]
=

[
h1(x1)

h2(x1, x2)

]
y = x

(9.36)

where z1 ∈ �s1 , z2 ∈ �s2 , s1 ≥ 1, s = s1 + s2. Moreover, in accordance with the represen-
tation (9.35), we have

f(x) =

[
f1(x1) + g21(x1)z2

f2(x1, x2)

]
, g1(x) =

[
g11(x1)

g12(x1, x2)

]
,

g2(x) =

[
0

g22(x1, x2)

]
, h(x) =

[
h1(x1)

h2(x1, x2)

]
.
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The decomposition (9.36) can also be viewed as a cascade of two subsystems:

Σa1 :

{
ẋ = f1(x1) + g11(x1)w + g21(x1)z2;
z1 = h1(x1)

Σa2 :

{
ẋ2 = f2(x1, x2) + g12(x1, x2)w + g22(x1, x2)u
z2 = h2(x1, x2).

Such a model represents many physical dynamical systems we encouter everyday; for exam-
ple, in mechnical systems, the subsystem Σa1 can represent the kinematic subsystem, while
Σa2 represents the dynamic subsystem.

To solve the SFBSNLHICP for the above system, we make the following assumption.

Assumption 9.4.1 The SFBHICP for the subsystem Σa1 is solvable, i.e., there exists a
smooth solution P :M1 → �, P ≥ 0,M1 ⊂ X a neighborhood of x1 = 0 to the HJI-inequality

Px1(x1)f1(x1) +
1

2
Px1(x1)[

1

γ2
g11(x1)g

T
11(x1)− g21(x1)gT21(x1)]PTx1

(x1) +

1

2
hT1 (x1)h1(x1) ≤ 0, P (0) = 0, (9.37)

such that z2(x) viewed as the control is given by

z�2 = −gT21(x1)PTx1
(x1),

and the worst-case disturbance affecting the subsystem is also given by

w�1 =
1

γ2
gT11(x1)P

T
x1
(x1).

We can now define the following auxiliary system

Σ̄adec :

⎧⎨⎩
ẋ1 = f1(x1) + g11(x1)w̄ + g21(x1)z2 +

1
γ2 g11(x1)g

T
11(x1)P

T
x1
(x1)

ẋ2 = f2(x) + g12(x)w̄ + g22(x)u + 1
γ2 g12(x)g

T
11(x1)P

T
x1
(x1)

z̄ = z2 − z�2 = h2(x) + gT11(x1)P
T
x1
(x1).

(9.38)

where z̄ ∈ �s−s1 and

w̄ = w − 1

γ2
gT11(x1)P

T
x1
(x1).

Now define

h̄(x) = z̄ = z2 − z�2 = h2(x) + gT21(x1)P
T
x1
(x1)

f̄(x) =

[
f1(x1) + g1(x1)z2 +

1
γ2 g11(x1)g

T
11(x1)P

T
x1
(x1)

f2(x) +
1
γ2 g

T
12(x)g

T
11(x1)P

T
x1
(x1)

]
.

Then, (9.38) can be represented in the aggregate form

Σ̄aagg :

{
ẋ = f̄(x) + g1(x)w̄ + g2(x)u; f̄(0) = 0

z̄ = h̄(x), h̃(0) = 0,
(9.39)

and we have the following lemmas.

Lemma 9.4.1 For the system representations Σaagg (9.35) and Σ̄aagg (9.39), the following
inequality holds:

1

2
‖z̄‖2 ≥ Px1(x1)(f1(x1) + g21(x1)z2) +

1

2γ2
‖gT11(x1)PTx1

(x1)‖2 + 1

2
‖z‖2. (9.40)
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Proof: Note,

1

2
‖z̄‖2 =

1

2
‖z2 − z�2‖2 = Px1(x1)g21(x1)z2 +

1

2
‖z2‖2 + 1

2
‖gT21(x1)PTx1

(x1)‖2,

and from the HJI-inequality (9.37), we get

1

2
‖gT21(x1)PTx1

(x1)‖2 ≥ Px1(x1)f1(x1) +
1

2γ2
‖gT11(x1)PTx1

(x1)‖2 + 1

2
‖z1‖2.

Upon inserting this in the previous equation, the result follows. �

Lemma 9.4.2 Let Kγ : T �X × U × W → � be the pre-Hamiltonian for the system Σaagg
defined by

Kγ(x, p, u, w) = pT (f(x) + g1(x)w + g2(x)u) +
1

2
‖z‖2 − 1

2
γ2‖w‖2,

where (x1, . . . , xn)T , (p1, . . . , pn)T are local coordinates for T �X . Similarly, let K̄γ : T �X ×
U ×W → � be the pre-Hamiltonian for Σ̄aagg. Then

Kγ(x, p+ P Tx , u, w) ≤ K̄γ(x, p, u, w̄). (9.41)

Proof: We note that f̄(x) + g1(x)w̄ = f(x) + g1(x)w. Then

K̄γ(x, p, u, w̄) = pT (f̄(x) + g1(x)w̄ + g2(x)u) +
1

2
‖z̄‖2 − 1

2
γ2‖w̄‖2

= pT (f(x) + g1(x)w + g2(x)u) +
1

2
‖z̄‖2 − 1

2
γ2‖w̄‖2

≥ pT (f(x) + g1(x)w + g2(x)u) + Px1(x1)(f1(x1) + g1(x1)z2) +

1

2γ2
‖gT11(x1)Px1(x1)‖2 +

1

2
‖z‖2 − 1

2
γ2‖w̄‖2, (9.42)

where the last inequality follows from Lemma 9.4.1. Noting that

1

2
γ2‖w̄‖2 =

1

2
γ2
(
w − 1

2γ2
gT11(x1)P

T
x1
(x1)

)T (
w − 1

2γ2
gT11(x1)P

T
x1
(x1)

)
=

1

2
γ2‖w‖2 + 1

2γ2
‖gT11(x1)PTx1

(x1)‖2 − PTx1
(x1)g11(x1)w,

then substituting the above expression in the inequality (9.42), gives

K̄γ(x, p, u, w̄) ≥ pT (f(x) + g1(x)w + g2(x)u) + Px1(x1)(f1(x1) + g1(x1)z2 + g11(x1)w) +

1

2
‖z‖2 − 1

2
γ2‖w‖2

= Kγ(x, p+ Px1(x1), u, w). �

As a consequence of the above lemma, we have the following theorem.

Theorem 9.4.1 Let γ > 0 be given, and suppose there exists a static state-feedback control

u = α(x), α(0) = 0

that solves the SFBSNLHICP for the system Σ̄aagg such that there exists a C1 solution
W :M → �, W ≥ 0, M ⊂ X to the dissipation-inequality

K̄γ(x,W
T
x (x), α(x), w̄) ≤ 0, W (0) = 0, ∀w̄ ∈ W .
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Then, the same control law also solves the SFBSNLHICP for the system Σaagg and the
dissipation-inequality

Kγ(x, V
T
x (x), α(x), w) ≤ 0, V (0) = 0, ∀w ∈ W

is satisfied as well for a nonnegative C1 function V :M → �, such that V =W + P .

Proof: Substituting p =WT
x and u = α(x) in (9.41), we get

Kγ(x,W
T
x (x) + PTx , α(x), w) ≤ K̄γ(x,W

T
x (x), α(x), w̄) ≤ 0 ∀w̄ ∈ W (9.43)

=⇒ K̄γ(x, V
T
x (x), α(x), w) ≤ 0 ∀w ∈ W . (9.44)

Moreover, V (0) = 0 also, and a solution to the HJIE for the SFBHICP in Chapter 5. �

Remark 9.4.1 Again as a consequence of Theorem (9.4.1), we can consider the
SFBSNLHICP for the auxiliary system Σ̄aagg instead of that of Σaagg. The benefit of solv-
ing the former is that the penalty variable z̄ has lower dimension than z. This implies that,
while the s2×p matrix Lg2 h̄(x) may have full-rank, the s×p matrix Lg2h(x) is always rank
deficient. Consequently, the former can be strongly input-output decoupled by the feedback

u = L−1
g2 h̄(x)(v − Lf h̄(x)).

This feature will be used in solving the SFBSNLHICP .

The following theorem then gives a solution to the SFBSNLHICP for the system Σaagg.

Theorem 9.4.2 Consider the system Σ̄aagg and the SFBSNLHICP. Suppose s2 = p and the

s2 × s2 matrix Lg2 h̄(x) is invertible for all x ∈M . Let

C(x) = I +
s2
4γ2

D(x),

where
D(x) = diag

{‖LTg1 h̄1(x)‖2, . . . , ‖LTg1 h̄s2(x)‖2} .
Then, the state-feedback

u = α(x) = −Lg2 h̄(x)[Lf̄ h̄(x) + C(x)h̄(x)] (9.45)

renders the differential dissipation-inequality

K̄γ(x,W
T
x (x), α(x), w̄) ≤ 0, W (0) = 0, ∀w̄ ∈ W

satisfied for

W (x) =
1

4
h̄T (x)h̄(x).

Consequently, by Theorem 9.4.1, the same feedback control also solves the SFBSNLHICP
for the system Σaagg with

V (x) =
1

4
h̄T (x)h̄(x) + P (x)

satisfying
Kγ(x, V

T
x (x), α(x), w) ≤ 0, V (0) = 0 ∀w ∈ W .
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Proof: Consider the closed-loop system (9.39), (9.45). Then using completion of squares
(see also [199]), we have

K̄γ(x,W
T
x (x), α(x), w̄) = Wx(x)[f̄ (x) + g1(x)w̄ + g2(x)α(x)] − 1

2
γ2‖w̄‖2 + 1

2
‖z̄‖2

=
1

2
h̄T (x)[Lf̄ h̄(x) + Lg1 h̄(x)w̄ + Lg2 h̄(x)α(x)] −

1

2
γ2‖w̄‖2 + 1

2
‖z̄‖2

=
1

2
h̄T (x)[−C(x)h̄(x) + Lg1 h̄(x)w̄]−

1

2
γ2‖w̄‖2 + 1

2
‖z̄‖2

= −1

2

s2
4γ2

h̄T (x)D(x)h̄(x) +
1

2
h̄T (x)Lg1 h̄(x)w̄ −

1

2
γ2‖w̄‖2

= −1

2

s2
γ2

s2∑
i=1

[1
4
h̄2i (x)‖LTg1 h̄(x)‖2 −

γ2

s2
h̄i(x)Lg1 h̄(x)w̄ +

γ4

s22
‖w̄‖2

]
= −1

2

s2
γ2

s2∑
i=1

[∥∥∥∥12 h̄i(x)LTg1 h̄(x)− γ2

s2
w̄

∥∥∥∥2
]
≤ 0.

Moreover, W (0) = 0, since h̄(0) = 0, and the result follows. �
We apply the results developed above to a couple of examples.

Example 9.4.1 [88]. Consider the system Σaagg, and suppose the subsystem Σa1 is passive
(Chapter 3), i.e., it satisfies the KYP property:

V1,x1(x1)f1(x1) ≤ 0, V1,x1(x1)g21(x1) = hT1 (x1), V1(0) = 0

for some storage-function V1 ≥ 0. Let also

g11(x1) = cg21(x1), c ∈ �, and γ >
√
|c|.

Then the function

P1(x1) =
γ√

γ2 − c2V1(x1)

solves the HJI-inequality (9.37) and

z�2 = − γ√
γ2 − c2h1(x1).

Therefore,

f̄(x) =

⎡⎢⎣ f1(x1) + g21(x1)

(
z2 +

c2

γ
√
γ2−c2h1(x1)

)
f2(x) +

c2

γ
√
γ2−c2 g12(x)h1(x1)

⎤⎥⎦ (9.46)

h̄(x) = z2 +
γ√

γ2 − c2 . (9.47)

Example 9.4.2 [88]. Consider a rigid robot dynamics given by the following state-space
model:

Σar :

⎧⎪⎪⎨⎪⎪⎩
ẋ1 = x2
ẋ2 = −M̄−1[C(x1, x2)x2 + e(x1)] + M̄−1(x1)w + M̄−1(x1)u

z =

[
x1
x2

]
,

(9.48)
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where x1, x2 ∈ �n represent joint positions and velocities, M̄(x1) is the positive-definite
inertia matrix, C(x1, x2)x2 is the coriolis and centrifugal forces, while e(x1) is the gravity
load.

The above model Σar of the robot can be viewed as a cascade system with a kinematic
subsystem Σar1 represented by the state x1, and a dynamic subsystem represented by the state
x2. Moreover, g11(x1) = 0, c = 0, and applying the results of Theorem 9.4.2, we get

f̄(x) =

[
x2

−M̄−1(x1)(C(x1, x2)x2 + e(x1)

]
g2(x) = g1(x) =

[
0

M−1(x1)

]
, h̄(x) = x1 + x2.

Furthermore, s2 = m = n and Lg2 h̄(x) = M̄−1(x1) > 0 is nonsingular. Thus,

Lf h̄(x) = x2 − M̄−1(x1)(C(x1, x2)x2 + e(x1)),

Lg1 h̄(x) = M̄−1(x1),

and
D(x1) = diag{‖M̄−1

.1 (x1)‖2, . . . , ‖M̄−1
.m (x1)‖2}.

Therefore, by Theorem 9.4.2, the state-feedback

u = −M̄(x1)x2 + C(x1, x2)x2 + e(x1)− M̄(x1)

(
I +

n

4γ2
D(x1)

)
(x1 + x2)

= −k1(x1)x1 − k2(x1, x2)x2 + e(x1)

where the feedback gain matrices k1, k2 are given by

k1(x1) = M̄(x1)

(
I +

n

4γ2
D(x1)

)
,

k2(x1, x2) = −C(x1, x2) + M̄(x1)

(
2I +

n

4γ2
D(x1)

)
,

solves the SFBSNLHICP for the robot system. Moreover, the function

V (x) =
1

2
xT1 x1 +

1

4
(x1 + x2)

T (x1 + x2)

is positive-definite and proper. Consequently, the closed-loop system is globally asymptotically-
stable at x = 0 with w = 0.

9.5 H∞-Control for Singularly-Perturbed Nonlinear Systems

In this section, we discuss the state-feedback H∞-control problem for nonlinear singularly-
perturbed systems. Singularly-perturbed systems are those class of systems that are char-
acterized by a discontinuous dependence of the system properties on a small perturbation
parameter ε. They arise in many physical systems such as electrical power systems and
electrical machines (e.g., an asynchronous generator, a dc motor, electrical converters),
electronic systems (e.g., oscillators) mechanical systems (e.g., fighter aircrafts), biological
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systems (e.g., bacterial-yeast cultures, heart) and also economic systems with various com-
peting sectors. This class of systems has multiple time-scales, namely, a “fast” and a “slow”
dynamics. This makes their analysis and control more complicated than regular systems.
Nevertheless, they have been studied extensively [157, 165]. The control problem for this
class of systems is also closely related to the control problems that were discussed in the
previous sections.

We consider the following affine class of singularly-perturbed systems defined on X ⊂ �n:

Σasp :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ1 = f1(x1, x2) + g11(x1, x2)w + g21(x1, x2)u; x(t0) = x0
εẋ2 = f2((x1, x2) + g12(x1, x2)w + g22(x1, x2)u;

z =

[
h1(x1, x2)

u

]
y = x,

(9.49)

where x1 ∈ �n1 ⊂ X is the slow state, x2 ∈ �n2 ⊂ X is the fast state, u ∈ U ⊂ L2([t0, T ],�p)
is the control input, w ∈ W ⊂ L2([t0, T ],�r) is the disturbance input, z ∈ �s is the
controlled output, while y ∈ �m is the measured output and ε is a small parameter. The
functions fi : X × X → V∞X , gij : X × X → Mn×∗, i, j = 1, 2, ∗ = r if j = 1 or
∗ = p if j = 2, and h1 : X → �s are smooth C∞ functions of x = (xT1 , x

T
2 )
T . We also

assume that f1(0, 0) = 0 and h1(0, 0) = 0.
The problem is to find a static state-feedback control of the form

u = β(x), β(0) = 0, (9.50)

such that the closed-loop system (9.49), (9.50) has locally L2-gain from w to z less than or
equal to a given number γ� > 0 with closed-loop local asymptotic-stability. The following
result gives a solution to this problem, and is similar to the result in Chapter 6 for the
regular problem.

Proposition 9.5.1 Consider the system (9.49) and the state-feedback H∞-control problem
(SFBNLHICP) for it. Assume the system is zero-state detectable, and suppose for some
γ > 0 and each ε > 0, there exists a C2 solution V : M̃ → �, V ≥ 0, M̃ ⊂ X to the HJIE

Vx1(x)f1(x1, x2) + Vx2(x)f2(x) +
1

2
(V Tx1

(x) ε−1V Tx2
(x))

(
S11(x) S12(x)
S21(x) S22(x)

)
×(

Vx1(x)
ε−1Vx2(x)

)
+

1

2
hT1 (x)h1(x) = 0, V (0) = 0 (9.51)

where
Sij(x) = γ−2g1i(x)g

T
1j(x)− g2i(x)gT2j(x), i, j = 1, 2.

Then the state-feedback control

u� = −[gT21(x) ε−1gT22(x)]V
T
x (x) (9.52)

solves the SFBNLHICP for the system on M̃ , i.e., the closed-loop system (9.49), (9.52) has
L2-gain from w to z less than or equal to γ and is asymptotically-stable with w = 0.

Proof: Proof follows along similar lines as in Chapter 5 with the slight modification for the
presence of ε. �

The controller constructed above depends on ε which may present some computational
difficulties. A composite controller that does not depend on ε can be constructed as an
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asymptotic approximation to the above controller as ε→ 0. To proceed, define the Hamil-
tonian system corresponding to the SFBNLHICP for the system as defined in Section
5.1:

ẋ1 =
∂Hγ

∂p1
= F1(x1, p1, x2, p2)

ṗ1 = −∂Hγ

∂x1
= F2(x1, p1, x2, p2)

εẋ2 =
∂Hγ

∂p2
= F3(x1, p1, x2, p2)

εṗ2 = −∂Hγ

∂x2
= F4(x1, p1, x2, p2),

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (9.53)

with Hamiltonian function Hγ : T �X → � defined by

Hγ(x1, x2, p1, p2) = pT1 f1(x1, x2) + pT2 f2(x) +

1

2
(pT1 pT2 )

(
S11(x) S12(x)
S21(x) S22(x)

)(
p1
p2

)
+

1

2
hT1 (x)h1(x).

Let now ε→ 0 in the above equations (9.53), and consider the resulting algebraic equations:

F3(x1, p1, x2, p2) = 0, F4(x1, p1, x2, p2) = 0.

If we assume that Hγ is nondegenerate at (x, p) = (0, 0), then by the Implicit-function
Theorem [157] , there exist nontrivial solutions to the above equations

x2 = φ(x1, p1), p2 = ψ(x1, x2).

Substituting these solutions in (9.53) results in the following reduced Hamiltonian system:{
ẋ1 = F1(x1, p1, φ(x1, p1), ψ(x1, p1))
ṗ1 = F2(x1, p1, φ(x1, p1), ψ(x1, p1)).

(9.54)

To be able to analyze the asymptotic behavior of the above system and its invariant-
manifold, we consider its linearization of (9.49) about x = 0. Let Aij = ∂fi

∂xj
(0, 0),

Bij = gij(0, 0), Ci =
∂h1

∂xj
(0), i, j = 1, 2, so that we have the following linearization

Σlsp :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ1 = A11x1 +A12x2 +B11w +B21u; x(t0) = x0
εẋ2 = A21x1 +A22x2 +B12w +B22u;

z =

[
C1x1 + C2x2

u

]
y = x.

(9.55)

Similarly, the linear Hamiltonian system corresponding to this linearization is given by[
ẋ
ṗ

]
= H̄γ

[
x
p

]
, (9.56)

where H̄γ is the linear Hamiltonian matrix corresponding to (9.55) which is defined as

H̄γ =

[
H11 H12

ε−1H21 ε−1H22

]
,

and Hij are the sub-Hamiltonian matrices:

Hij =

[
Aij −Sij(0)

−CTi Ci −ATji

]
,
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with Sij = γ−2B1iB1j −B2iB2j .
The Riccati equations corresponding to the fast and slow dynamics are respectively given

by

AT22Xf +XfA22 −XfS22(0)Xf + CT2 C2 = 0, (9.57)

AT0Xs +XsA0 −X0S0X0 +Q0 = 0, (9.58)

where [
A0 −S0

−Q0 −AT0

]
= H11 −H12H

−1
22 H21.

Then it is wellknown [216] that, if the system (9.55) is stabilizable, detectable and does
not have invariant-zeros on the imaginary axis (this holds if the Hamiltonian matrix H̄γ is
hyperbolic [194]), then the H∞-control problem for the system is solvable for all small ε. In
fact, the control

ucl = −BT21Xsx1 −BT22(Xfx2 +Xcx1), (9.59)

Xc = [Xf − I]H−1
22 H21

[
I
Xs

]
which is ε-independent, is one such state-feedback. It is also well known that this feedback
controller also stabilizes the nonlinear system (9.49) locally about x = 0. The question is:
how big is the domain of validity of the controller, and how far can it be extended for the
nonlinear system (9.49)?

To answer the above question, we make the following assumptions.

Assumption 9.5.1 For a given γ > 0, the ARE (9.57) has a symmetric solution Xf ≥ 0
such that Acf = A22 − S22Xf is Hurwitz.

Assumption 9.5.2 For a given γ > 0, the ARE (9.58) has a symmetric solution Xs ≥ 0
such that Acs = A0 − S0Xs is Hurwitz.

Then, under Assumption 9.5.2 and the theory of ordinary differential-equations, the
system (9.54) has a stable invariant-manifold

M∗−
s = {x1, p1 = σs(x1) = Xsx1 +O(‖x1‖2)}, (9.60)

and the dynamics of the system (which is asymptotically-stable) restricted to this manifold
is given by

ẋ1 = F1(x1, σs(x1), φ(x1, σs(x1)), ψ(x1, σs(x1))), (9.61)

x1 in a small neighborhood of x = 0. Moreover, from (9.54), the function σ satisfies the
partial-differential equation (PDE)

∂σs
∂x1

F1(x1, σs(x1), φ(x1, σs(x1)), ψ(x1, σs(x1))) = F2(x1, σs(x1), φ(x1, σs(x1)),

ψ(x1, σs(x1))) (9.62)

which could be solved approximately using power-series expansion [193]. Such a solution
can be represented as

σs(x1) = Xsx1 + σs2(x1) + σs3(x1) + . . . (9.63)

where σsi(.), i = 2, . . . , are the higher-order terms, and σs1 = Xs. In fact, substituting
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(9.63) in (9.62) and equating terms of the same powers in x1, the higher-order terms could
be determined recursively.

Now, substituting the solution (9.60) in the fast dynamic subsystem, i.e., in (9.53), we
get for all x1 such that M̃ exists,

ẋ2 = F̄3(x1, x2, p2), ṗ2 = F̄4(x1, x2, p2),

where
F̄3(x1, x2, p2) = F3(x1, σs(x1), x2 + φ(x1, σs(x1), p2 + σs(x1)),

F̄4(x1, x2, p2) = F4(x1, σs(x1), x2 + φ(x1, σs(x1), p2 + σs(x1)).

The above fast Hamiltonian subsystem has a stable invariant-manifold

M∗−
f = {x2, p2 = ϑf (x1, x2)}

with asymptotically-stable dynamics

ẋ2 = F̄3(x1, σs(x1), x2, ϑf (x1, x2))

for all x1, x2 ∈ Ω neighborhood of x = 0. The function ϑf similarly has a representation
about x = 0 as

ϑf (x1, x2) = Xfx2 +O((‖x1‖+ ‖x2‖)‖x2‖)
and satisfies a similar PDE:

∂ϑ

∂x2
F̄3(x1, x2, ϑf (x1, x2)) = F̄4(x1, x2, ϑf (x1, x2)).

Consequently, ϑf (., .) has the following power-series expansion in powers of x2

ϑf (x1, x2)) = Xfx2 + ϑf2(x1, x2) + ϑf3(x1, x2) + . . .

where ϑfi, i = 2, 3, . . . denote the higher-order terms.
Finally, we can define the following composite controller

uc = −gT21(x)σs(x1)− gT22(x)[ψ(x1, σs(x1)) + ϑ(x1, x2 − φ(x1, σs(x1))] (9.64)

which is related to the linear composite controller (9.59) in the following way:

uc = ucl +O(‖x1‖+ ‖x2‖).
Thus, (9.64) solves the nonlinear problem locally in M̃ . Summing up the above analysis, we
have the following theorem.

Theorem 9.5.1 Consider the system (9.49) and the SFBNLHICP for it. Suppose Assump-
tions 9.5.1, 9.5.2 hold. Then there exist indices m1,m2 ∈ Z+ and an ε0 > 0 such that, for
all ε ∈ [0, ε0) the following hold:

(i) there exists a C2 solution V : Ωm1 × Ωm2 → �+, Ωm1 × Ωm2 ⊂ X to the HJIE (9.51)
whose approximation is given by

V (x1, x2) = V0(x1) +O(ε)

for some function V0 =
∫
σs(x1)dx1. Consequently, the control law (9.52) also has the

approximation:
u = uc +O(ε);
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(ii) the SFBNLHICP for the system is locally solvable on Ωm1 × Ωm2 by the composite
control (9.64);

(iii) the SFBNLHICP for the system is locally solvable on Ωm1×Ωm2 by the linear composite
control (9.59).

Proof: (i) The existence of a C2 solution to the HJIE (9.51) follows from linearization.
Indeed, V0 ≈ xTXsx ≥ 0 is C2.
(ii) Consider the closed-loop system (9.49), (9.64). We have to prove that Assumptions
9.5.1, 9.5.2 hold for the linearized system:

ẋ1 = Ã11x1 + Ã12x2 +B11w, ẋ2 = Ã21x1 + Ã22x2 +B12w, z = [C̃1 C̃2]x,

where C̃1 = [C1 BT21Xs − BT22Xc], C̃2 = [C2,−BT22Xf ]. This system corresponds to the
closed-loop system (9.55), (9.59) whose Hamiltonian system is also given similarly by (9.56)
with Hamiltonian matrix H̃γ , and where all matrices are replaced by “tilde” superscript,

with S̃ij = −γ2B1iB1j , i, j = 1, 2.
It should be noted that Assumptions 9.5.1, 9.5.2 imply that the fast and reduced

subsystems have stable invariant-manifolds. Setting ε = 0 and substituting p1 = Xsx1,
p2 = Xcx1+Xfx2 leads to the Hamiltonian system (9.56) with ε = 0. Therefore, p2 = Xfx2
and p1 = Xsx1 are the desired stable manifolds.
(iii) This proof is similar to (ii). �

9.6 Notes and Bibliography

The results of Sections 9.1-9.2 are based on the References [42, 194]. A detailed proof of The-
orem 9.2.1 can be found in [194]. Moreover, an alternative approach to theMFBSNLHICP
can be found in [176]. In addition, the full-information problem for a class of nonlinear sys-
tems is discussed in [43].

The material of Section 9.4 is based on the Reference [88]. Application of singular H∞-
control to the control of a rigid spacecraft can also be found in the same reference.

The results presented in Section 9.5 are based on References [104]-[106]. Results on
descriptor systems can also be found in the same references. In addition, robust control of
nonlinear singularly-perturbed systems is discussed in Reference [218].

Finally, the results of Section 9.3 are based on [27].



10

H∞-Filtering for Singularly-Perturbed Nonlinear
Systems

In this chapter, we discuss the counterpart filtering results for continuous-time singularly-
perturbed affine nonlinear systems. The linear H∞ filtering problem has been considered
by a number of authors [178, 246], and the nonlinear problem for fuzzy T-S models has also
been considered by a number of authors [39, 40, 41, 283]. This represents an interpolation of
a number of linear models for the aggregate nonlinear system. Thus, the filter equations can
be solved using linear-matrix inequalities (LMI) which makes the approach computationally
attractive.

However, the general affine nonlinear filtering problem has only been recently considered
by the authors [25, 26]. The results we present in this chapter represent a generalization of
the results of Chapter 9. But in addition, various classes of filter configuration are possible
in this case, ranging from decomposition to aggregate and to reduced-order filters.

10.1 Problem Definition and Preliminaries

We consider the following affine nonlinear causal state-space model of the plant which is
defined on X ⊆ �n1+n2 with zero control input:

Pasp :

⎧⎨⎩ ẋ1 = f1(x1, x2) + g11(x1, x2)w; x1(t0, ε) = x10
εẋ2 = f2(x1, x2) + g21(x1, x2)w; x2(t0, ε) = x20
y = h21(x1) + h22(x2) + k21(x1, x2)w

(10.1)

where x =

(
x1
x2

)
∈ X is the state vector with x1 the slow state which is n1-dimensional,

and x2 the fast, which is n2-dimensional; w ∈ W ⊆ L2([t0,∞),�r) is an unknown dis-
turbance (or noise) signal, which belongs to the set W of admissible exogenous inputs;
y ∈ Y ⊂ �m is the measured output (or observation) of the system, and belongs to Y, the
set of admissible measured-outputs; while ε > 0 is a small perturbation parameter.

The functions

(
f1
f2

)
: X → V∞(X ) ⊆ �2(n1+n2), g11 : X → Mn1×r(X ), g21 : X →

Mn2×r(X ), whereMi×j is the ring of i×j smooth matrices over X , h21, h22 : X → �m, and
k21 : X →Mm×r(X ) are real C∞ functions of x. Furthermore, we assume without any loss
of generality that the system (10.1) has an isolated equilibrium-point at (x1, x2) = (0, 0)
and such that f1(0, 0) = 0, f2(0, 0) = 0, h21(0, 0) = h22(0, 0) = 0. We also assume that
there exists a unique solution x(t, t0, x0, w, ε) ∀t ∈ � for the system for all initial conditions
x0, for all w ∈ W , and all ε ∈ �.

In addition, to guarantee local asymptotic-stability of the system (10.1) with w = 0, we
assume that (10.1) satisfies the conditions of Theorem 8.2, [157], i.e., there exists an ε� > 0
such that (10.1) is locally asymptotically-stable about x = 0 for all ε ∈ [0, ε�).

269
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The H∞-suboptimal local filtering/state estimation problem is redefined as in Chapter
8.

Definition 10.1.1 (Nonlinear H∞ (Suboptimal) Filtering Problem (NLHIFP)). Find a fil-

ter, F, for estimating the state x(t) from observations Yt
Δ
= {y(τ) : τ ≤ t} of y(τ) up to

time t, to obtain the estimate
x̂(t) = F(Yt),

such that the L2-gain from the input w to some suitable penalty variable z̃ is rendered less
or equal to a given number γ > 0, i.e.,∫ ∞

t0

‖z̃(τ)‖2dt ≤ γ2
∫ ∞

t0

‖w(τ)‖2dt, ∀w ∈ W , (10.2)

for all initial conditions x0 ∈ O ⊂ X . In addition, with w ≡ 0, we also have limt→∞ z̃ = 0.
Moreover, if the filter solves the problem for all x0 ∈ X , we say the problem is solved globally.

We shall also adopt the following definition of zero-input observability.

Definition 10.1.2 For the nonlinear system Pasp, we say that it is locally zero-input ob-
servable, if for all states x1, x2 ∈ U ⊂ X and input w(.) ≡ 0

y(t;x1, w) ≡ y(t;x2, w) =⇒ x1 = x2,

where y(., xi, w), i = 1, 2 is the output of the system with the initial condition x(t0) = xi.
Moreover, the system is said to be zero-input observable, if it is locally observable at each
x0 ∈ X or U = X .

10.2 Decomposition Filters

In this section, we present a decomposition approach to the H∞ state estimation problem.
As in the linear case [79, 178], we assume that there exists locally a smooth invertible
coordinate transformation (a diffeomorphism)

ξ1 = ϕ1(x), ϕ1(0) = 0, ξ2 = ϕ2(x), ϕ2(0) = 0, ξ1 ∈ �n1 , ξ2 ∈ �n2 , (10.3)

such that the system (10.1) can be decomposed into the form

P̃a
sp :

⎧⎨⎩
ξ̇1 = f̃1(ξ1) + g̃11(ξ)w; ξ1(t0) = ϕ1(x0)

εξ̇2 = f̃2(ξ2) + g̃21(ξ)w; ξ2(t0) = ϕ2(x0)

y = h̃21(ξ1) + h̃22(ξ2) + k̃21(ξ)w.

(10.4)

The necessary conditions that guarantee the existence of such a transformation are given
in [26]. Subsequently, we can proceed to design the filter based on this transformed model
(10.4) with the systems states partially decoupled. Accordingly, we propose the following
composite filter

Fa1c :

⎧⎪⎪⎪⎨⎪⎪⎪⎩
˙̂
ξ1 = f̃1(ξ̂1) + g̃11(ξ̂)ŵ

� + L̂1(ξ̂, y)(y − h̃21(ξ̂1)− h̃22(ξ̂2));
ξ̂1(t0) = ϕ1(0)

ε
˙̂
ξ2 = f̃2(ξ̂2) + g̃21(ξ̂)ŵ

� + L̂2(ξ̂, y)(y − h̃21(ξ̂1)− h̃22(ξ̂2));
ξ̂2(t0) = ϕ2(0).

(10.5)
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where ξ̂ ∈ X is the filter state, ŵ� is the certainty-equivalent worst-case noise, L̂1 ∈ �n1×m,
L̂2 ∈ �n2×m are the filter gains, while all the other variables have their corresponding
previous meanings and dimensions. We can then define the penalty variable or estimation
error as

z = y − h̃21(ξ̂1)− h̃22(ξ̂2). (10.6)

Similarly, the problem can then be formulated as a zero-sum differential game with the
following cost functional (Chapter 2):

min
L̂1 ∈ �n1×m,
L̂2 ∈ �n2×m

sup
w∈W

Ĵ1(L̂1, L̂2, w) =
1

2

∫ ∞

t0

[‖z‖2 − γ2‖w‖2]dt,

s.t. (10.5) and with w ≡ 0, lim
t→∞{ξ̂(t)− ξ(t)} = 0. (10.7)

A pair of strategies (L̂�, w�), L̂� = [L̂�1, L̂
�
2] is said to constitute a “saddle-point solution” to

the above game, if the following conditions are satisfied [57]:

Ĵ1(L̂
�, w) ≤ Ĵ1(L̂

�, w�) ≤ Ĵ1(L̂, w
�); ∀L̂1 ∈ �n1×m, L̂2 ∈ �n2×m, ∀w ∈ W . (10.8)

To proceed to find the above saddle-points, we form the Hamiltonian function Ĥ :
T �X × T �Y ×W ×�n1×m ×�n2×m → � corresponding to the above dynamic game:

Ĥ(ξ̂, y, w, L̂1, L̂2, V̂
T
ξ̂
, V̂ Ty ) = V̂ξ̂1(ξ̂, y)[f̃1(ξ̂1) + g̃11(ξ̂)w + L̂1(ξ̂, y)(y − h̃21(ξ̂1)−

h22(ξ̂2))] +
1

ε
V̂ξ̂2(ξ̂, y)[f̃2(ξ̂2) + g̃21(ξ)w +

L̂2(ξ̂, y)(y − h̃21(ξ̂1)− h22(ξ̂2))] + V̂y(ξ̂, y)ẏ +

1

2
(‖z‖2 − γ2‖w‖2) (10.9)

for some C1 function V̂ : X × Y → �. Then, applying the necessary condition for the
worst-case noise, we have

∂Ĥ

∂w

∣∣∣∣∣
w=ŵ�

= 0 =⇒ ŵ� =
1

γ2
[g̃T11(ξ̂)V̂

T
ξ̂1
(ξ̂, y) +

1

ε
g̃T21(ξ̂)V̂

T
ξ̂2
(ξ̂, y)]. (10.10)

Moreover, we note that

∂2Ĥ

∂w2
= −γ2I =⇒ Ĥ(ξ̂, y, w, L̂1, L̂2, V̂

T
ξ̂
, V̂ Ty ) ≤ Ĥ(ξ̂, y, ŵ�, L̂1, L̂2, V̂

T
ξ , V̂

T
y ) ∀w ∈ W .

Substituting now ŵ� in (10.9) and completing the squares for L̂1 and L̂2, we have

Ĥ(ξ̂, y, ŵ�, L̂1, L̂2, V̂
T
ξ̂
, V̂ Ty ) = V̂ξ̂1(ξ̂, y)f̃1(ξ̂1) +

1

ε
V̂ξ̂2 (ξ̂, y)f̃2(ξ̂2) + V̂y(ξ̂, y)ẏ +

1

2γ2
[V̂ξ̂1 (ξ̂, y)g̃11(ξ̂)g̃

T
11(ξ̂)V̂

T
ξ̂1
(ξ̂, y) +

1

ε
V̂ξ̂1(ξ̂, y)g̃11(ξ)g̃

T
21(ξ̂)V̂

T
ξ̂1
(ξ̂, y) +

1

ε
V̂ξ̂2 (ξ̂, y)g̃21(ξ)g̃

T
11(ξ̂)V̂

T
ξ̂1
(ξ̂, y) +

1

ε2
V̂ξ̂2(ξ̂, y)g̃21(ξ̂)g̃

T
21(ξ̂)V̂

T
ξ̂2
(ξ̂, y)] +

1

2

∥∥∥L̂T1 (ξ̂, y)V̂ Tξ̂1 (ξ̂, y) + (y − h̃21(ξ̂1)− h̃22(ξ̂2))
∥∥∥2 − 1

2
‖(y − h̃21(ξ̂1)− h̃22(ξ̂2))‖2 −

1

2
V̂ξ̂1 (ξ̂, y)L̂1(ξ̂, y)L̂

T
1 (ξ̂, y)V

T
ξ̂1
(ξ̂, y) +

1

2

∥∥∥∥1ε L̂T2 (ξ̂, y)V̂ Tξ̂2 (ξ̂, y) + (y − h̃21(ξ̂1)− h̃22(ξ̂2))
∥∥∥∥2 −

1

2
‖(y − h̃21(ξ̂1)− h̃22(ξ̂2))‖2 − 1

2ε2
V̂ξ̂2 (ξ̂, y)L̂2(ξ̂, y)L̂

T
2 (ξ̂, y)V̂

T
ξ̂2
(ξ̂, y) +

1

2
‖z‖2.
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Therefore, setting the optimal gains L̂�1(ξ̂, y), L̂
�
2(ξ̂, y) as

V̂ξ̂1(ξ̂, y)L̂
�
1(ξ̂, y) = −(y − h̃21(ξ̂1)− h̃22(ξ̂2))T (10.11)

1

ε
V̂ξ̂2(ξ̂, y)L̂

�
2(ξ̂, y) = −(y − h̃21(ξ̂1)− h̃22(ξ̂2))T (10.12)

minimizes the Hamiltonian (10.9) and implies that the saddle-point condition

Ĥ(ξ̂, y, ŵ�, L̂�1, L̂
�
2, V̂

T
ξ̂
, V̂ Ty ) ≤ Ĥ(ξ̂, y, ŵ�, L̂1, L̂2, V̂

T
ξ̂
) (10.13)

is satisfied. Finally, setting

Ĥ(ξ̂, y, ŵ�, L̂�1, L̂
�
2, V̂

T
ξ̂
, V̂ Ty ) = 0

results in the following Hamilton-Jacobi-Isaacs equation (HJIE):

V̂ξ̂1(ξ̂, y)f̃1(ξ̂1) +
1

ε
V̂ξ̂2(ξ̂, y)f̃2(ξ̂2) + V̂y(ξ̂, y)ẏ +

1

2γ2
[V̂ξ̂1(ξ̂, y) V̂ξ̂2(ξ̂, y)]

[
g̃11(ξ̂)g̃

T
11(ξ̂)

1
ε g̃11(ξ̂)g̃

T
21(ξ̂)

1
ε g̃21(ξ̂)g̃

T
11(ξ̂)

1
ε2 g̃21(ξ̂)g̃

T
21(ξ̂)

] [
V̂ T
ξ̂1
(ξ̂, y)

V̂ T
ξ̂2
(ξ̂, y)

]
−

1

2
V̂ξ̂1(ξ̂, y)L̂1(ξ̂, y)L̂

T
1 (ξ̂, y)V̂

T
ξ̂1
(ξ̂, y)− 1

2ε2
V̂ξ̂2(ξ̂, y)L̂2(ξ̂, y)L̂

T
2 (ξ̂, y)V̂

T
ξ̂2
(ξ̂, y)−

1

2
(y − h̃21(ξ̂1)− h̃22(ξ̂2))

T (y − h̃21(ξ̂1)− h̃22(ξ̂2)) = 0, V̂ (0, 0) = 0, (10.14)

or equivalently the HJIE

V̂ξ̂1(ξ̂, y)f̃1(ξ̂1) +
1

ε
V̂ξ̂2(ξ̂, y)f̃2(ξ̂2) + V̂y(ξ̂, y)ẏ +

1

2γ2
[V̂ξ̂1(ξ̂, y) V̂ξ̂2(ξ̂, y)]

[
g̃11(ξ̂)g̃

T
11(ξ̂)

1
ε g̃11(ξ̂)g̃

T
21(ξ̂)

1
ε g̃21(ξ̂)g̃

T
11(ξ̂)

1
ε2 g̃21(ξ̂)g̃

T
21(ξ̂)

] [
V̂ T
ξ̂1
(ξ̂, y)

V̂ T
ξ̂2
(ξ̂, y)

]
−

3

2
(y − h̃21(ξ̂1)− h̃22(ξ̂2))

T (y − h̃21(ξ̂1)− h̃22(ξ̂2)) = 0, V̂ (0, 0) = 0. (10.15)

In addition, from (10.9), we have

Ĥ(ξ̂, y, w, L̂�1, L̂
�
2, V̂

T
ξ̂
, V̂ Ty ) = V̂ξ̂1 (ξ̂, y)f̃1(ξ̂1) +

1

ε
V̂ξ̂2(ξ̂, y)f̃2(ξ̂2) + V̂y(ξ̂, y)ẏ −

γ2

2
‖w − w�‖2 + γ2

2
‖w�‖2 − 3

2
‖z‖2

= Ĥ(ξ̂, y, w�, L̂�1, L̂
�
2, V̂

T
ξ̂
, V̂ Ty )− γ2

2
‖w − w�‖2.

Therefore,
Ĥ(ξ̂, y, w, L̂�1, L̂

�
2, V̂

T
ξ̂
, V̂ Ty ) ≤ Ĥ(ξ̂, y, w�, L̂�1, L̂

�
2, V̂

T
ξ̂
, V̂ Ty ). (10.16)

Combining now (10.13) and (10.16), we have that the saddle-point conditions (10.8) are
satisfied and the pair ([L̂�1, L̂

�
2], w

�) constitutes a saddle-point solution to the game (10.7).
Consequently, we have the following result.

Proposition 10.2.1 Consider the nonlinear system (10.1) and the NLHIFP for it. Suppose
the plant Pa

sp is locally asymptotically-stable about the equilibrium-point x = 0 and zero-
input observable for all ε ∈ [0, ε�). Further, suppose also there exist a local diffeomorphism ϕ
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that transforms the system to the partially decoupled form (10.4), a C1 positive-semidefinite
function V̂ : N̂ × Υ̂ → �+ locally defined in a neighborhood N̂ × Υ̂ ⊂ X × Y of the origin
(ξ̂, y) = (0, 0), and matrix functions L̂i : N̂ × Υ̂ → �ni×m, i = 1, 2, satisfying the HJIE
(10.14) together with the coupling-conditions (10.11), (10.12) for some γ > 0 and ε < ε�.
Then, the filter Fa1c solves the NLHIFP for the system locally in ϕ−1(N̂).

Proof: The first part of the proof regarding the optimality of the filter gains L̂�1, L̂
�
2 has

already been shown above. It remains to prove asymptotic convergence of the estimation
error vector. For this, let V̂ ≥ 0 be a C1 solution of the HJIE (10.14) or equivalently (10.15).
Then, differentiating this solution along a trajectory of (10.5) with the optimal gains L̂�1,
L̂�2, and for some w ∈ W inplace of ŵ�, we get

˙̂
V = V̂ξ̂1(ξ̂, y)[f̃1(ξ̂1) + g̃11(ξ̂)w + L̂�1(ξ̂, y)(y − h̃21(ξ̂1)− h̃22(ξ̂2))] +

1

ε
V̂ξ̂2(ξ̂, y)[f̃2(ξ̂2) + g̃21(ξ̂)w + L̂�2(ξ̂, y)(y − h̃21(ξ̂1)− h̃22(ξ̂2))] + V̂y(ξ̂, y)ẏ

= −γ
2

2
‖w − ŵ�‖2 + 1

2
γ2‖w‖2 − 1

2
‖z‖2

≤ 1

2
γ2‖w‖2 − 1

2
‖z‖2,

where the last equality follows from using the HJIE (10.14). Integrating the above inequality
from t = t0 to t =∞ and since the system is asymptotically-stable, implies that the L2-gain
condition (10.2) is satisfied.

In addition, setting w = 0 in the above inequality implies that
˙̂
V (ξ̂(t), y(t)) ≤ − 1

2‖z‖2.
Therefore, the filter dynamics is stable, and V̂ (ξ̂(t), y(t)) is non-increasing along a trajectory

of (10.5). Moreover, the condition that
˙̂
V (ξ̂(t), y(t)) ≡ 0 ∀t ≥ ts, for some ts ≥ t0, implies

that z ≡ 0, which further implies that y = h̃21(ξ̂1) + h̃22(ξ̂2) ∀t ≥ ts. By the zero-input

observability of the system, this implies that ξ̂ = ξ. Finally, since ϕ is a diffeomorphism and
ϕ(0) = 0, ξ̂ = ξ implies x̂ = ϕ−1(ξ̂) = ϕ−1(ξ) = x. �

The above result can be specialized to the linear singularly-perturbed system
(LSPS)[178, 246]

Plsp :

⎧⎨⎩ ẋ1 = A1x1 +A12x2 +B11w; x1(t0) = x10
εẋ2 = A21x1 +A2x2 +B21w; x2(t0) = x20
y = C21x1 + C22x2 + w

(10.17)

where A1 ∈ �n1×n1 , A12 ∈ �n1×n2 , A21 ∈ �n2×n1 , A2 ∈ �n2×n2 , B11 ∈ �n1×s, and
B21 ∈ �n2×s, while the other matrices have compatible dimensions. Then, an explicit form
of the required transformation ϕ above is given by the Chang transformation [79]:[

ξ1
ξ2

]
=

[
In1 − εHL −εH

L In2

] [
x1
x2

]
(10.18)

where the matrices L and H satisfy the equations

0 = A2L−A21 − εL(A1 −A12L)

0 = −H(A2 + εLA12) +A12 + ε(A1 −A12L)H.

The system is then represented in the new coordinates by

P̃lsp :

⎧⎨⎩
ξ̇1 = Ã1ξ1 + B̃11w; ξ1(t0) = ξ10
εξ̇2 = Ã2ξ2 + B̃21w; ξ2(t0) = ξ20
y = C̃21ξ1 + C̃22ξ2 + w

(10.19)
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where

Ã1 = A1 −A12L = A1 −A12A
−1
2 A21 +O(ε)

B̃11 = B11 − εHLB11 − HB21 = B11 −A12A
−1
2 B21 +O(ε)

Ã2 = A2 + εLA12 = A2 +O(ε)

B̃21 = B21 + εLB11 = B21 +O(ε)

C̃21 = C21 − C22L = C21 − C22A
−1
2 A21 +O(ε)

C̃22 = C22 + ε(C21 − C22)H = C22 +O(ε).

Specializing the filter (10.5) to the LSPS (10.19) results in the following filter

Fl1c :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
˙̂
ξ1 = (Ã1 +

1
γ2 B̃11B̃

T
11P̂1)ξ̂1 +

1
γ2ε B̃11B̃

T
21P̂2ξ̂2+

L̂1(y − C̃21ξ̂1 − C̃22ξ̂2), ξ̂1(t0) = 0

ε
˙̂
ξ2 = (Ã2 +

1
γ2ε B̃21B̃

T
21P̂2)ξ̂2 +

1
γ2 B̃21B̃

T
11P̂1ξ̂1+

L̂2(y − C̃21ξ̂1 − C̃22ξ̂2), ξ̂2(t0) = 0,

(10.20)

where P̂1, P̂2, L̂1, L̂2 satisfy the following matrix inequalities:⎡⎢⎢⎢⎣
ÃT1 P̂1 + P̂1Ã1 +

1
γ2 P̂1B̃11B̃

T
11P̂1 − 3C̃T21C̃21

1
γ2ε P̂2B̃21B̃

T
11P̂1 + 3C̃T22C̃21

3C̃21

0

1
γ2ε P̂1B̃11B̃

T
21P̂2 + 3C̃T21C̃22 3C̃T21 0

ÃT2 P̂2 + P̂2Ã2 +
1
γ2ε P̂2B̃21B̃

T
21P̂2 − 3C̃T22C̃22 3C̃T22 0

3C̃22 −3I 1
2Q

0 1
2Q 0

⎤⎥⎥⎥⎦ ≤ 0 (10.21)

⎡⎣ 0 0 1
2 (P̂1L̂1 − C̃T21)

0 0 − 1
2 C̃

T
22

1
2 (P̂1L̂1 − C̃T21)

T − 1
2 C̃

T
22 (1− μ1)I

⎤⎦ ≤ 0 (10.22)

⎡⎣ 0 0 − 1
2 C̃

T
21

0 0 1
2ε (P̂2L̂2 − C̃T22)

− 1
2 C̃21

1
2ε (P̂2L̂2 − C̃T22)T (1− μ2)I

⎤⎦ ≤ 0 (10.23)

for some symmetric matrix Q ∈ �m×m ≥ 0, and numbers μ1, μ2 ≥ 1. Consequently, we
have the following corollary to Proposition 10.2.1.

Corollary 10.2.1 Consider the LSPS (10.17) and the H∞-filtering problem for it. Suppose
the plant Plsp is asymptotically-stable about the equilibrium-point x = 0 and observable for
all ε ∈ [0, ε�). Suppose further, the system is transformable to the form (10.19), and there
exist positive-semidefinite matrices P̂1 ∈ �n1×n1 , P̂2 ∈ �n2×n2 , Q ∈ �m×m, together with
matrices L̂1, L̂2 ∈ �n×m, satisfying the matrix-inequalities (MIs) (10.21)-(10.23) for some
γ > 0 and ε < ε�. Then, the filter Fl1c solves the H∞-filtering problem for the system.

Proof: Take

V (ξ̂, y) =
1

2
(ξ̂T1 P1ξ̂1 + ξ̂T2 P2ξ̂2 + yTQy)

and apply the result of the proposition. �
So far we have not exploited the benefit of the coordinate transformation ϕ in designing
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the filter (10.5) for the system (10.4). Moreover, for the linear system (10.17), the result-
ing governing equations (10.21)-(10.23) are not linear in the unknown variables P̂1, P̂2.
Therefore, we shall now consider the design of separate reduced-order filters for the two
decomposed subsystems. Accordingly, let ε ↓ 0 in (10.4) and obtain the following reduced
system model:

P̃a
r :

⎧⎨⎩
ξ̇1 = f̃1(ξ1) + g̃11(ξ)w

0 = f̃2(ξ2) + g̃21(ξ)w

y = h̃21(ξ1) + h̃22(ξ2) + k̃21(ξ)w.

(10.24)

Then we assume the following.

Assumption 10.2.1 The system (10.1), (10.24) is in the “standard form,” i.e., the equa-
tion

0 = f̃2(ξ2) + g̃21(ξ)w (10.25)

has l ≥ 1 isolated roots, we can denote any one of these solutions by

ξ̄2 = q(ξ1, w) (10.26)

for some smooth function q : X ×W → X .

Using Assumption 10.2.1 results in the reduced-order slow subsystem

Pa
r :

{
ξ̇1 = f̃1(ξ1) + g̃11(ξ1, q(ξ1, w))w +O(ε)

y = h̃21(ξ1) + h̃22(q(ξ1, w)) + k̃21(ξ1, q(ξ1, w))w +O(ε)
(10.27)

and a boundary-layer (or quasi-steady-state) subsystem

dξ̄2
dτ

= f̃2(ξ̄2(τ)) + g̃21(ξ1, ξ̄2(τ))w (10.28)

where τ = t/ε is a stretched-time parameter. This subsystem is guaranteed to be
asymptotically-stable for 0 < ε < ε� (see Theorem 8.2 in Ref. [157]) if the original sys-
tem (10.1) is asymptotically-stable.

Then, we can design separate filters for the above two subsystems (10.27), (10.28) re-
spectively as

F̃a2c :

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

˙̆
ξ1 = f̃1(ξ̆1) + g̃11(ξ̆1, q(ξ̆1, w̆

�
1))w̆

�
1 + L̆1(ξ̆1, y)(y − h̃21(ξ̆1)−

h22(q(ξ̆1, w̆
�
1))); ξ̆1(t0) = 0

ε
˙̆
ξ2 = f̃2(ξ̆2) + g̃21(ξ̆)w

�
2 + L̆2(ξ̆2, y)(y − h̃21(ξ̆1)− h̃22(ξ̆2)),

ξ̆2(t0) = 0.

z̆ = y − h̃21(ξ̆1)− h̃22(ξ̆2)

(10.29)

where we have decomposed w into two components w1 and w2 for convenience, and w̆�i is

predetermined with ξ̆j constant [82], i �= j, i, j = 1, 2.
The following theorem summarizes the design.

Theorem 10.2.1 Consider the nonlinear system (10.1) and the H∞ local state estimation
problem for it. Suppose the plant Pa

sp is locally asymptotically-stable about the equilibrium-
point x = 0 and zero-input observable for all ε ∈ [0, ε�). Suppose further, there exists a
local diffeomorphism ϕ that transforms the system to the partially decoupled form (10.4),
and Assumption 10.2.1 holds. In addition, suppose for some γ > 0 and ε ∈ [0, ε�), there
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exist C1 positive-semidefinite functions V̆i : N̆i × Ῠi → �+, i = 1, 2, locally defined in
neighborhoods N̆i × Ῠi ⊂ X × Y of the origin (ξ̆i, y) = (0, 0), i = 1, 2 respectively, and
matrix functions L̆i : N̆i × Ῠi → �ni×m, i = 1, 2 satisfying the HJIEs:

V̆1ξ̆1(ξ̆1, y)f̃1(ξ̆1) +
1

2γ2
V̆1ξ̆1(ξ̆1, y)g̃11(ξ̆1, q(ξ̆1, w̆

�
1))g̃

T
11(ξ̆1, q(ξ̆1, w̆

�
1))V̆

T
1ξ̆1

(ξ̆1, y) +

V̆1y(ξ̆1, y)ẏ − 1

2
(y − h̃21(ξ̆1)− h̃22(q(ξ̆1, w̆�1))T (y − h̃21(ξ̆1)− h̃22(q(ξ̆1, w̆�1))) = 0,

V̆1(0, 0) = 0 (10.30)

1

ε
V̆2ξ̆2(ξ̆, y)f̃2(ξ̆2) +

1

2γ2ε2
V̆2ξ̆2 (ξ̆, y)g̃21(ξ̆)g̃

T
21(ξ̆)V̆

T
2ξ̆2

(ξ̆, y) + V̆2y(ξ̆, y)ẏ −
1

2
(y − h̃21(ξ̆1)− h̃22(ξ̆2))T (y − h̃21(ξ̆1)− h̃22(ξ̆2)) = 0, V̆2(0, 0) = 0 (10.31)

w̆�1 =
1

γ2
g̃T11(ξ̆1, ξ̄2)V̆

T
1ξ̆1

(ξ̆1, y) (10.32)

together with the coupling conditions

V̆1ξ̆1(ξ̆1, y)L̆1(ξ̆1, y) = −(y − h̃21(ξ̆1)− h̃22(q(ξ̆1, w̆�1)))T (10.33)

1

ε
V̆2ξ̆2(ξ̆, y)L̆2(ξ̆, y) = −(y − h̃21(ξ̆1)− h̃22(ξ̆2))T . (10.34)

Then, the filter F̃a
2c solves the NLHIFP for the system locally in ϕ−1(N̆1 × N̆2).

Proof: (Sketch). Define the two separate Hamiltonian functions H̆i : T
�X ×W×�ni×m →

�, i = 1, 2 with respect to the cost-functional (10.7) for the two filters (10.29) as

H̆1(ξ̆1, y, w1, L̆1, L̆2, V̆
T
ξ̆1
, V̆ Ty ) = V̆1ξ̆1(ξ̆1, y)[f̃1(ξ̆1) + g̃11(ξ̆1, ξ̄2)w1 +

L̆1(ξ̆1, y)(y − h̃21(ξ̆1)− h22(ξ̄2))] + 1

2
(‖z‖2 − γ2‖w1‖2)

H̆2(ξ̆, y, w2, L̆1, L̆2, V̆
T
ξ̆
, V̆ Ty ) =

1

ε
V̆2ξ̆2 (ξ̆, y)[f̃2(ξ̆2) + g̃21(ξ̆)w2 +

L̆2(ξ̆, y)(y − h̃21(ξ̆1)− h̃22(ξ̆2))] + 1

2
(‖z‖2 − γ2‖w2‖2)

for some smooth functions V̆i : X × Y → �, i = 1, 2. Then, we can determine w̆�1 , w̆
�
2 by

applying the necessary conditions for the worst-case noise as

w̆�1 =
1

γ2
g̃T11(ξ̆1, ξ̄2)V̆

T
1ξ̆1

(ξ̆1, y)

w̆�2 =
1

εγ2
g̃T12(ξ̆)V̆

T
2ξ̆2

(ξ̆, y)

where w̆�1 is determined with ξ̄2 fixed. The rest of the proof follows along the same lines as
Proposition 10.2.1. �

The limiting behavior of the filter (10.29) as ε ↓ 0 results in the following reduced-order
filter

F̃a2r :

{
˙̆
ξ1 = f̃1(ξ̆1) + g̃11(ξ̆1, q(ξ̆1, w̆

�
1))w̆

�
1 + L̆1(ξ̆1, y)(y − h̃21(ξ̆1)− h22(q(ξ̆1, w̆�1)));

ξ̆1(t0) = 0
(10.35)
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which is governed by the HJIE (10.30).
The result of Theorem 10.2.1 can similarly be specialized to the LSPS (10.17). Assuming

A2 is nonsingular (i.e., Assumption 10.2.1 is satisfied), then we can solve for

ξ̄2 = −A−1
2 B21w,

and we substitute in the slow-subsystem to obtain the composite filter

Fl2c :

⎧⎪⎪⎨⎪⎪⎩
˙̆
ξ1 = Ã1ξ̆1 +

1
γ2 B̃11B̃

T
11P̆1ξ̆1 + L̆1(y − C̃21ξ̆1 +

1
γ2 C̃22Ã

−1
2 B̃21B̃

T
11P̆1ξ̆1),

ξ̆1(t0) = 0

ε
˙̆
ξ2 = Ã2ξ̆2 +

1
γ2ε B̃21B̃

T
21P̆2ξ2 + L̆2(y − C̃21ξ̆1 − C̃22ξ̆2), ξ̆2(t0) = 0.

Thus, the following corollary can be deduced.

Corollary 10.2.2 Consider the LSPS (10.17) and the H∞-filtering problem for it. Suppose
the plant Plsp is asymptotically-stable about the equilibrium-point x = 0 and observable for
all ε ∈ [0, ε�). Further, suppose it is transformable to the form (10.19) and Assumption
10.2.1 holds, or A2 is nonsingular. In addition, suppose for some γ > 0 and ε ∈ [0, ε�),
there exist positive-semidefinite matrices P̆1 ∈ �n1×n1 , P̆2 ∈ �n2×n2 , Q̆1, Q̆2 ∈ �m×m and
matrices L̆1 ∈ �n1×m, L̆2 ∈ �n2×m, satisfying the linear-matrix-inequalities (LMIs)⎡⎢⎢⎢⎢⎢⎢⎢⎣

(
ÃT1 P̆1 + P̆1Ã1 − C̃T21C̃21 +

1
γ2 C̃

T
21C̃22Ã

−1
2 B̃21B̃

T
11P̆1+

1
γ2 P̆1B̃11B̃

T
21Ã

−T
2 C̃T22C̃21

)
P̆1B̃11

B̃T11P̆1 −γ−2I

P̆1B̃11B̃
T
21Ã

−T
2 C̃T22 0

C̃21 − 1
γ2 C̃22Ã

−1
2 B̃21B̃

T
11P̆1 0

0 0

1
γ2 C̃22Ã

−1
2 B̃21B̃

T
11P̆1 C̃T21 − 1

γ2 P̆1B̃11B̃
T
21Ã

−T
2 C̃T22 0

0 0 0
−γ−2I 0 0

0 −I Q̆1

0 Q̆1 0

⎤⎥⎥⎥⎥⎦ ≤ 0 (10.36)

⎡⎢⎢⎢⎢⎢⎣
−C̃T21C̃21 −C̃T21C̃22 0 C̃T21 0

−C̃T22C̃21
1
ε (Ã

T
2 P̆2 + P̆2Ã2)− C̃T22C̃21 P̆2B̃21 C̃T22 0

0 B̃T21P̆2 −ε−2γ−2I 0 0

C̃21 C̃22 0 −I Q̆2

0 0 0 Q̆2 0

⎤⎥⎥⎥⎥⎥⎦ ≤ 0 (10.37)

⎡⎢⎢⎢⎢⎣
0 1

2

(
P̆1L̆1 − C̃T21+

1
γ2 P̆1B̃11B̃21Ã

−T
2 C̃T22

)
1
2

(
P̆1L̆1 − C̃T21

+ 1
γ2 P̆1B̃11B̃21Ã

−T
2 C̃T22

)T
(1− δ1)I

⎤⎥⎥⎥⎥⎦ ≤ 0 (10.38)

⎡⎣ 0 0 − 1
2 C̃

T
21

0 0 1
2 (

1
ε P̆2L̆2 − C̃T22)

− 1
2 C̃21

1
2 (

1
ε P̆2L̆2 − C̃T22)T (1− δ2)I

⎤⎦ ≤ 0 (10.39)

for some numbers δ1, δ2 ≥ 1. Then the filter Fl2c solves the H∞-filtering problem for the
system.
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Proof: Take

V̆1(ξ̆1, y) =
1

2
(ξ̆T1 P̆1ξ̆1 + yT Q̆1y)

V̆2(ξ̆2, y) =
1

2
(ξ̆T2 P̆2ξ̆2 + yT Q̆2y)

and apply the result of the theorem. Moreover, the nonsingularity of A2 guarantees that a
reduced-order subsystem exists. �

10.3 Aggregate Filters

If the coordinate transformation, ϕ, discussed in the previous section cannot be found,
then an aggregate filter for the system (10.1) must be designed. Accordingly, consider the
following class of filters:

Fa3ag :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
˙̀x1 = f1(x̀1, x̀2) + g11(x̀1, x̀2)ẁ

� + L̀1(x̀, y)(y − h21(x̀1) + h22(x̀2));
x̀1(t0) = 0

ε ˙̀x2 = f2(x̀1, x̀2) + g12(x̀1, x̀2)ẁ
� + L̀2(x̀, y)(y − h21(x̀1) + h22(x̀2));

x̀2(t0) = 0
z̀ = y − h21(x̀1) + h22(x̀2)

where L̀1 ∈ �n1×m, L̀2 ∈ �n2×m are the filter gains, and z̀ is the new penalty variable. Then
the following result can be derived using similar steps as outlined in the previous section.

Theorem 10.3.1 Consider the nonlinear system (10.1) and the NLHIFP for it. Suppose
the plant Pa

sp is locally asymptotically-stable about the equilibrium-point x = 0 and ob-
servable for all ε ∈ [0, ε�). Further, suppose for some γ > 0 and ε ∈ [0, ε�), there ex-
ists a C1 positive-semidefinite function V̀ : Ǹ × Ὺ → �+, locally defined in a neigh-
borhood Ǹ × Ὺ ⊂ X × Y of the origin (x̀1, x̀2, y) = (0, 0, 0), and matrix functions
L̀i : Ǹ × Ὺ→ �ni×m, i = 1, 2, satisfying the HJIE:

V̀x̀1(x̀, y)f1(x̀1, x̀2) +
1

ε
V̀x̀2(x̀, y)f2(x̀1, x̀2) + V̀y(x̀, y)ẏ +

1

2γ2
[V̀x̀1(x̀, y) V̀x̀2(x̀, y)]

[
g11(x̀)g

T
11(x̀)

1
εg11(x̀)g

T
21(x̀)

1
εg21(x̀)g

T
11(x̀)

1
ε2 g21(x̀)g

T
21(x̀)

] [
V̀ Tx̀1

(x̀, y)

V̀ Tx̀2
(x̀, y)

]
−

3

2
(y − h21(x̀1)− h22(x̀2))

T (y − h21(x̀1)− h22(x̀2)) = 0, V̀ (0, 0) = 0. (10.40)

together with the side-conditions

V̀x̀1(x̀, y)L̀1(x̀, y) = −(y − h21(x̀1)− h22(x̀2))T (10.41)

1

ε
Vx̀2(x̀, y)L̀2(x̀, y) = −(y − h21(x̀1)− h22(x̀2))T . (10.42)

Then, the filter Fa3ag with

ẁ� =
1

γ2
[gT11(x̀)V̀

T
x̀1
(x̀, y) +

1

ε
gT21(x̀)V̀

T
x̀2
(x̀, y)]

solves the NLHIFP for the system locally in Ǹ .
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Proof: Proof follows along the same lines as Proposition 10.2.1. �
The above result, Theorem 10.3.1, can similarly be specialized to the LSPS Plsp.
To obtain the limiting filter (10.40) as ε ↓ 0, we use Assumption 10.2.1 to obtain a

reduced-order model of the system (10.1). If we assume the equation

0 = f2(x1, x2) + g̃21(x1, x2)w (10.43)

has k ≥ 1 isolated roots, we can denote any one of these roots by

x̄2 = p(x1, w), (10.44)

for some smooth function p : X ×W → X . The resulting reduced-order system is given by

Paspr :

{
ẋ1 = f1(x1, x̄2) + g11(x1, x̄2)w; x1(t0) = x10
y = h21(x1) + h22(x̄2) + k21(x1, x̄2)w,

(10.45)

and the corresponding reduced-order filter is then given by

Fa3agr :

⎧⎨⎩
˙́x1 = f1(x́1, p(x́1, ẃ

�)) + g11(x́1, p(x́1, ẃ
�))ẃ�+

Ĺ1(x́, y)(y − h21(x́1) + h22(p(x́2, ẃ
�)); x́1(t0) = 0

ź = y − h21(x́1) + h22(p(x́1, ẃ
�)),

where all the variables have their corresponding previous meanings and dimensions, while

ẃ� =
1

γ2
gT11(x́)V́

T
x́1
(x́, y)

V́x́1(x́, y)Ĺ1(x́, y) = −(y − h21(x̀1)− h22(p(x́1, ẃ�))T
and V́ satisfies the following HJIE:

V́x́1(x́, y)f1(x́1, p(x́1, ẃ
�)) + V́y(x́1, y)ẏ+

1
2γ2 V́x́1(x́1, y)g11(x́, p(x́1, ẃ

�))gT11(x́, p(x́1, ẃ
�))V́ Tx́1

(x́1, y)−
1
2 (y − h21(x́1)− h22(p(x́1, ẃ�))T (y − h21(x́1)− h22(p(x́1, ẃ�)) = 0, (10.46)

with V́ (0, 0) = 0. In the next section, we consider some examples.

10.4 Examples

Consider the following singularly-perturbed nonlinear system

ẋ1 = −x31 + x2

εẋ2 = −x1 − x2 + w

y = x1 + x2 + w,

where w ∈ L2[0,∞), ε ≥ 0. We construct the aggregate filter Fa3ag presented in the previ-
ous section for the above system. It can be checked that the system is locally zero-input
observable, and the function V̀ (x̀) = 1

2 (x̀
2
1 + εx̀22), solves the inequality form of the HJIE

(10.40) corresponding to the system. Subsequently, we calculate the gains of the filter as

L̀1(x̀, y) = − (y − x̀1 − x̀2)
x̀1

, L̀2(x̀, y) = −ε(y − x̀1 − x̀2)
x̀2

, (10.47)

where L̀1(x̀, y), L̀2(x̀, y) are set equal to zero if ‖x̀‖ < ε (small) to avoid the singularity at
x̀ = 0.
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10.5 Notes and Bibliography

This chapter is mainly based on [26]. Similar results for the H2 filtering problem can be
found in [25]. Results for fuzzy TS nonlinear models can be found in [40, 41, 283].
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Mixed H2/H∞ Nonlinear Control

In this chapter, we discuss the mixed H2/H∞-control problem for nonlinear systems. This
problem arises when a higher-degree of performance for the system is desired, and two
criteria are minimized to derive the controller that enjoys both the properties of an H2

(or LQG [174]) and H∞-controller. A stronger motivation for this problem though is that,
because the solution to the H∞-control problem is nonunique (if it is not optimal, it can
hardly be unique) and only the suboptimal problem could be solved easily, then is it possible
to formulate another problem that could be solved optimally and obtain a unique solution?

The problem for linear systems was first considered by Bernstein and Haddad [67],
where a solution for the output-feedback problem in terms of three coupled algebraic-
Riccati-equations (AREs) was obtained by formulating it as an LQG problem with an H∞
constraint. The dual to this problem has also been considered by Doyle, Zhou and Glover
[93, 293]. While Mustapha and Glover [205, 206] have considered entropy minimization
which provides an upper bound on the H2-cost under an H∞-constraint.

Another contribution to the linear literature was from Khargonekhar and Rotea [161] and
Scherer et al. [238, 239], who considered more general multi-objective problems using convex
optimization and/or linear-matrix-inequalities (LMI). And more lately, by Limebeer et al.
[179] and Chen and Zhou [81] who considered a two-person nonzero-sum differential game
approach with a multi-objective flavor (for the latter). This approach is very transparent
and is reminiscent of the minimax approach to H∞-control by Basar and Bernhard [57].
The state-feedback problem is solved in Limebeer et al. [179], while the output-feedback
problem is solved in Chen and Zhou [81]. By-and-large, the outcome of the above endeavors
are a parametrization of the solution to the mixed H2/H∞-control problem in terms of
two cross-coupled nonstandard Riccati equations for the state-feedback problem, and an
additional standard Riccati equation for the output-feedback problem.

Similarly, the nonlinear control problem has also been considered more recently by Lin
[180]. He extended the results of Limebeer et al. [179], and derived a solution to the state-
feedback problem in terms of a pair of cross-coupled Hamilton-Jacobi-Isaac’s equations. In
this chapter, we discuss mainly this approach to the problem for both continuous-time and
discrete-time nonlinear systems.

11.1 Continuous-Time Mixed H2/H∞ Nonlinear Control

In this section, we discuss the mixedH2/H∞ nonlinear control problem using state-feedback.
The general set-up for this problem is shown in Figure 11.1 with the plant represented
by an affine nonlinear system Σa, while the static controller is represented by K. The

disturbance/noise signal w =

(
w0

w1

)
, is comprised of two components: (i) a bounded-

spectral signal (e.g., a white Gaussian-noise signal) w0 ∈ S (the space of bounded-spectral
signals), and (ii) a bounded-power signal or L2 signal w1 ∈ P (the space of bounded power

281
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FIGURE 11.1
Set-Up for Nonlinear Mixed H2/H∞-Control

signals). Thus, the induced norm from the input w0 to z is the L2-norm of the closed-loop
system K ◦ Σa, i.e.,

‖K ◦Σa‖L2

Δ
= sup

0�=w0∈S

‖z‖P
‖w0‖S , (11.1)

while the induced norm from w1 to z is the L∞-norm of the closed-loop system K◦Σa, i.e.,

‖K ◦Σa‖L∞
Δ
= sup

0�=w1∈P

‖z‖2
‖w1‖2 (11.2)

where

P Δ
= {w(t) : w ∈ L∞, Rww(τ), Sww(jω) exist for all τ and all ω resp.,

‖w‖P <∞},
S Δ

= {w(t) : w ∈ L∞, Rww(τ), Sww(jω) exist for all τ and all ω resp.,

‖Sww(jω)‖∞ <∞},

‖z‖2P Δ
= lim
T→∞

1

2T

∫ T

−T
‖z(t)‖2dt,

‖w0‖2S = ‖Sw0w0(jω)‖∞,
and Rww(τ), Sww(jω) are the autocorrelation and power-spectral density matrices of w(t)
respectively [152]. Notice also that, ‖(.)‖P and ‖(.)‖S are seminorms. In addition, if the plant
is stable, we replace the induced L-norms above by their equivalent H-subspace norms. The
standard optimal mixed H2/H∞ state-feedback control problem is to synthesize a feedback
control of the form

u = α(x), α(0) = 0 (11.3)

such that the above induced-norms (11.1), (11.2) of the closed-loop system are minimized,
and the closed-loop system is also locally asymptotically-stable. However, in this chapter, we
do not solve the above problem, instead we solve an associated suboptimal H2/H∞-control
problem which involves a single disturbance w ∈ L2 entering the plant, and where the
objective is to minimize the output energy ‖z‖H2 of the closed-loop system while rendering
‖K ◦Σa‖H∞ ≤ γ�.

The plant is represented by an affine nonlinear causal state-space system defined on a
manifold X ⊂ �n containing the origin x = 0:

Σa :

⎧⎨⎩ ẋ = f(x) + g1(x)w + g2(x)u; x(t0) = x0
z = h1(x) + k12(x)u
y = x,

(11.4)
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where x ∈ X is the state vector, u ∈ U ⊆ �p is the p-dimensional control input, which
belongs to the set of admissible controls U ⊂ L2([t0, T ],�p), w ∈ W is the disturbance
signal, which belongs to the set W ⊂ �r of admissible disturbances (to be defined more
precisely later), the output y ∈ �m is the measured output of the system, and z ∈ �s
is the output to be controlled. The functions f : X → V∞(X ), g1 : X → Mn×r(X ),
g2 : X →Mn×p(X ), h1 : X → �s and k12 : X →Ms×p(X ), are real C∞ functions of x.

Furthermore, we assume without any loss of generality that the system (11.4) has a
unique equilibrium-point at x = 0 such that f(0) = 0, h1(0) = h2(0) = 0, and for simplicity,
we also make the following assumption.

Assumption 11.1.1 The system matrices are such that

hT1 (x)k12(x) = 0
kT12(x)k12(x) = I.

}
(11.5)

The problem can now be formally defined as follows.

Definition 11.1.1 (State-Feedback Mixed H2/H∞ Nonlinear Control Problem (SF-
BMH2HINLCP)).

(A) Finite-Horizon Problem (T < ∞): Find (if possible!) a time-varying static state-
feedback control law of the form:

u = α̃2(x, t), α̃2(t, 0) = 0, t ∈ �,
such that:

(a) the closed-loop system

Σcla :

{
ẋ = f(x) + g1w + g2(x)α̃2(x, t)
z = h1(x) + k21(x)α̃2(x, t)

(11.6)

is stable with w = 0 and has locally finite L2-gain from w to z less or equal to γ�,
starting from x0 = 0, for all t ∈ [0, T ] and all w ∈ W ⊆ L2[0, T ];

(b) the output energy ‖z‖H2 of the system is minimized.

(B) Infinite-Horizon Problem (T → ∞): In addition to the items (a) and (b) above, it is
also required that

(c) the closed-loop system Σcla defined above with w ≡ 0 is locally asymptotically-stable
about the equilibrium-point x = 0.

Such a problem can be formulated as a two-player nonzero-sum differential game (Chapter
2) with two cost functionals:

min
u∈U ,w∈W

J1(u,w) =
1

2

∫ T

t0

(γ2‖w(τ)‖2 − ‖z(τ)‖2)dτ (11.7)

min
u∈U ,w∈W

J2(u,w) =
1

2

∫ T

t0

‖z(τ)‖2dτ (11.8)

for the finite-horizon problem, with T ≥ t0. Here, the first functional is associated with the
H∞-constraint criterion, while the second functional is related to the output energy of the
system or H2-criterion. It can easily be seen that, by making J1 ≥ 0, the H∞-constraint
‖K ◦ Σa‖H∞ = ‖Σcla‖H∞ ≤ γ is satisfied. Subsequently, minimizing J2 will achieve the
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H2/H∞ design objective. A Nash-equilibrium solution to the above game is said to exist if
we can find a pair of strategies (u�, w�) such that

J1(u
�, w�) ≤ J1(u

�, w) ∀w ∈ W , (11.9)

J2(u
�, w�) ≤ J2(u,w

�) ∀u ∈ U . (11.10)

Furthermore, by minimizing the first objective with respect to w and substituting in the sec-
ond objective which is then minimized with respect to u, the above pair of Nash-equilibrium
strategies could be found. A sufficient condition for the solvability of the above differential
game is provided from Theorem 2.3.1, Chapter 2, by the following pair of cross-coupled
HJIEs for the finite-horizon state-feedback problem:

−Yt(x, t) = inf
w∈W

{
Yx(x, t)f(x, u

�(x), w(x)) + γ2‖w(x)‖2 − ‖z�(x)‖2} , Y (x, T ) = 0,

−Vt(x, t) = min
u∈U

{
Vx(x, t)f(x, u(x), w

�(x)) + ‖z�(x)‖2} = 0, V (x, T ) = 0,

for some negative-definite function Y : X → � and positive-definite function V : X → �,
where z�(x) = h1(x) + k12(x)u

�(x).
In view of the above result, the following theorem gives sufficient conditions for the

solvability of the finite-horizon problem.

Theorem 11.1.1 Consider the nonlinear system Σa defined by (11.4) and the finite-
horizon SFBMH2HINLCP with cost functionals (11.7), (11.8). Suppose there exists a
pair of negative and positive-definite C1-functions (with respect to both arguments) Y, V :
N× [0, T ]→ � locally defined in a neighborhood N of the origin x = 0, such that Y (0, t) = 0
and V (0, t) = 0, and satisfying the coupled HJIEs:

−Yt(x, t) = Yx(x, t)f(x) − 1

2
Vx(x, t)g2(x)g

T
2 (x)V

T
x (x, t)−

1

2γ2
Yx(x, t)g1(x)g

T
1 (x)Y

T
x (x, t) − Yx(x, t)g2(x)gT2 (x)V Tx (x, t)−

1

2
hT1 (x)h1(x), Y (x, T ) = 0 (11.11)

−Vt(x, t) = Vx(x, t)f(x) − 1

2
Vx(x, t)g2(x)g

T
2 (x)V

T
x (x, t) −

1

γ2
Vx(x, t)g1(x)g

T
1 (x)Y

T
x (x, t) +

1

2
hT1 (x)h1(x), V (x, T ) = 0. (11.12)

Then the state-feedback controls

u�(x, t) = −gT2 (x)V Tx (x, t) (11.13)

w�(x, t) = − 1

γ2
gT1 (x)Y

T
x (x, t) (11.14)

solve the finite-horizon SFBMH2HINLCP for the system. Moreover, the optimal costs
are given by

J�1 (u
�, w�) = Y (t0, x0) (11.15)

J�2 (u
�, w�) = V (t0, x0). (11.16)

Proof: Assume there exists locally solutions Y < 0, V > 0 to the HJIEs (11.11), (11.12)
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in N ⊂ X . We prove item (a) of Definition 11.1.1 first. Rearranging the HJIE (11.11) and
completing the squares, we have

Yt + Yx(f(x) + g1(x)w − g2(x)gT (x)V Tx (x)) =
1

2
‖h1(x)‖2 + γ2

2
‖w − w�‖2 +

1

2
‖u�‖2 − 1

2
γ2‖w‖2

⇐⇒ Ẏ (x, t) =
1

2
‖z‖2 − 1

2
γ2‖w‖2 + γ2

2
‖w − w�‖2

=⇒ ˙̃Y (x, t) ≤ 1

2
γ2‖w‖2 − 1

2
‖z‖2

for some function Ỹ = −Y > 0. Integrating now the above expression from t0 and x(t0) to
t = T and x(T ), we get the dissipation-inequality

Ỹ (x(T ), T )− Ỹ (x(t0, t0) ≤
∫ T

t0

1

2
(γ2‖w‖2 − ‖z‖2)dt.

Therefore, the system has locally L2-gain ≤ γ from w to z. Furthermore, the closed-loop
system with u = u� and w = 0 is given by

ẋ = f(x)− g2(x)gT2 (x)V Tx (x).

Differentiating Ỹ from above along a trajectory of this system, we have

˙̃Y = Ỹt(x, t) + Ỹx(x, t)(f(x) − g2(x)gT2 (x)V Tx ) ∀x ∈ N
≤ −1

2
‖z‖2 ≤ 0.

Hence, the closed-loop system is Lyapunov-stable.
Next we prove item (b). Consider the cost functional J1(u,w) first. For any T ≥ t0, the

following holds

J1(u,w) + Y (x(T ), T )− Y (x(t0), t0) =

∫ T

t0

{1
2
(γ2‖w‖2 − ‖z‖2) + Ẏ (x, t)}dt

=

∫ T

t0

{1
2
(γ2‖w‖2 − ‖z‖2) + Yt + Yx(f(x) + g1(x)w + g2(x)u)

}
dt

=

∫ T

t0

{
Yt + Yxf(x) + Yxg2(x)u +

γ2

2

∥∥∥∥w +
1

γ2
gT1 (x)Y

T
x

∥∥∥∥2 − γ2

2
‖ 1

γ2
gT1 (x)Y

T
x ‖2

−1

2
‖u‖2 − 1

2
‖h1(x)‖2

}
dt.

Using the HJIE (11.11), we have

J1(u,w) + Y (x(T ), T )− Y (x(t0), t0) =

∫ T

t0

{γ2
2

∥∥∥∥w +
1

γ2
gT1 (x)Y

T
x

∥∥∥∥2 −
1

2
‖u+ gT2 (x)V

T
x ‖2 +

‖gT2 (x)V Tx ‖2 + Vx(x)g2(x)u +

Yxg2(x)(u − gT2 (x)V Tx (x))
}
dt,
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and substituting u = u�, we have

J1(u
�, w) + Y (x(T ), T )− Y (x(t0), t0) =

∫ T

t0

γ2

2
‖w − w�‖2dt ≥ 0.

Therefore
J1(u

�, w�) ≤ J1(u
�, w)

with
J1(u

�, w�) = Y (x(t0), t0)

since Y (x(T ), T ) = 0.
Similarly, considering the cost functional J2(u,w), the following holds for any T > 0

J2(u,w) + V (x(T ), T )− V (x(t0), t0) =

∫ T

t0

{
1

2
‖z‖2 + V̇ (x, t)

}
dt

=

∫ T

t0

{1
2
‖z‖2 + Vt(x, t) + Vx(f(x) +

g1(x)w + g2(x)u)
}
dt

=

∫ T

t0

{
Vt + Vxf(x) + Vxg1(x)w +

1

2
‖u+ gT2 V

T
x ‖2 − ‖gT2 (x)V Tx ‖2 +

1

2
‖hT1 (x)‖2

}
dt.

Using the HJIE (11.12) in the above, we get

J2(u,w) + V (x(T ), T )− V (x(t0), t0) =

∫ T

t0

{
1

2
‖u+ gT2 V

T
x ‖2 + Vxg1(x)(w − 1

γ2
gT1 Y

T
x )

}
dt.

Substituting now w = w� we get

J2(u,w
�) + V (x(T ), T )− V (x(t0), t0) =

∫ T

t0

1

2
‖u+ gT2 V

T
x ‖2dt ≥ 0,

and therefore
J2(u

�, w�) ≤ J2(u,w
�)

with
J2(u

�, w�) = V (x(t0), t0).�
We can specialize the results of the above theorem to the linear system

Σl :

⎧⎨⎩ ẋ = Ax+B1w +B2u
z = C1x+D12w
y = x

(11.17)

under the following assumption.

Assumption 11.1.2
CT1 D12 = 0, DT

12D12 = I.

Then we have the following corollary.

Corollary 11.1.1 Consider the linear system Σl under the Assumption 11.1.2. Suppose
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there exist P1(t) ≤ 0 and P2(t) ≥ 0 solutions of the cross-coupled Riccati ordinary-
differential-equations (ODEs):

−Ṗ1(t) = ATP1 + P1(t)A − [P1(t) P2(t)]

[
γ−2B1B

T
1 B2B

T
2

B2B
T
2 B2B

T
2

] [
P1(t)
P2(t)

]
− CT1 C1,

P1(T ) = 0

−Ṗ2(t) = ATP2 + P2(t)A − [P1(t) P2(t)]

[
0 γ−2B1B

T
1

γ−2B1B
T
1 B2B

T
2

] [
P1(t)
P2(t)

]
+ CT1 C1,

P2(T ) = 0

on [0, T ]. Then, the Nash-equilibrium strategies uniquely specified by

u� = −BT2 P2(t)x(t)

w� = − 1

γ2
BT1 P1(t)x(t)

solve the finite-horizon SFBMH2HICP for the system. Moreover, the optimal costs for
the game associated with the system are given by

J1(u
�, w�) =

1

2
xT (t0)P1(t0)x(t0),

J2(u
�, w�) =

1

2
xT (t0)P2(t0)x(t0).

Proof: Take

Y (x(t), t) =
1

2
xT (t)P1(t)x(t), P1(t) ≤ 0

V (x(t), t) =
1

2
xT (t)P2(t)x(t), P2(t) ≥ 0

and apply the results of the Theorem. �

Remark 11.1.1 In the above corollary, we considered negative and positive-(semi)definite
solutions of the Riccati (ODEs), while in Theorem 11.1.1 we considered strict definite solu-
tions of the HJIEs. However, it is generally sufficient to consider semidefinite solutions of
the HJIEs.

11.1.1 The Infinite-Horizon Problem

In this subsection, we consider the infinite-horizon SFBMH2HINLCP for the affine non-
linear system Σa. In this case, we let T →∞, and seek time-invariant functions and feedback
gains that solve the HJIEs. Because of this, it is necessary to require that the closed-loop
system is locally asymptotically-stable as stated in item (c) of the definition. However, to
achieve this, some additional assumptions on the system might be necessary. The follow-
ing theorem gives sufficient conditions for the solvability of this problem. We recall the
definition of detectability first.

Definition 11.1.2 The pair {f, h} is said to be locally zero-state detectable if there exists
a neighborhood O of x = 0 such that, if x(t) is a trajectory of ẋ(t) = f(x) satisfying
x(t0) ∈ O, then h(x(t)) is defined for all t ≥ t0, and h(x(t)) ≡ 0, for all t ≥ ts, implies
limt→∞ x(t) = 0. Moreover, {f, h} is detectable if O = X .

Theorem 11.1.2 Consider the nonlinear system Σa defined by (11.4) and the infinite-
horizon SFBMH2HINLCP with cost functions (11.7), (11.8). Suppose
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(H1) the pair {f, h1} is zero-state detectable;

(H2) there exists a pair of negative and positive-definite C1-functions Ỹ , Ṽ : Ñ → � locally
defined in a neighborhood Ñ of the origin x = 0, and satisfying the coupled HJIEs:

Ỹx(x)f(x) − 1

2
Ṽx(x)g2(x)g

T
2 (x)Ṽ

T
x (x)− 1

2γ2
Ỹx(x)g1(x)g

T
1 (x)Ỹ

T
x (x)−

Ỹx(x)g2(x)g
T
2 (x)Ṽ

T (x)− 1

2
hT1 (x)h1(x) = 0, Ỹ (0) = 0 (11.18)

Ṽx(x)f(x) − 1

2
Ṽx(x)g2(x)g

T
2 (x)Ṽ

T
x (x) − 1

γ2
Ṽx(x)g1(x)g

T
1 (x)Ỹ

T
x (x) +

1

2
hT1 (x)h1(x) = 0, Ṽ (0) = 0. (11.19)

Then the state-feedback controls

u�(x) = −gT2 (x)Ṽ Tx (x) (11.20)

w�(x) = − 1

γ2
gT1 (x)Ỹ

T
x (x) (11.21)

solve the infinite-horizon SFBMH2HINLCP for the system. Moreover, the optimal costs
are given by

J�1 (u
�, w�) = Ỹ (x0) (11.22)

J�2 (u
�, w�) = Ṽ (x0). (11.23)

Proof: We only prove item (c) in the definition, since the proofs of items (a) and (b) are
similar to the finite-horizon case. Using similar manipulations as in the proof of item (a) of
Theorem 11.1.1, it can be shown that with w ≡ 0,

˙̆
Y = −1

2
‖z‖2,

for some function Y̆ = −Ỹ > 0. Therefore the closed-loop system is Lyapunov-stable.

Further, the condition
˙̆
Y ≡ 0∀t ≥ ts, for some ts ≥ t0, implies that u� ≡ 0, h1(x) ≡ 0. By

hypothesis (H1), this implies limt→∞ x(t) = 0, and we can conclude asymptotic-stability
by LaSalle’s invariance-principle. �

The above theorem can again be specialized to the linear system Σl in the following
corollary.

Corollary 11.1.2 Consider the linear system Σl under the Assumption 11.1.2. Suppose
(C1, A) is detectable and there exists symmetric solutions P̄1 ≤ 0 and P̄2 ≥ 0 of the cross-
coupled AREs:

AT P̄1 + P̄1A− [P̄1 P̄2]

[
γ−2B1B

T
1 B2B

T
2

B2B
T
2 B2B

T
2

] [
P̄1

P̄2

]
− CT1 C1 = 0,

AT P̄2 + P̄2A− [P̄1 P̄2]

[
0 γ−2B1B

T
1

γ−2B1B
T
1 B2B

T
2

] [
P̄1

P̄2

]
+ CT1 C1 = 0.

Then, the Nash-equilibrium strategies uniquely specified by

u� = −BT2 P̄2(t)x(t) (11.24)

w� = − 1

γ2
BT1 P̄1x(t) (11.25)
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solve the infinite-horizon SFBMH2HINLCP for the system. Moreover, the optimal costs
for the game associated with the system are given by

J1(u
�, w�) =

1

2
xT (t0)P̄1x(t0), (11.26)

J2(u
�, w�) =

1

2
xT (t0)P̄2x(t0). (11.27)

Proof: Take

Y (x, t) =
1

2
xT P̄1x, P̄1 ≤ 0,

V (x, t) =
1

2
xT P̄2x, P̄2 ≥ 0.

and apply the result of the theorem. �

Remark 11.1.2 Sufficient conditions for the existence of the asymptotic solutions to the
coupled algebraic-Riccati equations are discussed in Reference [222].

The following proposition can also be proven.

Proposition 11.1.1 Consider the nonlinear system (11.4) and the infinite-horizon
SFBMH2HINLCP for this system. Suppose the following hold:

(a1) {f + g1w
�, h1} is locally zero-state detectable;

(a2) there exists a pair of C1 negative and positive-definite functions Ỹ , Ṽ : Ñ → �
respectively, locally defined in a neighborhood N ⊂ X of the origin x = 0 satisfying the
pair of coupled HJIEs (11.18), (11.19).

Then f − g2gT2 Ṽ Tx − 1
γ2 g1g

T
1 Ỹ

T
x is locally asymptotically-stable.

Proof: Rewrite the HJIE (11.19) as

Ṽx(f(x)− g2(x)gT2 (x)Ṽ Tx (x)− 1

2
gT1 (x)g

T
1 (x)Ỹx(x)) = −1

2
‖gT2 (x)Ṽ Tx (x)‖2 − 1

2
‖h1(x)‖2

⇐⇒ ˙̃V = −1

2
‖gT2 (x)Ṽ Tx (x)‖2 − 1

2
‖h1(x)‖2

≤ 0.

Again the condition ˙̃V ≡ 0 ∀t ≥ ts, implies that u� ≡ 0, h1(x) ≡ 0 ∀t ≥ ts. By Assumption
(a1), this implies limt→∞ x(t) = 0, and by the LaSalle’s invariance-principle, we conclude
asymptotic-stability of the vector-field f − g2gT2 Ṽ Tx − 1

γ2 g1g
T
1 Ỹ

T
x . �

Remark 11.1.3 The proof of the equivalent result for the linear system Σl can be pursued
along the same lines. Moreover, many interesting corollaries could also be derived (see also
Reference [179]).

11.1.2 Extension to a General Class of Nonlinear Systems

In this subsection, we consider the SFBMH2HINLCP for a general class of nonlinear
systems which are not necessarily affine, and extend the approach developed above to this
class of systems. We consider the class of nonlinear systems described by

Σ :

⎧⎨⎩ ẋ = F (x,w, u), x(t0) = x0
z = Z(x, u)
y = x

(11.28)
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where all the variables have their previous meanings and dimensions, while F : X×W×U →
�n, Z : X × U → �s are smooth functions of their arguments. It is also assumed that
F (0, 0, 0) = 0 and Z(0, 0) = 0 and the system has a unique equilibrium-point at x = 0. The
infinite-horizon SFBMH2HINLCP for the above system can similarly be formulated as
a dynamic two-person nonzero-sum differential game with the same cost functionals (11.7),
(11.8). In addition, we also assume the following for simplicity.

Assumption 11.1.3 The system matrices satisfy the following conditions:

(i)

det

[(
∂Z

∂u
(0, 0)

)T (
∂Z

∂u
(0, 0)

)]
�= 0;

(ii)
Z(x, u) = 0⇒ u = 0

Define now the Hamiltonian functions Ki : T
�X ×W × U → �, i = 1, 2 corresponding to

the cost functionals (11.7), (11.8) respectively:

K1(x,w, u, Ȳ
T
x ) = Ȳx(x)F (x,w, u) +

1

2
γ2‖w‖2 − ‖Z(x, u)‖2

K2(x,w, u, V̄
T
x ) = V̄x(x)F (x,w, u) +

1

2
‖Z(x, u)‖2

for some smooth functions Ȳ , V̄ : X → �, and where p1 = Ȳ Tx , p2 = V̄ Tx are the adjoint
variables. Then, it can be shown that

∂2K
∣∣
w=0,u=0

(0)
Δ
=

[
∂2K2

∂u2
∂2K2

∂w∂u
∂2K1

∂u∂w
∂2K1

∂w2

]∣∣∣∣∣
w=0,u=0

(0)

=

[ (
∂Z
∂u (0, 0)

)T (∂Z
∂u (0, 0)

)
0

0 γ2I

]

is nonsingular by Assumption 11.1.3. Therefore, by the Implicit-function Theorem, there
exists an open neighborhood X̄ of x = 0 such that the equations

∂K1

∂w
(x, w̄�(x), ū�(x)) = 0,

∂K2

∂u
(x, w̄�(x), ū�(x)) = 0

have unique solutions (ū�(x), w̄�(x)), with ū�(0) = 0, w̄�(0) = 0. Moreover, the pair (ū�, w̄�)
constitutes a Nash-equilibrium solution to the dynamic game (11.28), (11.7), (11.8). The
following theorem summarizes the solution to the infinite-horizon problem for the general
class of nonlinear systems (11.28).

Theorem 11.1.3 Consider the nonlinear system (11.28) and the SFBMH2HINLCP for it.
Suppose Assumption 11.1.3 holds, and also the following:

(A1) the pair {F (x, 0, 0), Z(x, 0)} is zero-state detectable;

(A2) there exists a pair of C1 locally negative and positive-definite functions Ȳ , V̄ : N̄ → �
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respectively, defined in a neighborhood N̄ of x = 0, vanishing at x = 0 and satisfying the
pair of coupled HJIEs:

Ȳx(x)F (x, w̄
�(x), ū�(x)) +

1

2
γ2‖w̄�(x)‖2 − 1

2
‖Z(x, ū�(x))‖2 = 0, Ȳ (0) = 0,

V̄x(x)F (x, w̄
�(x), ū�(x)) +

1

2
‖Z(x, ū�(x))‖2 = 0, V̄ (0) = 0;

(A3) the pair {F (x, w̄�(x), 0), Z(x, 0)} is zero-state detectable.

Then, the state-feedback controls (ū�(x), w̄�(x)) solve the dynamic game problem and the
SFBMH2HINLCP for the system (11.28). Moreover, the optimal costs of the policies are
given by

J̄�1 (ū
�, w̄�) = Ȳ (x0),

J̄�2 (ū
�, w̄�) = V̄ (x0).

Proof: The proof can be pursued along the same lines as the previous results. �

11.2 Discrete-Time Mixed H2/H∞ Nonlinear Control

In this section, we discuss the state-feedback mixed H2/H∞-control problem for discrete-
time nonlinear systems. We begin with an affine discrete-time state-space model defined on
X ⊂ �n in coordinates (x1, . . . , xn) :

Σda :

⎧⎨⎩ ẋk+1 = f(xk) + g1(xk)wk + g2(xk)uk; x(k0) = x0

zk = h1(xk) + k12(xk)uk
yk = xk,

(11.29)

where all the variables and system matrices have their previous meanings and dimensions
respectively. We assume similarly that the system has a unique equilibrium at x = 0, and
is such that f(0) = 0 and h10) = 0. For simplicity, we similarly also assume the following
hold for the system matrices.

Assumption 11.2.1 The system matrices are such that

hT1 (x)k12(x) = 0,
kT12(x)k12(x) = I.

}
(11.30)

Again, as in the continuous-time case, the standard problem is to design a static state-
feedback controller, Kda, such that the H2-norm of the closed-loop system which is defined
as

‖Kda ◦ Σda‖�2 Δ
= sup

0�=w0∈S

‖z‖P′

‖w0‖S′
,

and the H∞-norm of the system defined by

‖Kda ◦ Σda‖�∞ Δ
= sup

0�=w1∈P′

‖z‖2
‖w1‖2 ,
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are minimized over a time horizon [k0,K] ⊂ Z, where

P ′ Δ
= {w : w ∈ �∞, Rww(k), Sww(jω) exist for all k and all ω resp.,

‖w‖P′ <∞}
S ′ Δ

= {w : w ∈ �∞, Rww(k), Sww(jω) exist for all k and all ω resp.,

‖Sww(jω)‖∞ <∞}

‖z‖2P′
Δ
= lim

K→∞
1

2K

K∑
k=−K

‖zk‖2

‖w0‖2S′ = ‖Sw0w0(jω)‖∞
and Rww, Sww(jω)) are the autocorrelation and power spectral density matrices of w [152].
Notice also that ‖(.)‖P′ and ‖(.)‖S′ are seminorms. The spaces P ′ and S ′ are the discrete-
time spaces of bounded-power and bounded-spectral signals respectively.

However, we do not solve the above standard problem in this section. Instead, we solve
an associated suboptimal problem in which w ∈ �2[k0,∞) is a single disturbance, and the
objective is to minimize the output energy ‖z‖�2 subject to the constraint that ‖Σda‖�∞ ≤ γ�

for some number γ� > 0. The problem is more formally defined as follows.

Definition 11.2.1 (Discrete-Time State-Feedback Mixed H2/H∞ Nonlinear Control Prob-
lem (DSFBMH2HINLCP)).

(A) Finite-Horizon Problem (K < ∞): Find (if possible!) a time-varying static state-
feedback control law of the form:

u = α̃2d(k, xk), α̃2d(k, 0) = 0, k ∈ Z

such that:

(a) the closed-loop system

Σclda :

{
xk+1 = f(xk) + g1(xk)wk + g2(xk)α̃2d(xk)
zk = h1(xk) + k21(xk)α̃2d(xk)

(11.31)

is stable with w = 0 and has locally finite �2-gain from w to z less or equal to γ�,
starting from x0 = 0, for all k ∈ [k0,K] and for a given number γ� > 0.

(b) the output energy ‖z‖�2 of the system is minimized for all disturbances w ∈ W ⊂
�2[k0,∞).

(B) Infinite-Horizon Problem (K → ∞): In addition to the items (a) and (b) above, it is
also required that

(c) the closed-loop system Σclda defined above with w ≡ 0 is locally asymptotically-stable
about the equilibrium-point x = 0.

The problem is similarly formulated as a two-player nonzero-sum differential game with two
cost functionals:

min
u∈U ,w∈W

J1d(u,w) =
1

2

K∑
k=k0

(γ2‖wk‖2 − ‖zk‖2) (11.32)

min
u∈U ,w∈W

J2d(u,w) =
1

2

K∑
k=k0

‖zk‖2. (11.33)
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Again, sufficient conditions for the solvability of the above dynamic game (11.32), (11.33),
(11.29), and the existence of Nash-equilibrium strategies are given by the following pair of
discrete-time Hamilton-Jacobi-Isaac’s difference equations (DHJIEs):

W (x, k) = inf
w

{
W (f(x) + g1(x)w + g2(x)u

�, k + 1) +
1

2
(γ2‖w‖2 − ‖z�k‖2)

}
,

W (x,K + 1) = 0, (11.34)

U(x, k) = inf
u

{
U(f(x) + g1(x)w

� + g2(x)u, k + 1) +
1

2
‖z�k‖2

}
,

U(x,K + 1) = 0, (11.35)

for some smooth negative and positive-definite functions W, U : X × Z → � respectively,
and where z�k = h1(x) + k12(x)u

�(x).
To solve the problem, we define the Hamiltonian functions Hi : X ×W × U × � → �,

i = 1, 2 corresponding to the cost functionals (11.32), (11.32) respectively and the system
equations (11.29):

H1(x,w, u,W ) = W (f(x) + g1(x)w + g2(x)u, k + 1)−W (x) +

1

2
(γ2‖w‖2 − ‖zk‖2), (11.36)

H2(x,w, u, U) = U(f(x) + g1(x)w + g2(x)u, k + 1)− U(x) +

1

2
‖zk‖2. (11.37)

Similarly, as in Chapter 8, let

∂2H(x)
Δ
=

[
∂2H2

∂u2
∂2H2

∂w∂u
∂2H1

∂u∂w
∂2H1

∂w2

]
(x)

Δ
=

[
r11(x) r12(x)
r21(x) r22(x)

]
F �(x)

Δ
= f(x) + g1(x)w

�(x) + g2(x)u
�(x), (11.38)

and therefore

r11(x) = gT2 (x)
∂2U
∂λ2

∣∣∣
λ=F�(x)

g2(x) + I

r12(x) = gT2 (x)
∂2U
∂λ2

∣∣∣
λ=F�(x)

g1(x)

r21(x) = gT1 (x)
∂2W
∂λ2

∣∣∣
λ=F�(x)

g2(x)

r22(x) = γ2I + gT1 (x)
∂2W
∂λ2

∣∣∣
λ=F�(x)

g1(x).

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
(11.39)

The following theorem then presents sufficient conditions for the solvability of the finite-
horizon problem.

Theorem 11.2.1 Consider the discrete-time nonlinear system (11.29), and the finite-
horizon DSFBMH2HINLCP with cost functionals (11.32), (11.33). Suppose there exists
a pair of negative and positive-definite C2 (with respect to the first argument)-functions
W, U : M × Z → � locally defined in a neighborhood M of the origin x = 0, such that
W (0, k) = 0 and U(0, k) = 0, and satisfying the coupled DHJIEs:

W (x, k) = W (f(x) + g1(x)w
� + g2(x)u

�, k + 1) +
1

2
(γ2‖w‖2 − ‖z�k‖2),

W (x,K + 1) = 0, (11.40)

U(x, k) = U(f(x) + g1(x)w
� + g2(x)u

�, k + 1) +
1

2
‖z�k‖2,

U(x,K + 1) = 0, (11.41)
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together with the conditions

r22(0) > 0, det[r11(0)− r−1
22 (0)r21(0)] �= 0. (11.42)

Then the state-feedback controls defined implicitly by

w� = −gT1 (x)
1

γ2
∂W

∂λ

∣∣∣∣
λ=f(x)+g1(x)w�+g2(x)u�

(11.43)

u� = −gT2 (x)
∂U

∂λ

∣∣∣∣
λ=f(x)+g1(x)w�+g2(x)u�

(11.44)

solve the finite-horizon DSFBMH2HINLCP for the system. Moreover, the optimal costs
are given by

J�1d(u
�, w�) =W (k0, x0), (11.45)

J�2d(u
�, w�) = U(k0, x0). (11.46)

Proof: We prove item (a) in Definition 11.2.1 first. Assume there exist solutions W < 0,
U > 0 of the DHJIEs (11.40), (11.41), and consider the Hamiltonian functions H1(., ., .),
H2(., ., .). Applying the necessary conditions for optimality

∂H1

∂w
(x, u, w) = 0,

∂H2

∂u
(x, u, w) = 0,

and solving these for w�, u� respectively, we get the Nash-equilibrium strategies (11.43),
(11.44). Moreover, if the conditions (11.42) are satisfied, then the matrix

∂2H
∣∣
w=0,u=0

(0) =

[
r11(0) r12(0)
r21(0) r22(0)

]
=[

I r12(0)r
−1
22 (0)

0 I

] [
r11(0)− r12(0)r

−1
22 (0)r21(0) 0

0 r22(0)

] [
I 0

r−1
22 (0)r21(0) I

]
is nonsingular. Therefore, by the Implicit-function Theorem, there exist open neighborhoods
X1 of x = 0, W1 of w = 0 and U1 of u = 0, such that the equations (11.43), (11.44) have
unique solutions.

Now suppose, (u�, w�) have been obtained from (11.43), (11.44), then subsituting in
the DHJIEs (11.34), (11.35) yield the DHJIEs (11.40), (11.41). Moreover, by Taylor-series
expansion, we can write

H1(x,w, u
�(x),W ) = H1(x,w

�(x).u�(x),W ) +
1

2
(w − w�(x))T [r22(x) +

O(‖w − w�(x)‖)](w − w�(x)).
In addition, since r22(0) > 0 implies r22(x) > 0 for all x in a neighborhood X2 of x = 0
by the Inverse-function Theorem [234], it then follows from above that there exists also a
neighborhood W2 of w = 0 such that

H1(x,w, u
�(x),W ) ≥ H1(x,w

�(x), u�(x),W ) = 0 ∀x ∈ X2, ∀w ∈W2,

⇔W (f(x) + g1(x)w + g2(x)u
�(x), k + 1)−W (x, k) + 1

2 (γ
2‖w‖2 − ‖u�(x)‖2 − ‖h1‖2) ≥ 0

∀x ∈ X2, ∀w ∈ W2.

Setting now w = 0, we have

W̃ (f(x) + g2(x)u
�(x), k + 1)− W̃ (x, k) ≤ −1

2
‖u�(x)‖2 − 1

2
‖h1(x)‖2 ≤ 0
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for some function W̃ = −W > 0. Hence, the closed-loop system is Lyapunov-stable. To
prove item (b), consider the Hamiltonian function H2(., w

�, ., .) and expand it in Taylor’s-
series:

H2(x,w
�, u, U) = H2(x,w

�, u�, U) +
1

2
(u− u�)T [r11(x) +O(‖u − u�‖)](u− u�).

Since

r11(0) = I + gT2 (0)
∂2W

∂λ2
(0)g2(0) ≥ I,

again there exists a neighborhood X̃2 of x = 0 such that r11(x) > 0 by the Inverse-function
Theorem. Therefore,

H2(x,w
�, u, U) ≥ H2(x,w

�, u�, U) = 0 ∀u ∈ U

and the H2-cost is minimized.
Finally, we determine the optimal costs of the strategies. For this, consider the cost

functional J1d(u
�, w�) and write it as

J1d(u,w) +W (xK+1,K + 1)−W (xk0 , k0) =

K∑
k=k0

{1
2
(γ2‖w�k‖2 − ‖z�k‖2) +

W (xk+1, k + 1)−W (xk, k)
}

=

K∑
k=k0

H1(x,w
�, u�,W ) = 0.

Since W (xK+1,K + 1) = 0, we have the result. Similarly, for J2(w
�, u�), we have

J2d(u,w) + U(xK+1,K + 1)− U(xk0 , k0) =

K∑
k=k0

{1

2
‖z�k‖2 + U(xk+1, k + 1)− U(xk, k)

}

=

K∑
k=k0

H2(x,w
�, u�, U) = 0,

and since U(xK+1,K + 1) = 0, the result also follows. �
The above result can be specialized to the linear discrete-time system

Σdl :

⎧⎨⎩ ẋk+1 = Axk +B1wk + B2uk
zk = C1xk +D12wk
yk = xk

(11.47)

where all the variables and matrices have their previous meanings and dimensions. Then
we have the following corollary to Theorem 11.2.1.

Corollary 11.2.1 Consider the linear system Σdl under the Assumption 11.1.2. Suppose
there exist P1,k < 0 and P2,k > 0 symmetric solutions of the cross-coupled discrete-Riccati
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difference-equations (DRDEs):

P1,k = AT
{
P1,k − 2P1,kB1B

−1
γ,kΓ1,k − 2P1,kB2Λ

−1
k BT2 P2,k +

2ΓT1,kB
−T
γ,kB1P1B2Λ

−1
k B2P2,kΓ2,k + ΓT1,kB

−T
γ,kB1P1,kB1B

−1
γ,kΓ1,k +

ΓT2,kP2,kB2Λ
−T
k B2P1,kB2Λ

−1
k BT2 P2,kΓ2,k + γ2ΓT1,kB

−T
γ,kB

−1
γ,kΓ1,k −

ΓT2,kP2,kB2Λ
−T
k Λ−1

k BT2 P2Γ2,k

}
A− CT1 C1, P1,K = 0 (11.48)

P2,k = AT
{
P2,k − 2P2,kB1B

−1
γ,kΓ1,k − 2P2,kB2Λ

−1
k BT2 P2,kΓ2,k +

2ΓT1,kB
−T
γ,kB1P2,kB2Λ

−1
k BT2,kP2,kΓ2,k +

ΓT2,kP2,kB2Λ
−T
k Λ−1

k BT2 P2,kΓ2,k

}
A+ CT1 C1, P2,K = 0 (11.49)

Bγ,k := [γ2I −B2Λ
−1
k BT2 P2,kB1 +BT1 P1,kB1] > 0 (11.50)

for all k in [k0,K]. Then, the Nash-equilibrium strategies uniquely specified by

w�l,k = −B−1
γ,kΓ1,kAxk, k ∈ [k0,K] (11.51)

u�l,k = −Λ−1
k BT2 P2,kΓ2,kAxk, k ∈ [k0,K] (11.52)

where

Λk := (I +BT2 P2,kB2), ∀k,
Γ1,k := [BT1 P1,k −B2Λ

−1
k BT2 P2,k] ∀k,

Γ2,k := [I −B1B
−1
γ,k(B

T
1 P1,k −B2Λ

−1
k BT2 P2,k)] ∀k,

solve the finite-horizon DSFBMH2HINLCP for the system. Moreover, the optimal costs
for the game are given by

J1,l(u
�, w�) =

1

2
xTk0P1,k0xk0 , (11.53)

J2,l(u
�, w�) =

1

2
xTk0P2,k0xk0 . (11.54)

Proof: Assume the solutions to the coupled HJIEs are of the form,

W (xk, k) =
1

2
xTk P1,kxk, P1,k < 0, k = 1, . . . ,K, (11.55)

U(xk, k) =
1

2
xTk P2,kxk, P2,k > 0, k = 1, . . . ,K. (11.56)

Then, the Hamiltonians H1(., ., ., .), H2(., ., ., .) are given by

H1,l(x,w, u,W ) =
1

2
(Ax +B1w +B2u)

TP1,k(Ax +B1w +B2u)−
1

2
xTP1,kx+

1

2
γ2‖w‖2 − 1

2
‖z‖2,

H2,l(x,w, u, U) =
1

2
(Ax +B1w +B2u)

TP2,k(Ax +B1w +B2u)−
1

2
xTP2,kx+

1

2
‖z‖2.
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Applying the necessary conditions for optimality, we get

∂H1,l

∂w
= BT1 P1,k(Ax +B1w +B2u) + γ2w = 0, (11.57)

∂H2,l

∂u
= BT2 P2,k(Ax +B1w +B2u) + u = 0. (11.58)

Solving the last equation for u we have

u = −(I +BT2 P2,kB2)
−1BT2 P2,k(Ax +B1w),

which upon substitution in the first equation gives

BT1 P1,k

{
Ax+B1w −B2(I +BT2 P2,kB2)

−1BT2 P2,k(Ax+B1w)
}
+ γ2w = 0

⇐⇒ w�l,k = −B−1
γ,k[B

T
1 P1,k −B2Λ

−1
k BT2 P2,k]Axk

= −B−1
γ,kΓ1,kAxk k ∈ [k0,K], (11.59)

if and only if
Bγ,k := [γ2I −B2Λ

−1
k BT2 P2,kB1 +BT1 P1,kB1] > 0 ∀k,

where

Λk := (I +BT2 P2,kB2), ∀k,
Γ1,k := [BT1 P1,k −B2Λ

−1
k BT2 P2,k] ∀k.

Notice that Λk is nonsingular for all k since P2,k is positive-definite. Now, substitute w� in
the expression for u to get

u�l,k = −Λ−1
k BT2 P2,k[I −B1B

−1
γ,k(B

T
1 P1,k −B2Λ

−1
k BT2 P2,k)]Axk, k ∈ [k0,K]

= −Λ−1
k BT2 P2,kΓ2,kAxk (11.60)

where
Γ2,k := [I −B1B

−1
γ,k(B

T
1 P1,k −B2Λ

−1
k BT2 P2,k)].

Finally, substituting (u�l,k, w
�
l,k) in the DHJIEs (11.40), (11.41), we get the DRDEs (11.48),

(11.49). The optimal costs are also obtained by substitution in (11.45), (11.46). �

Remark 11.2.1 Note, in the above Corollary 11.2.1 for the solution of the linear discrete-
time problem, it is better to consider strictly positive-definite solutions of the DRDEs
(11.48), (11.49) because the condition Bγ,k > 0 must be respected for all k.

11.2.1 The Infinite-Horizon Problem

In this subsection, we consider similarly the infinite-horizon DSFBMH2HINLCP for the
affine discrete-time nonlinear system Σda. We let K →∞, and seek time-invariant functions
and feedback gains that solve the DSFBMH2HINLCP . Again we require that the closed-
loop system be locally asymptotically-stable, and for this, we need the following definition
of detectability for the discrete-time system Σda.

Definition 11.2.2 The pair {f, h} is said to be locally zero-state detectable if there exists
a neighborhood Õ of x = 0 such that, if xk is a trajectory of xk+1 = f(xk) satisfying
x(k0) ∈ Õ, then h(xk) is defined for all k ≥ k0, and h(xk) = 0 for all k ≥ ks, implies
limk→∞ xk = 0. Moreover {f, h} is said to be zero-state detectable if Õ = X .
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Theorem 11.2.2 Consider the nonlinear system Σda defined by (11.29) and the infinite-
horizon DSFBMH2HINLCP with cost functionals (11.32), (11.8). Suppose

(H1) the pair {f, h1} is zero-state detectable;

(H2) there exists a pair of negative and positive-definite C2-functions W̃ , Ũ : M̃ × Z→ �
locally defined in a neighborhood M̃ of the origin x = 0, such that W̃ (0) = 0 and Ũ(0) = 0,
and satisfying the coupled DHJIEs:

W̃ (f(x) + g1(x)w
� + g2(x)u

�)− W̃ (x) +
1

2
(γ2‖w‖2 − ‖z�k‖2) = 0, W (0) = 0, (11.61)

Ũ(f(x) + g1(x)w
� + g2(x)u

�)− Ũ(x) +
1

2
‖z�k‖2 = 0, U(0) = 0. (11.62)

together with the conditions

r22(0) > 0, det[r11(0)− r−1
22 (0)r21(0)] �= 0. (11.63)

Then, the state-feedback controls defined implicitly by

w� = −gT1 (x)
1

γ2
∂W̃

∂λ

∣∣∣∣∣
λ=f(x)+g1(x)w�+g2(x)u�

(11.64)

u� = −gT2 (x)
∂Ũ

∂λ

∣∣∣∣∣
λ=f(x)+g1(x)w�+g2(x)u�

(11.65)

solve the infinite-horizon DSFBMH2HINLCP for the system. Moreover, the optimal costs
are given by

J�1d(u
�, w�) = W̃ (x0), (11.66)

J�2d(u
�, w�) = Ũ(x0). (11.67)

Proof: We only prove item (c) in the definition, since the proofs of items (a) and (b) are
exactly similar to the finite-horizon problem. Accordingly, using similar manipulations as
in the proof of item (a) of Theorem 11.2.1, it can be shown that with w ≡ 0,

W̃ (f(x) + g2(x)u
�)− W̃ (x) = −1

2
‖z‖2.

Therefore, the closed-loop system is Lyapunov-stable. Further, the condition W̃ (f(x) +
g2(x)u

�(x)) ≡ W̃ (x)∀k ≥ kc, for some kc ≥ k0, implies that u� ≡ 0, h1(x) ≡ 0 ∀k ≥ kc.
By hypothesis (H1), this implies limt→∞ xk = 0, and by LaSalle’s invariance-principle, we
conclude asymptotic-stability. �

The above theorem can again be specialized to the linear system Σdl in the following
corollary.

Corollary 11.2.2 Consider the discrete linear system Σdl under the Assumption 11.1.2.
Suppose there exist P̄1 < 0 and P̄2 > 0 symmetric solutions of the cross-coupled discrete-
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algebraic Riccati equations (DAREs):

P̄1 = AT
{
P̄1 − 2P̄1B1B

−1
γ Γ1 − 2P̄1B2Λ

−1BT2 P̄2 + 2ΓT1 B
−T
γ B1P̄1B2Λ

−1B2P̄2Γ2 +

ΓT1 B
−T
γ B1P̄1B1B

−1
γ Γ1 + ΓT2 P̄2B2Λ

−TB2P̄1B2Λ
−1BT2 P̄2Γ2 + γ2ΓT1 B

−T
γ B−1

γ Γ1 −
ΓT2 P̄2B2Λ

−TΛ−1BT2 P̄2Γ2

}
A− CT1 C1, (11.68)

P̄2 = AT
{
P̄2 − 2P̄2B1B

−1
γ Γ1 − 2P̄2B2Λ

−1BT2 P̄2Γ2 +

2ΓT1B
−T
γ B1P̄2B2Λ

−1
k BT2 P̄2Γ2 + ΓT2 P̄2B2Λ

−TΛ−1BT2 P̄2Γ2

}
A+ CT1 C1. (11.69)

Bγ := [γ2I −B2Λ
−1BT2 P2B1 +BT1 P1B1] > 0 (11.70)

Then the Nash-equilibrium strategies uniquely specified by

w�l,k = −B−1
γ Γ1Axk, (11.71)

u�l,k = −Λ−1BT2 P̄2Γ2Axk, (11.72)

where

Λ := (I +BT2 P̄2B2),

Γ1 := [BT1 P̄1 −B2Λ
−1BT2 P2],

Γ2 := [I −B1B
−1
γ (BT1 P1 −B2Λ

−1BT2 P̄2)],

solve the infinite-horizon DSFBMH2HINLCP for the system. Moreover, the optimal costs
for the game are given by

J1,l(u
�, w�) =

1

2
xTk0 P̄1xk0 , (11.73)

J2,l(u
�, w�) =

1

2
xTk0 P̄2xk0 . (11.74)

Proof: Take

Y (xk) =
1

2
xTk P̄1xk, P̄1 < 0

V (x) =
1

2
xTk P̄2xk, P̄2 > 0

and apply the results of the theorem. �

11.3 Extension to a General Class of Discrete-Time Nonlinear
Systems

In this subsection, we similarly extend the results of the previous subsection to a more
general class of nonlinear discrete-time systems which is not necessarily affine. We consider
the following state-space model defined on X ⊂ �n in local coordinates (x1, . . . , xn)

Σ :

⎧⎨⎩ ẋk+1 = F̃ (xk, wk, uk), x(t0) = x0
zk = Z̃(xk, uk)
yk = xk,

(11.75)
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where all the variables have their previous meanings, while F̃ : X×W×U → X , Z̃ : X×U →
�s are smooth functions of their arguments. In addition, we assume that F̃ (0, 0, 0) = 0 and
Z̃(0, 0) = 0. Furthermore, define similarly the Hamiltonian functions corresponding to the
cost functionals (11.32), (11.33), K̄i : X ×W × U × � → �, i = 1, 2 respectively:

K̃1(x,w, u, W̃ ) = W̃ (F̃ (x,w, u)) − W̃ (x) +
1

2
γ2‖w‖2 − ‖Z̃(x, u)‖2,

K̃2(x,w, u, Ū) = Ũ(F̃ (x,w, u)) − Ũ(x) +
1

2
‖Z̃(x, u)‖2,

for some smooth functions W̃ , Ũ : X → �. In addition, define also

∂2K̃(x)
Δ
=

[
∂2

˜K2

∂u2
∂2

˜K2

∂w∂u
∂2

˜K1

∂u∂w
∂2

˜K1

∂w2

]
(x) =

[
s11(x) s12(x)
s21(x) s22(x)

]
,

where

s11(0) =

⎡⎣(∂F̃
∂u

)T
∂2Ũ

∂λ2
(0)

∂F̃

∂u
+

(
∂Z̃

∂u

)T
∂Z̃

∂u

⎤⎦
x=0,w=0,u=0

,

s12(0) =

⎡⎣(∂F̃
∂u

)T
∂2Ũ

∂λ2
(0)

∂F̃

∂w

⎤⎦
x=0,w=0,u=0

,

s21(0) =

⎡⎣(∂F̃
∂w

)T
∂2W̃

∂λ2
(0)

∂F̃

∂u

⎤⎦
x=0,w=0,u=0

,

s22(0) =

⎡⎣(∂F̃
∂w

)T
∂2W̃

∂λ2
(0)

∂F̃

∂w
+ γ2I

⎤⎦
x=0,w=0,u=0

.

We then make the following assumption.

Assumption 11.3.1 For the Hamiltonian functions, K̃1, K̃2, we assume

s22(0) > 0, det[s11(0)− s12(0)s−1
22 s21(0)] �= 0.

Under the above assumption, the Hessian matrix ∂2K̃(0) is nonsingular, and therefore by
the Implicit-function Theorem, there exists an open neighborhood M0 of x = 0 such that
the equations

∂K̃1

∂w
(x, w̃�(x), ũ�(x)) = 0,

∂K̃2

∂u
(x, w̃�(x), ũ�(x)) = 0

have unique solutions ũ�(x), w̃�(x), with ũ�(0) = 0, w̃�(0) = 0. Moreover, the pair (ũ�, w̃�)
constitutes a Nash-equilibrium solution to the dynamic game (11.32), (11.33), (11.75). The
following theorem then summarizes the solution to the infinite-horizon problem for the
general class of discrete-time nonlinear systems (11.75).

Theorem 11.3.1 Consider the discrete-time nonlinear system (11.75) and the DSF-
BMH2HINLCP for this system. Suppose Assumption 11.3.1 holds, and also the following:
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(Ad1) the pair {F̃ (x, 0, 0), Z̃(x, 0)} is zero-state detectable;

(Ad2) there exists a pair of C2 locally negative and positive-definite functions W̃ , Ũ : M̃ →
� respectively, defined in a neighborhood M̃ of x = 0, vanishing at x = 0 and satisfying
the pair of coupled DHJIEs:

W̃ (F̃ (x, w̃�(x), ũ�(x))) − W̃ (x) +
1

2
γ2‖w̃�(x)‖2 − 1

2
‖Z̃(x, ũ�(x))‖2 = 0, W̃ (0) = 0,

Ũ(F̃ (x, w̃�(x), ũ�(x))) − Ũ(x) + 1

2
‖Z̃(x, ũ�(x))‖2 = 0, Ũ(0) = 0;

(A3) the pair {F̃ (x, w̃�(x), 0), Z̃(x, 0)} is locally zero-state detectable.

Then the state-feedback controls (ũ�(x), w̃�(x)) solve the dynamic game problem and the
DSFBMH2HINLCP for the system (11.75). Moreover, the optimal costs of the policies
are given by

J̃�1d(w̃
�, ũ�) = W̃ (x0),

J̃�2d(w̃
�, ũ�) = Ũ(x0).

Proof: The proof can be pursued along the same lines as the previous results. �

11.4 Notes and Bibliography

This chapter is mainly based on the paper by Lin [180]. The approach adopted throughout
the chapter was originally inspired by the paper by Limebeer et al. [179] for linear systems.
The chapter mainly extended the results of the paper to the nonlinear case. But in addition,
the discrete-time problem has also been developed. Finally, application of the results to
tracking control for Robot manipulators can be found in [80].
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Mixed H2/H∞ Nonlinear Filtering

The H∞ nonlinear filter has been discussed in chapter 8, and its advantages over the
Kalman-filter have been mentioned. In this chapter, we discuss the mixed H2/H∞-criterion
approach for estimating the states of an affine nonlinear system in the spirit of Reference
[179]. Many authors have considered mixed H2/H∞-filtering techniques for linear systems
[162, 257], [269]-[282], which enjoy the advantages of both Kalman-filtering andH∞-filtering.
In particular, the paper [257] considers a differential game approach to the problem, which
is attractive and transparent. In this chapter, we present counterpart results for nonlinear
systems using a combination of the differential game approach with a dissipative system’s
perspective. We discuss both the continuous-time and discrete-time problems.

12.1 Continuous-Time Mixed H2/H∞ Nonlinear Filtering

The general set-up for the mixed H2/H∞-filtering problem is shown Figure 12.1, where
the plant is represented by an affine nonlinear system Σa, while F is the filter. The filter
processes the measurement output y from the plant which is also corrupted by the noise
signal w, and generates an estimate ẑ of the desired variable z. The noise signal w entering

the plant is comprised of two components, w =

(
w0

w1

)
, with w0 ∈ S a bounded-spectral

signal (e.g., a white Gaussian noise signal); and w1 ∈ P is a bounded-power signal or L2-
signal. Thus, the induced-norm (or gain) from the input w0 to z̆ (the output error) is the
L2-norm of the interconnected system F ◦Σa, i.e.,

‖F ◦Σa‖L2

Δ
= sup

0�=w0∈S

‖z̆‖P
‖w0‖S , (12.1)

while the induced norm from w1 to z̆ is the L∞-norm of Pa, i.e.,

‖F ◦Σa‖L∞
Δ
= sup

0�=w1∈P

‖z̆‖2
‖w1‖2 . (12.2)

The objective is to synthesize a filter, F , for estimating the state x(t) or a function of it,
z = h1(x), from observations of y(τ) up to time t over a time horizon [t0, T ], i.e.,

Yt
Δ
= {y(τ) : τ ≤ t}, t ∈ [t0, T ],

such that the above pair of norms (12.1), (12.2) are minimized, while at the same time
achieving asymptotic zero estimation error with w ≡ 0. In this context, the above norms
will be interpreted as the H2 and H∞-norms of the interconnected system.

However, in this chapter, we do not solve the above problem, instead we solve an asso-
ciated H2/H∞-filtering problem in which there is a single exogenous input w ∈ L2[t0, T ]

303
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FIGURE 12.1
Set-Up for Mixed H2/H∞ Nonlinear Filtering

and an associated H2-cost which represents the output energy of the system in z̆. More
specifically, we seek to synthesize a filter, F , for estimating the state x(t) or a function
of it, z = h1(x), from the observations Yt such that the L2-gain from the input w to the
penalty function z̆ (to be defined later) as well as the output energy defined by ‖z̆‖H2 are
minimized, and at the same time achieving asymptotic zero estimation error with w ≡ 0.

Accordingly, the plant is represented by an affine nonlinear causal state-space system
defined on a manifold X ⊂ �n with zero control input:

Σa :

⎧⎨⎩
ẋ = f(x) + g1(x)w; x(t0) = x0
z = h1(x)
y = h2(x) + k21(x)w,

(12.3)

where x ∈ X is the state vector, w ∈ W ⊆ L2([t0,∞),�r) is an unknown disturbance (or
noise) signal, which belongs to W , the set of admissible noise/disturbance signals, y ∈ Y ⊂
�m is the measured output (or observation) of the system, and belongs to Y, the set of
admissible outputs, z ∈ �s is the output of the system that is to be estimated.

The functions f : X → V∞(X ), g1 : X → Mn×r(X ), h1 : X → �s, h2 : X → �m
and k21 : X → Mm×r(X ) are real C∞-functions of x. Furthermore, we assume without
any loss of generality that the system (12.3) has a unique equilibrium-point at x = 0 such
that f(0) = 0, h1(0) = 0, h2(0) = 0. We also assume that there exists a unique solution
x(t, t0, x0, w), ∀t ∈ � for the system for all initial conditions x0 and all w ∈ W .

Again, since it is difficult to minimize exactly the H∞-norm, in practice we settle for a
suboptimal problem, which is to minimize ‖z̆‖H2 while rendering ‖F ◦ Σa‖H∞ ≤ γ�. For
nonlinear systems, this H∞-constraint is interpreted as the L2-gain constraint and is defined
as ∫ T

t0

‖z̆(τ)‖2dτ ≤ γ2
∫ T

t0

‖w(τ)‖2dτ, T > 0. (12.4)

More formally, we define the local nonlinear (suboptimal) mixed H2/H∞-filtering or
state estimation problem as follows.

Definition 12.1.1 (Mixed H2/H∞ (Suboptimal) Nonlinear Filtering Problem (MH2HINL-
FP)). Given the plant Σa and a number γ� > 0, find a filter F : Y → X such that

x̂(t) = F(Yt)

and the output energy ‖z̆‖L2 is minimized while the constraint (12.4) is satisfied for all
γ ≥ γ�, for all w ∈ W and for all initial conditions x(t0) ∈ O.In addition with w ≡ 0,
limt→∞ z̆(t) = 0.

Moreover, if the above conditions are satisfied for all x(t0) ∈ X , we say that F solves
the MH2HINLFP globally.

Remark 12.1.1 The problem defined above is the finite-horizon filtering problem. We have
the infinite-horizon problem if we let T →∞.
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12.1.1 Solution to the Finite-Horizon Mixed H2/H∞ Nonlinear Filtering
Problem

To solve the MH2HINLFP , we similarly consider the following Kalman-Luenberger filter
structure

Σaf :

{
˙̂x = f(x̂) + L(x̂, t)[y − h2(x̂)], x̂(t0) = x̂0
ẑ = h1(x̂)

(12.5)

where x̂ ∈ X is the estimated state, L(., .) ∈Mn×m(X ×�) is the error-gain matrix which
is smooth and has to be determined, and ẑ ∈ �s is the estimated output of the filter. We
can now define the estimation error or penalty variable, z̆, which has to be controlled as:

z̆ = h1(x)− h1(x̂).

Then we combine the plant (12.3) and estimator (12.5) dynamics to obtain the following
augmented system:

˙̆x = f̆(x̆) + ğ(x̆)w, x̆(t0) = (xT0 x̂T0 )
T

z̆ = h̆(x̆)

}
, (12.6)

where

x̆ =

(
x
x̂

)
, f̆(x̆) =

(
f(x)

f(x̂) + L(x̂, t)(h2(x) − h2(x̂))
)
,

ğ(x̆) =

(
g1(x)

L(x̂, t)k21(x)

)
, h̆(x̆) = h1(x)− h1(x̂).

The problem can then be formulated as a two-player nonzero-sum differential game
(from Chapter 3, see also [59]) with two cost functionals:

J1(L,w) =
1

2

∫ T

t0

[γ2‖w(τ)‖2 − ‖z̆(τ)‖2]dτ, (12.7)

J2(L,w) =
1

2

∫ T

t0

‖z̆(τ)‖2dτ. (12.8)

Here, the first functional is associated with the H∞-constraint criterion, while the second
functional is related to the output energy of the system or H2-criterion. It can easily be
seen that, by making J1 ≥ 0 then the H∞-constraint ‖F ◦Pa‖H∞ ≤ γ is satisfied. A Nash-
equilibrium solution [59] to the above game is said to exist if we can find a pair of strategies
(L�, w�) such that

J1(L
�, w�) ≤ J1(L

�, w) ∀w ∈ W , (12.9)

J2(L
�, w�) ≤ J2(L,w

�) ∀L ∈Mn×m. (12.10)

To arrive at a solution to this problem, we form the Hamiltonian function Hi : T
�(X ×X )×

W ×Mn×m → �, i = 1, 2, associated with the two cost functionals:

H1(x̆, w, L, Y
T
x̆ ) = Yx̆(x̆, t)(f̆(x̆) + ğ(x̆)w) +

1

2
(γ2‖w‖2 − ‖z̆‖2), (12.11)

H2(x̆, w, L, V
T
x̆ ) = Vx̆(x̆, t)(f̆(x̆) + ğ(x̆)w) +

1

2
‖z̆‖2 (12.12)

with the adjoint variables p1 = Y Tx̆ , p2 = V Tx̆ respectively, for some smooth functions
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Y, V : X × X × � → � and where Yx̆, Vx̆ are the row-vectors of first partial-derivatives of
the functions with respect to (wrt) x̆ respectively. The following theorem from Chapter 3
then gives sufficient conditions for the existence of a Nash-equilibrium solution to the above
game.

Theorem 12.1.1 Consider the two-player nonzero-sum dynamic game (12.7)-(12.8),(12.6)
of fixed duration [t0, T ] under closed-loop memoryless perfect state information pattern. A
pair of strategies (w�, L�) provides a feedback Nash-equilibrium solution to the game, if there
exists a pair of C1-functions (in both arguments) Y, V : X × X × � → �, satisfying the
pair of HJIEs:

Yt(x̆, t) = − inf
w∈W

H1(x̆, w, L
�, Yx̆), Y (x̆, T ) = 0, (12.13)

Vt(x̆, t) = − min
L∈Mn×m

H2(x̆, w
�, L, Vx̆), V (x̆, T ) = 0. (12.14)

Based on the above theorem, it is now easy to find the above Nash-equilibrium pair
for our game. The following theorem gives sufficient conditions for the solvability of the
MH2HINLFP. For simplicity we make the following assumption on the plant.

Assumption 12.1.1 The system matrices are such that

k21(x)g
T
1 (x) = 0,

k21(x)k
T
21(x) = I.

Remark 12.1.2 The first of the above assumptions means that the measurement noise and
the system noise are independent.

Theorem 12.1.2 Consider the nonlinear system (12.3) and the MH2HINLFP for it. Sup-
pose the function h1 is one-to-one (or injective) and the plant Σa is locally asymptotically-
stable about the equilibrium point x = 0. Further, suppose there exists a pair of C1 (with
respect to both arguments) negative and positive-definite functions Y, V : N × N × � → �
respectively, locally defined in a neighborhood N × N ⊂ X × X of the origin x̆ = 0, and a
matrix function L : N ×� →Mn×m satisfying the following pair of coupled HJIEs:

Yt(x̆, t) + Yx(x̆, t)f(x) + Yx̂(x̆, t)f(x̂)− 1
2γ2Yx(x̆)g1(x)g

T
1 (x)Y

T
x (x̆)−

1
2γ2Yx̂(x̆)L(x̂, t)L

T (x̂, t)Y Tx̂ (x̆)− 1
γ2Yx̂(x̆)L(x̂, t)L

T (x̂, t)V Tx̂ (x̆)−
1
2 (h1(x)− h1(x̂))T (h1(x) − h1(x̂)) = 0, Y (x̆) = 0 (12.15)

Vt(x̆, t) + Vx(x̆, t)f(x) + Vx̂(x̆, t)f(x̂)− 1
γ2Vx(x̆)g1(x)g

T
1 (x)Y

T
x (x̆)−

1
γ2Vx̂(x̆)L(x̂, t)L

T (x̂, t)Y Tx̂ − γ2(h2(x) − h2(x̂))T (h2(x)− h2(x̂))+
1
2 (h1(x)− h1(x̂))T (h1(x) − h1(x̂)) = 0, V (x̆, T ) = 0, (12.16)

together with the coupling condition

Vx̂(x̆, t)L(x̂, t) = −γ2(h2(x) − h2(x̂))T , x, x̂ ∈ N. (12.17)

Then:

(i) there exists locally a Nash-equilibrium solution (w�, L�) for the game (12.7), (12.8),
(12.6);
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(ii) the augmented system (12.6) is dissipative with respect to the supply-rate s(w, z̆) =
1
2 (γ

2‖w‖2 − ‖z̆‖2) and hence has finite L2-gain from w to z̆ less or equal to γ;

(iii) the optimal costs or performance objectives of the game are J�1 (L
�, w�) = Y (x̆0, t0)

and J�2 (L
�, w�) = V (x̆0, t0);

(iv) the filter Σaf with the gain matrix L(x̂, t) satisfying (12.17) solves the finite-horizon
MH2HINLFP for the system locally in N .

Proof: Assume there exist definite solutions Y, V to the HJIEs (12.15)-(12.16), and (i)
consider the Hamiltonian function H1(., ., ., .) first:

H1(x̆, w, L, Y
T
x̆ ) = Yxf(x) + Yx̂f(x̂) + Yx̂L(x̂, t)(h2(x) − h2(x̂)) + Yxg1(x)w +

Yx̂L(x̂, t)k21(x)w − 1

2
‖z̆‖2 + 1

2
γ2‖w‖2

where some of the arguments have been suppressed for brevity. Since it is quadratic and
convex in w, we can apply the necessary condition for optimality, i.e.,

∂H1

∂w

∣∣∣∣
w=w�

= 0,

to get

w� := − 1

γ2
(gT1 (x)Y

T
x (x̆, t) + kT21(x)L

T (x̂, t)Y Tx̂ (x̆, t)). (12.18)

Substituting now w� in the expression for H2(., ., ., .) (12.12), we get

H2(x̆, w
�, L, V Tx̆ ) = Vxf(x) + Vx̂f(x̂) + Vx̂L(x̂, t)(h2(x)− h2(x̂))− 1

γ2
Vxg1(x)g

T
1 (x)Y

T
x −

1

γ2
Vx̂L(x̂, t)L

T (x̂, t)Y Tx̂ +
1

2
(h1(x) − h1(x̂))T (h1(x)− h1(x̂)).

Then completing the squares for L in the above expression for H2(., ., ., .), we get

H2(x̆, w
�, L, V Tx̆ ) = Vxf(x) + Vx̂f(x̂)− 1

γ2
Vxg1(x)g

T
1 (x)Y

T
x +

1

2
(h1(x)− h1(x̂))T (h1(x) − h1(x̂)) +
1

2γ2
∥∥LT (x̂, t)V Tx̂ + γ2(h2(x)− h2(x̂))

∥∥2 − γ2

2
‖h2(x)− h2(x̂)‖2 −

1

2γ2
∥∥LT (x̂, t)V Tx̂ + LT (x̂, t)Y Tx̂

∥∥2 + 1

2γ2
‖LT (x̂, t)Y Tx̂ ‖2.

Thus, choosing L� according to (12.17) minimizes H2(., ., ., .) and renders the Nash-
equilibrium condition

H2(w
�, L�) ≤ H2(w

�, L) ∀L ∈ Mn×m

satisfied. Moreover, substituting (w�, L�) in (12.14) gives the HJIE (12.16).
Next, substitute L� as given by (12.17) in the expression for H1(., ., ., .) and complete

the squares to obtain:

H1(x̆, w, L
�, Y Tx̆ ) = Yxf(x) + Yx̂f(x̂)− 1

γ2
Yx̂L(x̂, t)L

T (x̂, t)V Tx̂ −
1

2γ2
Yxg1(x)g

T
1 (x)Y

T
x −

1

2γ2
Yx̂L(x̂)L

T (x̂)Y Tx̂ +

γ2

2

∥∥∥∥w +
1

γ2
gT1 (x)Y

T
x +

1

γ2
kT21(x)L

T (x̂, t)Y Tx̂

∥∥∥∥2 − 1

2
‖z‖2.
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Substituting now w = w� as given by (12.18), we see that the second Nash-equilibrium
condition

H1(w
�, L�) ≤ H1(w,L

�), ∀w ∈ W
is also satisfied. Therefore, the pair (w�, L�) constitute a Nash-equilibrium solution to the
two-player nonzero-sum dynamic game. Moreover, substituting (w�, L�) in (12.13) gives the
HJIE (12.15).
(ii) Consider the HJIE (12.15) and rewrite as:{

Yt(x̆, t) + Yxf(x) + Yx̂f(x̂) + Yx̂L(x̂, t)(h2(x) − h2(x̂) + Yxg1(x)w +

Yx̂L(x̂, t)k21(x)w − 1

2
‖z̆‖2 + 1

2
γ2‖w‖2

}
− 1

2
γ2‖w‖2 − Yxg1(x)w −

Yx̂L(x̂, t)k21(x)w − 1

2γ2
Yxg1(x)g

T
1 (x)Y

T
x −

1

2γ2
Yx̂L(x̂, t)L

T (x̂, t)Y Tx̂ = 0

⇐⇒
{
Yt(x̆, t) + Yx̆[f̆(x̆) + ğ(x̆)w] +

1

2
γ2‖w‖2 − 1

2
‖z̆‖2

}
− 1

2
γ2‖w − w�‖2 = 0

=⇒
{
Y̆t(x̆, t) + Y̆x̆[f̆(x̆) + ğ(x̆)w]

}
≤ 1

2
γ2‖w‖2 − 1

2
‖z̆‖2 (12.19)

for some function Y̆ = −Y > 0. Integrating now the last expression above from t = t0 and
x̆(t0) to t = T and x̆(T ), we get the dissipation-inequality:

Y̆ (x̆(T ), T )− Y̆ (x̆(t0), t0) ≤ 1

2

∫ T

t0

{γ2‖w(t)‖2 − ‖z̆(t)‖2}dt, (12.20)

and hence the result.
(iii) Consider the cost functional J1(L,w) first, and rewrite it as

J1(L,w) + Y (x̆(T ), T )− Y (x̆(t0), t0)

=

∫ T

t0

{
1

2
γ2‖w(t)‖2 − 1

2
‖z̆(t)‖2 + Ẏ (x̆, t)

}
dt

=

∫ T

t0

H1(x̆, w, L, Y
T
x̆ )dt

=

∫ T

t0

{γ2
2
‖w − w�‖2 + Yx̂L(x̂, t)(h2(x) − h2(x̂)) + 1

γ2
Yx̂L(x̂, t)L

T (x̂, t)V Tx̂

}
dt,

where use has been made of the HJIE (12.15) in the above manipulations. Substitute now
(L�, w�) as given by (12.17), (12.18) respectively to get the result.

Similarly, consider the cost functional J2(L,w) and rewrite it as

J2(L,w)− V (x̆(t0), t0) =

∫ T

t0

{
1

2
‖z̆(t)‖2 + V̇ (x̆, t)

}
dt

=

∫ T

t0

H2(x̆, w, L, Y
T
x̆ )dt.

Then substituting (L�, w�) as given by (12.17), (12.18) respectively, and using the HJIE
(12.16) the result also follows.

Finally, (iv) follows from (i)-(iii). �
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Remark 12.1.3 Notice that by virtue of (12.17), the HJIE (12.16) can also be represented
in the following form:

Vt(x̆, t) + Vx(x̆, t)f(x) + Vx̂(x̆, t)f(x̂)− 1
γ2Vx(x̆, t)g1(x)g

T
1 (x)Y

T
x (x̆, t)−

1
γ2Vx̂(x̆, t)L(x̂, t)L

T (x̂, t)Y Tx̂ (x̆, t)− 1
γ2Vx̂(x̆, t)L(x̂, t)L

T (x̂, t)V Tx̂ (x̆, t)+

1
2 (h1(x)− h1(x̂))T (h1(x) − h1(x̂)) = 0, V (x̆, T ) = 0. (12.21)

The above result (Theorem 12.1.2) can be specialized to the linear-time-invariant (LTI)
system:

Σl :

⎧⎨⎩
ẋ = Ax+G1w, x(t0) = x0
z̆ = C1(x− x̂)
y = C2x+D21w,

(12.22)

where all the variables have their previous meanings, and A ∈ �n×n,G1 ∈ �n×r, C1 ∈ �s×n,
C2 ∈ �m×n and D21 ∈ �m×r are real constant matrices. We have the following corollary to
Theorem 12.1.2.

Corollary 12.1.1 Consider the LTI system Σl defined by (12.22) and the MH2HINLFP for
it. Suppose C1 is full-column rank and A is Hurwitz. Suppose further, there exist a negative
and a positive-definite real-symmetric solutions P1(t), P2(t), t ∈ [t0, T ] (respectively) to the
coupled Riccati ordinary differential-equations (ODEs):

−Ṗ1(t) = ATP1(t) + P1(t)A−
1

γ2
[P1(t) P2(t)]

[
L(t)LT (t) +G1G

T
1 L(t)LT (t)

L(t)LT (t) 0

] [
P1(t)
P2(t)

]
−

CT1 C1, P1(T ) = 0, (12.23)

−Ṗ2(t) = ATP2(t) + P2(t)A−
1

γ2
[P1(t) P2(t)]

[
0 L(t)LT (t) +G1G

T
1

L(t)LT (t) +G1G
T
1 2L(t)LT (t)

] [
P1(t)
P2(t)

]
+

CT1 C1, P2(T ) = 0, (12.24)

together with the coupling condition

P2(t)L(t) = −γ2CT2 , (12.25)

for some n×m matrix function L(t) defined for all t ∈ [t0, T ]. Then:

(i) there exists a Nash-equilibrium solution (w�, L�) for the game given by

w� := − 1

γ2
(GT1 +DT

21L(t))P1(t)(x − x̂),

(x− x̂)TP2(t)L
� = −γ2(x− x̂)TCT2 ;

(ii) the augmented system

Σfl :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
˙̆x =

[
A 0

L�(t)C2 A− L�(t)C2

]
x̆+

[
G1

L�(t)D21

]
w,

x̆(t0) =

[
x0
x̂0

]
z̆ = [C1 − C1]x̆ := C̆x̆
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has H∞-norm from w to z̆ less than equal to γ;

(iii) the optimal costs or performance objectives of the game are J�1 (L
�, w�) = 1

2 (x0 −
x̂0)

TP1(t0)(x0 − x̂0) and J�2 (L�, w�) = 1
2 (x0 − x̂0)TP2(t0)(x0 − x̂0);

(iv) the filter Σfl with the gain matrix L(t) = L�(t) satisfying (12.25) solves the finite-
horizon MH2HINLFP for the system.

Proof: Take

Y (x̆, t) =
1

2
(x− x̂)TP1(t)(x− x̂), P1 = PT1 < 0,

V (x̆, t) =
1

2
(x− x̂)TP2(t)(x− x̂), P2 = PT2 > 0,

and apply the result of the theorem. �

12.1.2 Solution to the Infinite-Horizon Mixed H2/H∞ Nonlinear Filter-
ing

In this section, we discuss the infinite-horizon filtering problem, in which case we let T →∞.
In this case, we seek a time-independent gain matrix L̂(x̂) and functions Y, V : N̂ × N̂ ⊂
X × X → � such that the HJIEs:

Yx(x̆)f(x) + Yx̂f(x̂)− 1

2γ2
Yx(x̆)g1(x)g

T
1 (x)Y

T
x (x̆)− 1

2γ2
Yx̂(x̆)L̂(x̂)L̂

T (x̂)Y Tx̂ (x̆)−
1

γ2
Yx̂(x̆)L̂(x̂)L̂

T (x̂)V Tx̂ (x̆)− 1

2
(h1(x) − h1(x̂))T (h1(x)− h1(x̂)) = 0,

Y (0) = 0 (12.26)

Vx(x̆)f(x) + Vx̂(x̆)f(x̂)− 1

γ2
Vx(x̆)g1(x)g

T
1 (x)Y

T
x (x̆)− 1

γ2
Vx̂(x̆)L̂(x̂)L̂

T (x̂)Y Tx̂ (x̆)−

γ2(h2(x)− h2(x̂))T (h2(x) − h2(x̂)) + 1

2
(h1(x) − h1(x̂))T (h1(x)− h1(x̂)) = 0,

V (0) = 0 (12.27)

are satisfied together with the coupling condition:

Vx̂(x̆)L̂(x̂) = −γ2(h2(x)− h2(x̂))T , x, x̂ ∈ N̂ , (12.28)

where L̂ is the asymptotic value of L. It is also required in this case that the augmented
system (12.6) is stable. Moreover, in this case, we can relax the requirement of asymptotic-
stability for the original system (12.3) with a milder requirement of detectability which we
define next.

Definition 12.1.2 The pair {f, h} is said to be locally zero-state detectable if there exists a
neighborhood O of x = 0 such that, if x(t) is a trajectory of ẋ(t) = f(x) satisfying x(t0) ∈ O,
then h(x(t)) is defined for all t ≥ t0 and h(x(t)) ≡ 0 for all t ≥ ts, for some ts ≥ t0, implies
limt→∞ x(t) = 0. Moreover, the system is zero-state detectable if O = X .

Remark 12.1.4 From the above definition, it can be inferred that, if h1 is injective, then

{f, h1} zero-state detectable⇒ {f̆ , h̆} zero-state detectable

and conversely.
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It is also desirable for a filter to be stable or admissible. The “admissibility” of a filter
is defined as follows.

Definition 12.1.3 A filter F is admissible if it is asymptotically (or internally) stable for
any given initial condition x(t0) of the plant Σa, and with w ≡ 0

lim
t→∞ z̆(t) = 0.

The following proposition can now be proven along the same lines as Theorem 12.1.2.

Proposition 12.1.1 Consider the nonlinear system (12.3) and the infinite-horizon
MH2HINLFP for it. Suppose the function h1 is one-to-one (or injective) and the plant
Σa is zero-state detectable. Further, suppose there exists a pair of C1 negative and positive-
definite functions Y, V : N̂ × N̂ → � respectively, locally defined in a neighborhood
N̂ × N̂ ⊂ X × X of the origin x̆ = 0, and a matrix function L̂ : N̂ → Mn×m satisfy-
ing the pair of coupled HJIEs (12.26), (12.27) together with (12.28). Then:

(i) there exists locally a Nash-equilibrium solution (ŵ�, L̂�) for the game;

(ii) the augmented system (12.6) is dissipative with respect to the supply-rate s(w, z) =
1
2 (γ

2‖w‖2 − ‖z̆‖2) and hence has L2-gain from w to z̆ less or equal to γ;

(iii) the optimal costs or performance objectives of the game are J�1 (L̂
�, ŵ�) = Y (x̆0) and

J�2 (L̂
�, ŵ�) = V (x̆0);

(iv) the filter Σaf with the gain matrix L̂(x̂) = L̂�(x̂) satisfying (12.28) is admissible and

solves the infinite-horizon MH2HINLFP locally in N̂ .

Proof: Since the proof of items (i)-(iii) is the same as in Theorem 12.1.2, we only prove (iv)
here. Using similar manipulations as in the proof of Theorem 12.1.2, we get an inequality
similar to (12.19). This inequality implies that with w = 0,

˙̆
Y ≤ −1

2
‖z̆‖2. (12.29)

Therefore, by Lyapunov’s theorem, the augmented system is locally stable. Furthermore,

for any trajectory of the system x̆(t) such that
˙̆
Y (x̆) ≡ 0 for all t ≥ tc, for some tc ≥ t0, it

implies that z̆ ≡ 0 ∀ ≥ tc. This in turn implies h1(x) = h1(x̂), and x(t) = x̂(t) ∀t ≥ tc by
the injectivity of h1. This further implies that h2(x) = h2(x̂) ∀t ≥ tc and it is a trajectory
of the free system:

˙̆x =

(
f(x)
f(x̂)

)
.

By the zero-state detectability of {f, h1}, we have limt→∞ x̆(t) = 0, and asymptotic-stability
follows by LaSalle’s invariance-principle. On the other hand, if we have strict inequal-

ity,
˙̆
Y < − 1

2‖z̆‖2, asymptotic-stability follows immediately from Lyapunov’s theorem, and
limt→∞ z(t) = 0. Therefore, Σaf is admissible. Combining now with items (i)-(iii), the
conclusion follows. �

Similarly, for the linear system Σl (12.22), we have the following corollary.

Corollary 12.1.2 Consider the LTI system Σl defined by (12.22) and the MH2HINLFP
for it. Suppose C1 is full column rank and (A,C1) is detectable. Suppose further, there exist a
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negative and a positive-definite real-symmetric solutions P1, P2, (respectively) to the coupled
algebraic-Riccati equations (AREs):

ATP1 + P1A− 1

γ2
[P1 P2]

[
L̂L̂T +G1G

T
1 L̂L̂T

L̂L̂T 0

] [
P1

P2

]
− CT1 C1 = 0 (12.30)

ATP2 + P2A− 1

γ2
[P1 P2]

[
0 L̂L̂T +G1G

T
1

L̂L̂T +G1G
T
1 2L̂L̂T

] [
P1

P2

]
+ CT1 C1 = 0, (12.31)

together with the coupling-condition

P2L̂ = −γ2CT2 . (12.32)

Then:

(i) there exists a Nash-equilibrium solution (w�, L�) for the game;

(ii) the augmented system Σlf has H∞-norm from w to z̆ less than equal to γ;

(iii) the optimal costs or performance objectives of the game are J�1 (L̂
�, ŵ�) = 1

2 (x0 −
x̂0)

TP1(x0 − x̂0) and J�2 (L̂�, ŵ�) = 1
2 (x0 − x̂0)TP2(x0 − x̂0);

(iv) the filter Σlf with gain-matrix L̂ = L̂� ∈ �n×m satisfying (12.32) is admissible, and
solves the infinite-horizon MH2HINLFP for the linear system.

We consider a simple example.

Example 12.1.1 We consider a simple example of the following scalar system:

ẋ = −x3, x(0) = x0,

z = x

y = x+ w.

We consider the infinite-horizon problem and the associated HJIEs. It can be seen that
the system satisfies all the assumptions of Theorem 12.1.2 and Proposition 12.1.1. Then,
substituting in the HJIEs (12.21), (12.26), and coupling condition (12.28), we get

−x3yx − x̂3yx̂ − 1

2γ2
l2y2x̂ −

1

γ2
l2vx̂yx̂ − 1

2
(x− x̂)2 = 0,

−x3vx − x̂3vx̂ − 1

γ2
l2vx̂yx̂ − γ2(x− x̂)2 + 1

2
(x− x̂)2 = 0,

vx̂l + γ2(x− x̂) = 0.

Looking at the above system of PDEs, we see that there are 5 variables: vx, vx̂, yx, vx̂, l
and only 3 equations. Therefore, we make the following simplifying assumption. Let

vx = −vx̂.
Then, the above equations reduce to

x3yx + x̂3yx̂ +
1

2γ2
l2y2x̂ −

1

γ2
l2vxyx̂ +

1

2
(x− x̂)2 = 0, (12.33)

x3vx − x̂3vx − 1

γ2
l2vxyx̂ + γ2(x − x̂)2 − 1

2
(x− x̂)2 = 0, (12.34)

vxl − γ2(x− x̂) = 0. (12.35)
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FIGURE 12.2
Nonlinear H2/H∞-Filter Performance with Unknown Initial Condition; Reprinted from
Int. J. of Robust and Nonlinear Control, vol. 19, no. 4, pp. 394-417, c© 2009, “Mixed
H2/H∞ nonlinear filtering,” by M. D.S. Aliyu and E. K. Boukas, with permission from
Wiley Blackwell.

Subtract now equations (12.33) and (12.34) to get

(x3yx + x̂3yx̂) + (x̂3 − x3)vx + 1

2γ2
l2y2x̂ + (1 − γ2)(x − x̂)2 = 0, (12.36)

vxl − γ2(x− x̂) = 0. (12.37)

Now let

vx = (x− x̂)⇒ vx̂ = −(x− x̂), v(x, x̂) =
1

2
(x − x̂)2, and ⇒ l�2/∞ = γ2.

Then, if we let γ = 1, the equation governing yx (12.36) becomes

y2x̂ + 2(x3yx + x̂3yx̂) + 2(x̂3 − x3)(x − x̂) = 0

and
yx = −(x+ x̂), yx̂ = −(x+ x̂),

approximately solves the above PDE (locally!). This corresponds to the solution

y(x, x̂) = −1

2
(x+ x̂)2.

Figure 12.2 shows the filter performance with unknown initial condition and with the
measurement noise w(t) = 0.5w0 + 0.01 sin(t), where w0 is zero-mean Gaussian-white with
unit variance.

12.1.3 Certainty-Equivalent Filters (CEFs)

It should be observed from the previous two sections, 12.1.1, 12.1.2, that the filter gains
(12.17), (12.28) may depend on the original state of the system which is to be estimated,
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except for the linear case where the gains are constants. As discussed in Chapter 8, this will
make the filters practically impossible to construct. Therefore, the filter equation and gains
must be modified to overcome this difficulty.

Furthermore, we observe that the number of variables in the HJIEs (12.15)-(12.27) is
twice the dimension of the plant. This makes them more difficult to solve considering their
notoriety, and makes the scheme less attractive. Therefore, based on these observations,
we consider again in this section certainty-equivalent filters which are practically imple-
mentable, and in which the governing equations are of lower-order. We begin with the
following definition.

Definition 12.1.4 For the nonlinear system (12.3), we say that it is locally zero-input
observable if for all states x1, x2 ∈ U ⊂ X and input w(.) ≡ 0

y(., x1, w) ≡ y(., x2, w) =⇒ x1 = x2

where y(., xi, w), i = 1, 2 is the output of the system with the initial condition x(t0) = xi.
Moreover, the system is said to be zero-input observable, if it is locally observable at each
x0 ∈ X or U = X .

Consider now as in Chapter 8, the following class of filters:

Σ̃af :

⎧⎨⎩
˙̂x = f(x̂) + g1(x̂)w

� + L̃(x̂, y)[y − h2(x̂)− k21(x̂)w̃�], x̂(t0) = x̂0
ẑ = h2(x̂)
z̃ = y − h2(x̂),

(12.38)

where L̃(., .) ∈ Mn×m is the filter gain matrix, w̃� is the estimated worst-case system
noise (hence the name certainty-equivalent filter) and z̃ is the new penalty variable. Then,
consider the infinite-horizon mixedH2/H∞ dynamic game problem with the cost functionals
(12.7), (12.8), and with the above filter. We can define the corresponding Hamiltonians

H̃i : T
�X ×W × T �Y ×Mn×m → �, i = 1, 2 as

H̃1(x̂, w, y, L̃, Ỹ
T
x̂ , Ỹ

T
y ) = Ỹx̂(x̂, y)[f(x̂) + g1(x̂)w + L̃(x̂, y)(y − h2(x̂)− k21(x̂)w)] +

Ỹy(x̂, y)ẏ +
1

2
γ2‖w‖2 − 1

2
‖z̃‖2,

H̃2(x̂, w, y, L̃, Ṽ
T
x̂ , Ṽ

T
y ) = Ṽx̂(x̂, y)[f(x̂) + g1(x̂)w + L̃(x̂, y)(y − h2(x̂)− k21(x̂)w))] +

Ṽy(x̂, y)ẏ +
1

2
‖z̃‖2,

for some smooth functions Ṽ , Ỹ : X × Y → �, and where the adjoint variables are set as
p̃1 = Ỹ Tx̂ , p̃2 = Ṽ Tx̂ . Further, we have

∂H̃1

∂w

∣∣∣∣∣
w=w̃�

= 0 =⇒ w̃� = − 1

γ2
[g1(x̂)− L̃(x̂, y)k21(x̂)]T Ỹ Tx̂ (x̂, y),

and repeating similar derivation as in the previous section, we can arrive at the following
result.

Theorem 12.1.3 Consider the nonlinear system (12.3) and the MH2HINLFP for it.
Suppose the plant Σa is locally asymptotically-stable about the equilibrium point x = 0
and zero-input observable. Further, suppose there exists a pair of C1 (with respect to both

arguments) negative and positive-definite functions Ỹ , Ṽ : Ñ × Υ → � respectively, locally
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defined in a neighborhood Ñ×Υ ⊂ X ×Y of the origin (x̂, y) = (0, 0), and a matrix function

L̃ : Ñ ×Υ→Mn×m satisfying the following pair of coupled HJIEs:

Ỹx̂(x̂, y)f(x̂) + Ỹy(x̂, y)ẏ − 1
2γ2 Ỹx̂(x̂, y)g1(x̂)g

T
1 (x̂)Ỹ

T
x̂ (x̂, y)−

1
2γ2 Ỹx̂(x̂, y)L̃(x̂, y)L̃

T (x̂, y)Ỹ Tx̂ (x̂, y)− 1
γ2 Ỹx̂(x̂, y)L̃(x̂, y)L̃

T (x̂, y)Ṽ Tx̂ (x̂, y)−
1
2 (y − h2(x̂))(y − h2(x̂)) = 0, Ỹ (0, 0) = 0, x̂ ∈ Ñ , y ∈ Υ (12.39)

Ṽx̂(x̂, y)f(x̂) + Ṽy(x̂, y)ẏ − 1
γ2 Ṽx̂(x̂, y)g1(x̂)g

T
1 (x̂)Ỹ

T
x̂ (x̂, y)−

1
γ2 Ṽx̂(x̂, y)L̃(x̂, y)L̃

T (x̂, y)Ỹ Tx̂ (x̂, y)− 1
γ2 Ṽx̂(x̂, y)L̃(x̂, y)L̃

T (x̂, y)Ṽ Tx̂ (x̂, y)+

1
2 (y − h2(x̂)T (y − h2(x̂)) = 0, Ṽ (0, 0) = 0, x̂ ∈ Ñ , y ∈ Υ (12.40)

together with the coupling condition

Ṽx̂(x̂, y)L̃(x̂, y) = −γ2(y − h2(x̂))T , x̂ ∈ Ñ, y ∈ Υ. (12.41)

Then, the filter Σ̃af with the gain matrix L̃(x̂, y) satisfying (12.41) solves the infinite-horizon

MH2HINLFP for the system locally in Ñ .

Proof: (Sketch) Using similar manipulations as in Theorem 12.1.2 and Prop 12.1.1, it can
be shown that the existence of a solution to the coupled HJIEs (12.39), (12.40) implies the
existence of a solution to the dissipation-inequality

Ỹ (x̂, y)− Ỹ (x̂0, y0) ≤ 1

2

∫ ∞

t0

(γ2‖w‖2 − ‖z̃‖2)dt

for some smooth function Ỹ = −Ỹ > 0. Again using similar arguments as in Theorem 12.1.2

and Prop 12.1.1, the result follows. In particular, with w ≡ 0 and
˙̃
Y (x̂, y) ≡ 0 ⇒ z̃ ≡ 0,

which in turn implies x ≡ x̂ by the zero-input observability of the system. �

Remark 12.1.5 Comparing the HJIEs (12.39)-(12.40) with (12.26)-(12.27) we see that
the dimensionality of the former is half. This is indeed significant. Moreover, the filter gain
corresponding to the new HJIEs (12.41) does not depend on x.

12.2 Discrete-Time Mixed H2/H∞ Nonlinear Filtering

The set-up for this case is the same as the continuous-time case shown in Figure 12.1 with
the difference that the variables and measurements are discrete, and is shown on Figure
12.3. Therefore, the plant is similarly described by an affine causal discrete-time nonlinear
state-space system with zero input defined on an n-dimensional space X ⊆ �n in coordinates
x = (x1, . . . , xn):

Σda :

⎧⎨⎩ xk+1 = f(xk) + g1(xk)wk; x(k0) = x0
zk = h1(xk)
yk = h2(xk) + k21(xk)wk

(12.42)

where x ∈ X is the state vector, w ∈ W is the disturbance or noise signal, which belongs to
the setW ⊂ �2([k0,∞)�r) of admissible disturbances or noise signals, the output y ∈ �m is
the measured output of the system, while z ∈ �s is the output to be estimated. The functions
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FIGURE 12.3
Set-Up for Discrete-Time Mixed H2/H∞ Nonlinear Filtering

f : X → X , g1 : X → Mn×r(X ), h1 : X → �s, h2 : X → �m, and k12 : X → Ms×p(X ),
k21 : X →Mm×r(X ) are real C∞ functions of x. Furthermore, we assume without any loss
of generality that the system (12.42) has a unique equilibrium-point at x = 0 such that
f(0) = 0, h1(0) = h2(0) = 0.

The objective is again to synthesize a filter, Fk, for estimating the state xk (or more
generally a function of it zk = h1(xk)) from observations of yi up to time k and over a time
horizon [k0,K], i.e., from

Yk
Δ
= {yi : i ≤ k}, k ∈ [k0,K]

such that the gains (or induced norms) from the inputs w0 := {w0,k}, w1 := {w1,k}, to
the error or penalty variable z̆ defined respectively as the �2-norm and �∞-norm of the
interconnected system Fk ◦ Σda respectively, i.e.,

‖Fk ◦ Σda‖�2 Δ
= sup

0�=w0∈S′

‖z̆‖P′

‖w0‖S′
, (12.43)

and

‖Fk ◦ Σda‖�∞ Δ
= sup

0�=w1∈P′

‖z̆‖2
‖w1‖2 (12.44)

are minimized, where

P ′ Δ
= {w : w ∈ �∞, Rww(k), Sww(jω) exist for all k and all ω resp.,

‖w‖P′ <∞}
S ′ Δ

= {w : w ∈ �∞, Rww(k), Sww(jω) exist for all k and all ω resp.,

‖Sww(jω)‖∞ <∞}

‖z‖2P′
Δ
= lim
K→∞

1

2K

K∑
k=−K

‖z‖2

‖w0‖2S′ = ‖Sw0w0(jω)‖∞, ‖w0‖2S′ = ‖Sw0w0(jω)‖∞,
and Rww, Sww(jω) are the autocorrelation and power spectral-density matrices of w [152].
In addition, if the plant is stable, we replace the induced �-norms above by their equivalent
H-subspace norms.

The above problem is the standard discrete-time mixed H2/H∞-filtering problem. How-
ever, as pointed out in the previous section, due to the difficulty of solving the above
problem, we do not solve it either in this section. Instead, we solve the associated problem
involving a single noise/disturbance signal w ∈ W ⊂ �2[k0,∞), and minimize the output
energy of the system, ‖z̆‖l2 , while rendering ‖Fk ◦Σda‖�∞ ≤ γ� for a given number γ� > 0,
for all w ∈ W and for all initial conditions x0 ∈ O ⊂ X . In addition, we also require that
with wk ≡ 0, the estimation error converges to zero, i.e., limk→∞ z̆k = 0.
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Again, for the discrete-time nonlinear system (12.42), the above H∞ constraint is inter-
preted as the �2-gain constraint and is represented as

K∑
k=k0

‖z̆k‖2 ≤ γ2
K∑

k=k0

‖wk‖2, K > k0 ∈ Z (12.45)

for all w ∈ W , for all initial states x0 ∈ O ⊂ X .
The discrete-time mixed-H2/H∞ filtering or estimation problem can then be defined

formally as follows.

Definition 12.2.1 (Discrete-Time Mixed H2/H∞ (Suboptimal) Nonlinear Filtering Prob-
lem (DMH2HINLFP)). Given the plant Σda and a number γ� > 0, find a filter Fk : Y → X
such that

x̂k+1 = Fk(Yk)

and the output energy ‖z̆‖�2 is minimized, while the constraint (12.45) is satisfied for all
γ ≥ γ�, for all w ∈ W and all x0 ∈ O. In addition, with wk ≡ 0, we have limk→∞ z̆k = 0.

Moreover, if the above conditions are satisfied for all x0 ∈ X , we say that Fk solves the
DMH2HINLFP globally.

Remark 12.2.1 The problem defined above is the finite-horizon filtering problem. We have
the infinite-horizon problem if we let K →∞.

12.2.1 Solution to the Finite-Horizon Discrete-Time Mixed H2/H∞
Nonlinear Filtering Problem

We similarly consider the following class of estimators:

Σdaf :

{
x̂k+1 = f(xk) + L(x̂k, k)[yk − h2(xk)], x̂(k0) = x̂0

ẑk = h1(x̂k)
(12.46)

where x̂k ∈ X is the estimated state, L(., .) ∈Mn×m(X ×Z) is the error-gain matrix which
is smooth and has to be determined, and ẑ ∈ �s is the estimated output of the filter. We
can now define the estimation error or penalty variable, z̆, which has to be controlled as:

z̆k := zk − ẑk = h1(xk)− h1(x̂k).

Then, we combine the plant (12.42) and estimator (12.46) dynamics to obtain the following
augmented system:

x̆k+1 = f̆(x̆k) + ğ(x̆k)wk, x̆(k0) = (x0
T

x̂0
T

)T

z̆k = h̆(x̆k)

}
, (12.47)

where

x̆k =

(
xk
x̂k

)
, f̆(x̆) =

(
f(xk)

f(x̂k) + L(x̂k, k)(h2(xk)− h2(x̂k))
)
,

ğ(x̆) =

(
g1(xk)

L(x̂k, k)k21(xk)

)
, h̆(x̆k) = h1(xk)− h1(x̂k).

The problem is then similarly formulated as a two-player nonzero-sum differential game
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with the following cost functionals:

J1(L,w) =
1

2

K∑
k=k0

{γ2‖wk‖2 − ‖z̆k‖2}, (12.48)

J2(L,w) =
1

2

K∑
k0

‖z̆k‖2, (12.49)

where w := {wk}. The first functional is associated with the H∞-constraint criterion, while
the second functional is related to the output energy of the system or H2-criterion. It is seen
that, by making J1 ≥ 0, the H∞ constraint ‖Fk ◦Σda‖H∞ ≤ γ is satisfied. Then, similarly,
a Nash-equilibrium solution to the above game is said to exist if we can find a pair (L�, w�)
such that

J1(L
�, w�) ≤ J1(L

�, w) ∀w ∈ W , (12.50)

J2(L
�, w�) ≤ J2(Lk, w

�) ∀L ∈Mn×m. (12.51)

Sufficient conditions for the solvability of the above game are well known (Chapter 3, also
[59]), and are given in the following theorem.

Theorem 12.2.1 For the two-person discrete-time nonzero-sum game (12.48)-(12.49),
(12.47), under memoryless perfect information structure, there exists a feedback Nash-
equilibrium solution if, and only if, there exist 2(K − k0) functions Y, V : N ⊂ X ×Z→ �,
N ⊂ X such that the following coupled recursive equations (discrete-time Hamilton-Jacobi-
Isaacs equations (DHJIE)) are satisfied:

Y (x̆, k) = inf
w∈W

{
1

2
[γ2[‖wk‖2 − ‖z̆k(x̆)‖2] + Y (x̆k+1, k + 1)

}
,

Y (x̆,K + 1) = 0, k = k0, . . . ,K, ∀x̆ ∈ N ×N (12.52)

V (x̆, k) = min
L∈Mn×m

{
1

2
‖z̆k(x̆)‖2 + V (x̆k+1, k + 1)

}
,

V (x̆,K + 1) = 0, k = k0, . . . ,K, ∀x̆ ∈ N ×N (12.53)

where x̆ = x̆k, L = L(xk, k), w := {wk}.
Thus, we can apply the above theorem to derive sufficient conditions for the solvability of
the DMH2HINLFP . To do that, we define the Hamiltonian functions Hi : (X ×X )×W×
Mn×m ×� → �, i = 1, 2 associated with the cost functionals (12.48), (12.49) respectively:

H1(x̆, wk, L, Y ) = Y (f̆(x̆) + ğ(x̆)wk, k + 1)− Y (x̆, k) +
1

2
γ2‖wk‖2 − 1

2
‖z̆k‖2, (12.54)

H2(x̆, wk, L, V ) = V (f̆(x̆) + ğ(x̆)wk, k + 1)− V (x̆, k) +
1

2
‖z̆k‖2 (12.55)

for some smooth functions Y, V : X → �, Y < 0, V > 0 where the adjoint variables
corresponding to the cost functionals (12.48), (12.49) are set as p1 = Y , p2 = V respectively.

The following theorem then presents sufficient conditions for the solvability of the
DMH2HINLFP on a finite-horizon.

Theorem 12.2.2 Consider the nonlinear system (12.42) and the DMH2HINLFP for
it. Suppose the function h1 is one-to-one (or injective) and the plant Σda is locally
asymptotically-stable about the equilibrium-point x = 0. Further, suppose there exists a
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pair of C2 negative and positive-definite functions Y, V : N × N × Z → � respectively,
locally defined in a neighborhood N ×N ⊂ X ×X of the origin x̆ = 0, and a matrix function
L : N × Z→Mn×m satisfying the following pair of coupled HJIEs:

Y (x̆, k) = Y (f̆�(x̆) + ğ�(x̆)w�k(x̆), k + 1) +
1

2
γ2‖w�k(x̆)‖2 −

1

2
‖z̆k(x̆)‖2, Y (x̆,K + 1) = 0,

(12.56)

V (x̆, k) = V (f̆�(x̆) + ğ�(x̆)w�k(x̆), k + 1) +
1

2
‖z̆k(x̆)‖2, V (x̆,K + 1) = 0, (12.57)

k = k0, . . . ,K, together with the side-conditions

w�k = − 1

γ2
ğT (x̆)

∂TY (λ, k + 1)

∂λ

∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w�

k

, (12.58)

L� = arg min
L
{H2(x̆, w

�
k, L, V )} , (12.59)

∂2H1

∂w2
(x̆, wk, L

�, Y )

∣∣∣∣
x̆=0

> 0, (12.60)

∂2H2

∂L2
(x̆, w�k, L, V )

∣∣∣∣
x̆=0

> 0, (12.61)

where
f̆�(x̆) = f̆(x̆)

∣∣∣
L=L�

, ğ�(x̆) = ğ(x̆)|L=L� .

Then:

(i) there exists locally a Nash-equilibrium solution (w�, L�) for the game (12.48), (12.49),
(12.42) locally in N ;

(ii) the augmented system (12.47) is locally dissipative with respect to the supply-rate
s(wk, z̆k) =

1
2 (γ

2‖wk‖2 − ‖z̆k‖2) and hence has �2-gain from w to z̆ less or equal to γ;

(iii) the optimal costs or performance objectives of the game are J�1 (L
�, w�) = Y (x̆0, k0)

and J�2 (L
�, w�) = V (x̆0, k0);

(iv) the filter Σdaf with the gain matrix L(x̂k, k) satisfying (12.59) solves the finite-horizon
DMH2HINLFP for the system locally in N .

Proof: Assume there exist definite solutions Y, V to the DHJIEs (12.56)-(12.57), and (i)
consider the Hamiltonian function H1(., ., ., .). Then applying the necessary condition for
the worst-case noise, we have

∂TH1

∂w

∣∣∣∣
w=w�

k

= ğT (x̆)
∂TY (λ, k + 1)

∂λ

∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w�

k

+ γ2w�k = 0,

to get

w�k := − 1

γ2
ğT (x̆)

∂TY (λ, k + 1)

∂λ

∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w�

:= α0(x̆, w
�
k). (12.62)

Thus, w� is expressed implicitly. Moreover, since

∂2H1

∂w2
= ğT (x̆)

∂2Y (λ, k + 1)

∂λ2

∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w�

k

ğ(x̆) + γ2I

is nonsingular about (x̆, w) = (0, 0), equation (12.62) has a unique solution α1(x̆), α1(0) = 0
in the neighborhood N0 ×W0 of (x,w) = (0, 0) by the Implicit-function Theorem [234].
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Now, substitute w� in the expression for H2(., ., ., .) (12.55), to get

H2(x̆, w
�
k, L, V ) = V (f̆(x̆) + ğ(x̆)w�k(x̆), k + 1)− V (x̆, k) +

1

2
‖z̆k(x̆)‖2,

and let
L� = argmin

L
{H2(x̆, w

�
k, L, V )} .

Then by Taylor’s theorem, we can expand H2(., w
�, ., .) about L� [267] as

H2(x̆, w
�, L, Y ) = H2(x̆, w

�, L�, Y Tx̆ ) +

1

2
Tr
{
[In ⊗ (L− L�)T ]∂

2H2

∂L2
(w�, L)[Im ⊗ (L− L�)T ]

}
+

O(‖L− L�‖3).
Therefore, taking L� as in (12.59) and if the condition (12.61) holds, then H2(., ., w

�, .) is
minimized, and the Nash-equilibrium condition

H2(w
�, L�) ≤ H2(w

�, L) ∀L ∈Mn×m, k = k0, . . . ,K

is satisfied. Moreover, substituting (w�, L�) in (12.53) gives the DHJIE (12.57).
Now substitute L� as given by (12.59) in the expression for H1(., ., ., .) and expand it in

Taylor’s-series about w� to obtain

H1(x̆, wk, L
�, Y ) = Y (f̆�(x̆) + ğ�(x̆)w, k + 1)− Y (x, k) +

1

2
γ2‖wk‖2 − 1

2
‖z̆k‖2

= H1(x̆, w
�
k, L

�, Y ) +
1

2
(wk − w�k)T

∂2H2

∂w2
k

(wk, L
�)(wk − w�k) +

O(‖wk − w�k‖3).
Further, substituting w = w� as given by (12.62) in the above, and if the condition (12.60)
is satisfied, we see that the second Nash-equilibrium condition

H1(w
�, L�) ≤ H1(w,L

�), ∀w ∈ W
is also satisfied. Therefore, the pair (w�, L�) constitute a Nash-equilibrium solution to the
two-player nonzero-sum dynamic game. Moreover, substituting (w�, L�) in (12.52) gives the
DHJIE (12.56).
(ii) The Nash-equilibrium condition

H1(x̆, w, L
�, Y ) ≥ H1(x̆, w

�, L�, Y ) = 0 ∀x̆ ∈ U, ∀w ∈ W
implies

Y (x̆, k)− Y (x̆k+1, k + 1) ≤ 1

2
γ2‖wk‖2 − 1

2
‖z̆k‖2, ∀x̆ ∈ U, ∀w ∈ W

⇐⇒ Y̆ (x̆k+1, k + 1)− Y̆ (x̆k, k) ≤ 1

2
γ2‖wk‖2 − 1

2
‖z̆k‖2, ∀x̆ ∈ U, ∀w ∈ W (12.63)

for some positive-definite function Y̆ = −Y > 0. Summing now the above inequality from
k = k0 to k = K we get the dissipation-inequality

Y̆ (x̆K+1,K + 1)− Y̆ (xk0 , k0) ≤
K∑

k=k0

1

2
γ2‖wk‖2 − 1

2
‖z̆k‖2. (12.64)
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Thus, from Chapter 3, the system has �2-gain from w to z̆ less or equal to γ.
(iii) Consider the cost functional J1(L,w) first, and rewrite it as

J1(L,w) + Y (x̆K+1,K + 1)− Y (x̆(k0), k0) =

K∑
k=k0

{1
2
γ2‖wk‖2 − 1

2
‖z̆k‖2 +

Y (x̆k+1, k + 1)− Y (x̆k, k)
}

=
K∑

k=k0

H1(x̆, wk, Lk, Y ).

Substituting (L�, w�) in the above equation and using the DHJIE (12.56) gives
H1(x̆, w

�, L�, Y ) = 0 and the result follows. Similarly, consider the cost functional J2(L,w)
and rewrite it as

J2(L,w) + V (x̆K+1,K + 1)− V (x̆k0 , k0) =

K∑
k=k0

{
1

2
‖z̆k‖2 + V (x̆k+1, k + 1)− V (x̆k, k)

}

=

K∑
k=k0

H2(x̆, wk, Lk, V ).

Since V (x̆,K +1) = 0, substituting (L�, w�) in the above and using the DHJIE (12.57) the
result similarly follows.
(iv) Notice that the inequality (12.63) implies that with wk ≡ 0,

Y̆ (x̆k+1, k + 1)− Y̆ (x̆k, k) ≤ −1

2
‖z̆k‖2, ∀x̆ ∈ Υ, (12.65)

and since Y̆ is positive-definite, by Lyapunov’s theorem, the augmented system is locally
stable. Finally, combining (i)-(iii), (iv) follows. �

12.2.2 Solution to the Infinite-Horizon Discrete-Time Mixed H2/H∞
Nonlinear Filtering Problem

In this subsection, we discuss the infinite-horizon filtering problem, in which case we letK →
∞. Moreover, in this case, we seek a time-invariant gain L̂(x̂) for the filter, and consequently

time-independent functions Y, V : Ñ × Ñ → � locally defined in a neighborhood Ñ × Ñ ⊂
X × X of (x, x̂) = (0, 0), such that the following steady-state DHJIEs:

Y (f̆�(x̆) + ğ�(x̆)w̃�(x̆)− Y (x̆) +
1

2
γ2‖w̃�(x̆‖2 − 1

2
‖z̆(x̆‖2 = 0, Y (0) = 0, (12.66)

V (f̆�(x̆) + ğ�(x̆)w̃�)− V (x̆) +
1

2
‖z̆(x̆‖2 = 0, V (0) = 0, (12.67)

are satisfied together with the side-conditions:

w̃� = − 1

γ2
ğT (x̆)

∂TY (λ)

∂λ

∣∣∣∣
λ=f̆(x̆)+ğ(x̆)w̃�

:= α2(x̆, w̃
�), (12.68)

L̃�(x̂) = arg min
L̃

{
H̃2(x̆, w

�, L̃, V )
}
, (12.69)

∂2H̃1

∂w2
(x̆, w, L̃�, Y )

∣∣∣∣∣
x̆=0

> 0, (12.70)



322 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

∂2H̃2

∂L̃2
(x̆, w̃�, L̃, V )

∣∣∣∣∣
x̆=0

> 0, (12.71)

where w̃�, L̃� are the asymptotic values of w�, L� respectively,

f̆�(x̆) = f̆(x̆)
∣∣∣
L̃=L̃�

, ğ�(x̆) = ğ(x̆)|L̃=L̃� ,

H̃1(x̆, wk, L̃, Y ) = Y (f̆(x̆) + ğ(x̆)wk)− Y (x̆) +
1

2
γ2‖wk‖2 − 1

2
‖z̆k‖2,

H̃2(x̆, wk, L̃, V ) = V (f̆(x̆) + ğ(x̆)wk)− V (x̆) +
1

2
‖z̆k‖2.

Again here, since the estimation is carried over an infinite-horizon, it is necessary to
ensure that the augmented system (12.47) is stable with w = 0. However, in this case,
we can relax the requirement of asymptotic-stability for the original system (12.42) with a
milder requirement of detectability which we define next.

Definition 12.2.2 The pair {f, h} is said to be locally zero-state detectable if there exists
a neighborhood O of x = 0 such that, if xk is a trajectory of xk+1 = f(xk) satisfying
x(k0) ∈ O, then h(xk) is defined for all k ≥ k0 and h(xk) = 0, for all k ≥ ks, implies
limk→∞ xk = 0. Moreover {f, h} is zero-state detectable if O = X .

The “admissibility” of the discrete-time filter is similarly defined as follows.

Definition 12.2.3 A filter F is admissible if it is asymptotically (or internally) stable for
any given initial condition x(k0) of the plant Σda, and with w ≡ 0

lim
k→∞

z̆k = 0.

The following proposition can now be proven along the same lines as Theorem 12.2.2.

Proposition 12.2.1 Consider the nonlinear system (12.42) and the infinite-horizon
DMH2HINLFP for it. Suppose the function h1 is one-to-one (or injective) and the
plant Σda is zero-state detectable. Suppose further, there exists a pair of C2 negative and
positive-definite functions Y, V : Ñ × Ñ → � respectively, locally defined in a neighborhood
Ñ × Ñ ⊂ X × X of the origin x̆ = 0, and a matrix function L̃ : Ñ →Mn×m satisfying the
pair of coupled DHJIEs (12.66), (12.67) together with (12.68)-(12.71). Then:

(i) there exists locally a Nash-equilibrium solution (w̃�, L̃�) for the game;

(ii) the augmented system (12.47) is dissipative with respect to the supply-rate s(w, z̆) =
1
2 (γ

2‖w‖2 − ‖z̆‖2) and hence has �2-gain from w to z̆ less or equal to γ;

(iii) the optimal costs or performance objectives of the game are J�1 (L̃
�, w̃�) = Y (x̆0) and

J�2 (L̃
�, w̃�) = V (x̆0);

(iv) the filter Σdaf with the gain matrix L(x̂) = L̃�(x̂) satisfying (12.69) solves the infinite-

horizon DMH2HINLFP locally in Ñ .

Proof: Since the proof of items (i)-(iii) is similar to that of Theorem 12.2.2, we prove only
item (iv).
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(iv) Using similar manipulations as in the proof of Theorem 12.2.2, it can be shown that
a similar inequality as (12.63) also holds. This implies that with wk ≡ 0,

Y̆ (x̆k+1)− Y̆ (x̆k) ≤ −1

2
‖z̆k‖2, ∀x̆ ∈ Ñ (12.72)

and since Y̆ is positive-definite, by Lyapunov’s theorem, the augmented system is locally
stable. Furthermore, for any trajectory of the system x̆k such that Y̆ (x̆k+1) − Y̆ (x̆k) = 0
for all k ≥ kc > k0, it implies that zk ≡ 0. This in turn implies h1(xk) = h1(x̂k), and
xk = x̂k ∀k ≥ kc since h1 is injective. This further implies that h2(xk) = h2(x̂k) ∀k ≥ kc
and it is a trajectory of the free system:

x̆k+1 =

(
f(xk)
f(x̂k)

)
.

By zero-state of the detectability of {f, h1}, we have limk→∞ xk = 0, and we have internal
stability of the augmented system with limk→∞ zk = 0. Hence, Σdaf is admissible. Finally,
combining (i)-(iii), (iv) follows. �

12.2.3 Approximate and Explicit Solution to the Infinite-Horizon
Discrete-Time Mixed H2/H∞ Nonlinear Filtering Problem

In this subsection, we discuss how the DMH2HINLFP can be solved approximately to
obtain explicit solutions [126]. We consider the infinite-horizon problem for this purpose,
but the approach can also be used for the finite-horizon problem. For simplicity, we make
the following assumption on the system matrices.

Assumption 12.2.1 The system matrices are such that

k21(x)g
T
1 (x) = 0,

k21(x)k
T
21(x) = I.

Consider now the infinite-horizon Hamiltonian functions

H1(x̆, w, L̂, Ỹ ) = Ỹ (f̆(x̆) + ğ(x̆)w) − Ỹ (x̆) +
1

2
γ2‖w‖2 − 1

2
‖z̆‖2,

H2(x̆, w, L̂, Ṽ ) = Ṽ (f̆(x̆) + ğ(x̆)w) − Ṽ (x̆) +
1

2
‖z̆‖2,

for some negative and positive-definite functions Ỹ , Ṽ : N̂×N̂ → �, N̂ ⊂ X a neighborhood
of x = 0, and where x̆ = x̆k, w = wk, z = zk. Expanding them in Taylor series1 about f̂(x̆)
up to first-order:

Ĥ1(x̆, w, L̂, Ỹ ) =
{
Ỹ (f̂(x̆)) + Ỹx(f̂(x̆))g1(x)w + Ỹx̂(f̂(x̆))[L̂(x̂)(h2(x) − h2(x̂) + k21(x)w)]

+O(‖ṽ‖2)
}
− Ỹ (x̆) +

1

2
γ2‖w‖2 − 1

2
‖z̆‖2, ∀x̆ ∈ N̂ × N̂ , w ∈ W (12.73)

Ĥ2(x̆, w, L̂, Ṽ ) =
{
Ṽ (f̂(x̆)) + Ṽx(f̂(x̆))g1(x)w + Ṽx̂(f̂(x̆))[L̂(x̂)(h2(x) − h2(x̂) + k21(x)w)]

+O(‖ṽ‖2)
}
− Ṽ (x̆) +

1

2
‖z̆‖2, ∀x̆ ∈ N̂ × N̂ , w ∈ W (12.74)

1A second-order Taylor series approximation would be more accurate, but the first-order method gives
a solution that is very close to the continuous-time case.
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where Ỹx, Ṽx are the row-vectors of the partial-derivatives of Ỹ and Ṽ respectively,

ṽ =

(
g1(x)w

L̂(x̂)[h2(x)− h2(x̂) + k21(x)w]

)
and

lim
ṽ→0

O(‖ṽ‖2)
‖ṽ‖2 = 0.

Then, applying the necessary conditions for the worst-case noise, we get

∂H1

∂w
= 0 =⇒ ŵ� := − 1

γ2
[gT1 (x)Ỹ

T
x (f̂(x̆)) + kT21(x)L̂

T (x̂)Ỹ Tx̂ (f̂(x̆))]. (12.75)

Now substitute ŵ� in (12.74) to obtain

Ĥ2(x̆, ŵ
�, L̂, V ) ≈ V (f̂(x̆))− Ṽ (x̆)− 1

γ2
Ṽx(f̂(x̆))g1(x)g

T
1 (x)Ỹ

T
x (f̂(x̆)) +

Ṽx̂(f̂(x̆))L̂(x̂)[h2(x)− h2(x̂)]− 1

γ2
Ṽx̂(f̂(x̆))L̂(x̂)L̂

T (x̂)Ỹ Tx (f̂(x̆)) +

1

2
‖z‖2.

Then, completing the squares for L̂ in the above expression for Ĥ2(., ., ., .), we have

Ĥ2(x̆, ŵ
�, L̂, Ṽ ) ≈ Ṽ (f̂(x̆))− Ṽ (x̆)− 1

γ2
Ṽx(f̂(x̆))g1(x)g

T
1 (x)Ỹ

T
x (f̂(x̆)) +

1

2
‖z‖2 +

1

2γ2

∥∥∥L̂T (x̂)Ṽ Tx̂ (f̂(x̆)) + γ2(h2(x)− h2(x̂))
∥∥∥2 − γ2

2
‖h2(x)− h2(x̂)‖2 +

1

2γ2
‖L̂T (x̂)Ỹ Tx̂ (f̂(x̆))‖2 − 1

2γ2

∥∥∥L̂T (x̂)Ṽ Tx̂ (f̂(x̆)) + L̂T (x̂)Ỹ Tx̂ (f̂(x̆))
∥∥∥2 .

Therefore, taking L̂� as

Ṽx̂(f̂(x̆))L̂
�(x̂) = −γ2(h2(x)− h2(x̂))T , x, x̂ ∈ N̂ (12.76)

minimizes Ĥ2(., ., ., .) and renders the Nash-equilibrium condition

Ĥ2(ŵ
�, L̂�) ≤ Ĥ2(w

�, L̂) ∀L̂ ∈ Mn×m

satisfied.
Substitute now L̂� as given by (12.76) in the expression for H1(., ., ., .) and complete the

squares in w to obtain:

Ĥ1(x̆, w, L̂
�, Ỹ ) = Ỹ (f̂(x̆))− Ỹ (x̆)− 1

γ2
Ỹx̂(f̂(x̆))L̂(x̂)L̂

T (x̂)Ṽ Tx̂ (f̂(x̆)−
1

2γ2
Ỹx(f̂(x̆)g1(x)g

T
1 (x)Ỹ

T
x (f̂(x̆))− 1

2γ2
Ỹx̂(f̂(x̆))L̂(x̂)L̂

T (x̂)Ỹ Tx̂ (f̂(x̆))

−1

2
‖z‖2 + γ2

2

∥∥∥w +
1

γ2
gT1 (x)Ỹ

T
x (f̂(x̆)) +

1

γ2
kT21(x)L̂

T (x̂)Ỹ Tx̂ (f̂(x̆))
∥∥∥2.

Similarly, substituting w = ŵ� as given by (12.75), we see that, the second Nash-equilibrium
condition

Ĥ1(ŵ
�, L̂�) ≤ H1(w, L̂

�), ∀w ∈ W
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is also satisfied. Thus, the pair (ŵ�, L̂�) constitutes a Nash-equilibrium solution to the

two-player nonzero-sum dynamic game corresponding to the Hamiltonians Ĥ1(., ., ., .) and

Ĥ2(., ., ., ). With this analysis, we have the following important theorem.

Theorem 12.2.3 Consider the nonlinear system (12.42) and the infinite-horizon
DMH2HINLFP for it. Suppose the function h1 is one-to-one (or injective) and the
plant Σda is zero-state detectable. Suppose further, there exists a pair of C1 negative and
positive-definite functions Ỹ , Ṽ : N̂ × N̂ → � respectively, locally defined in a neighborhood
N̂ × N̂ ⊂ X × X of the origin x̆ = 0, and a matrix function L̂ : N̂ →Mn×m satisfying the
pair of coupled DHJIEs:

Ỹ (f̂(x̆))− Ỹ (x̆)− 1
2γ2 Ỹx(f̂(x̆))g1(x)g

T
1 (x)Ỹ

T
x (f̂(x̆))− 1

2γ2 Ỹx̂(f̂(x̆))L̂(x̂)L̂
T (x̂)Ỹ Tx̂ (f̂(x̆))−

1
γ2 Ỹx̂(f̂(x̆))L̂(x̂)L̂

T (x̂)Ṽ Tx̂ (f̂(x̆))−
1
2 (h1(x) − h1(x̂))T (h1(x)− h1(x̂)) = 0, Ỹ (0) = 0, (12.77)

Ṽ (f̂(x̆))− Ṽ (x̆)− 1
γ2 Ṽx(f̂(x̆))g1(x)g

T
1 (x)Ỹ

T
x (f̂(x̆))− 1

γ2 Ṽx̂(f̂(x̆))L̂(x̂)L̂
T (x̂)Ỹ Tx̂ (f̂(x̆)−

γ2(h2(x) − h2(x̂))T (h2(x)− h2(x̂))+
1
2 (h1(x) − h1(x̂))T (h1(x)− h1(x̂)) = 0, Ṽ (0) = 0, (12.78)

together with the coupling condition (12.76). Then:

(i) there exists locally in N̂ a Nash-equilibrium solution (ŵ�, L̂�) for the dynamic game
corresponding to (12.48), (12.49), (12.47);

(ii) the augmented system (12.47) is locally dissipative with respect to the supply rate

s(w, z̆) = 1
2 (γ

2‖w‖2 − ‖z̆‖2) in N̂ , and hence has �2-gain from w to z̆ less or equal to
γ;

(iii) the optimal costs or performance objectives of the game are approximately
J�1 (L̂

�, ŵ�) = Ỹ (x̆0) and J
�
2 (L̂

�, ŵ�) = Ṽ (x̆0);

(iv) the filter Σdaf with the gain-matrix L̂(x̂) = L̂�(x̂) satisfying (12.76) solves the infinite-

horizon DMH2HINLFP for the system locally in N̂ .

Proof: Part (i) has already been shown above. To complete it, we substitute (L̂�, ŵ�) in

the DHJIEs (12.66), (12.67) with Ĥ1(., ., ., .), Ĥ2(., ., ., ) replacing H1(., ., ., .), H2(., ., ., .)
respectively, to get the DHJIEs (12.77), (12.78) respectively.
(ii) Consider the time-variation of Ỹ along a trajectory of the system (12.47) with L̂ = L̂�:

Ỹ (x̆k+1) = Ỹ (f̆�(x) + ğ�(x)w) ∀x̆ ∈ N̂ , ∀w ∈ W
≈ Ỹ (f̂(x̆)) + Ỹx(f̂(x̆))g1(x)w + Ỹx̂(f̂(x̆))[L̂

�(x̂)(h2(x)− h2(x̂) + k21(x)w)]

= Ỹ (f̂(x̆))− 1

2γ2
Ỹx(f̂(x̆))g1(x)g

T
1 (x)Ỹ

T
x (f̂(x̆))−

1

γ2
Ỹx̂(f̂(x̆))L̂

�(x̂)L̂�
T
(x̂)Ṽ Tx̂ (f̂(x̆))− 1

2γ2
Ỹx̂(f̂(x̆))L̂

�(x̂)L̂�
T
(x̂)Ỹ Tx̂ (f̂(x̆)) +

γ2

2

∥∥∥w +
1

γ2
gT1 (x)Ỹ

T
x (f̂(x̆)) +

1

γ2
kT21(x)L̂

�
T
(x̂)Ỹ Tx̂ (f̂(x̆))

∥∥∥2 − γ2

2
‖w‖2
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= Ỹ (x̆) +
1

2
‖z̆‖2 − γ2

2
‖w‖2 + γ2

2

∥∥∥w +
1

γ2
gT1 (x)Ỹ

T
x (f̂(x̆)) +

1

γ2
kT21(x)L̂

�
T
(x̂)Ỹ Tx̂ (f̂(x̆))

∥∥∥2
≥ Ỹ (x̆) +

1

2
‖z̆‖2 − γ2

2
‖w‖2 ∀x̆ ∈ N̂, ∀w ∈ W

where use has been made of the first-order Taylor-approximation, equation (12.76), and the
DHJIE (12.77) in the above manipulations. The last inequality further implies that

Ỹ (x̆k+1)− Ỹ (x̆) ≤ γ2

2
‖w‖2 − 1

2
‖z̆‖2 ∀x̆ ∈ N̂ , ∀w ∈ W

for some Ỹ = −Ỹ > 0, which is the infinitesimal dissipation-inequality [180]. Therefore, the
system has �2-gain ≤ γ. The proof of asymptotic-stability can now be pursued along the
same lines as in Proposition 12.2.1.

The proofs of items (iii)-(iv) are similar to those in Theorem 12.2.2. �

Remark 12.2.2 The benefits of the Theorem 12.2.3 can be summarized as follows. First
and foremost is the benefit of the explicit solutions for computational purposes. Secondly,
the approximation is reasonably accurate, as it captures a great deal of the dynamics of
the system. Thirdly, it greatly simplifies the solution as it does away with extra sufficient
conditions (see e.g., the conditions (12.60), (12.61) in Theorem 12.2.1). Fourthly, it opens
the way also to develop an iterative procedure for solving the coupled DHJIEs.

Remark 12.2.3 In view of the coupling condition (12.76), the DHJIE can be represented
as

Ṽ (f̂(x̆))− Ṽ (x̆)− 1
γ2 Ṽx(f̂(x̆))g1(x)g

T
1 (x)Ỹ

T
x (f̂(x̆))− 1

γ2 Ṽx̂(f̂(x̆))L̂(x̂)L̂
T (x̂)Ṽ Tx̂ (f̂(x̆))−

1
γ2 Ṽx̂(f̂(x̆))L̂(x̂)L̂

T (x̂)Ỹ Tx̂ (f̂(x̆))+

1
2 (h1(x)− h1(x̂))T (h1(x) − h1(x̂)) = 0, Ṽ (0) = 0. (12.79)

The result of the theorem can similarly be specialized to the linear-time-invariant (LTI)
system:

Σdl :

⎧⎨⎩ ẋk+1 = Axk +G1wk, x(k0) = x0

z̆k = C1(xk − x̂k)
yk = C2xk +D21wk,

(12.80)

where all the variables have their previous meanings, and F ∈ �n×n,G1 ∈ �n×r, C1 ∈ �s×n,
C2 ∈ �m×n and D21 ∈ �m×r are constant real matrices. We have the following corollary to
Theorem 12.2.3.

Corollary 12.2.1 Consider the LTI system Σdl defined by (12.80) and the DMH2HINLFP
for it. Suppose C1 is full column rank and A is Hurwitz. Suppose further, there exist a neg-
ative and a positive-definite real-symmetric solutions P̂1, P̂2 (respectively) to the coupled
discrete-algebraic-Riccati equations (DAREs):

AT P̂1A− P̂1 − 1

2γ2
AT P̂1G1G

T
1 P̂1A− 1

2γ2
AT P̂1L̂L̂

T P̂1A− 1

γ2
AT P̂1L̂L̂

T P̂2A− CT1 C1 = 0

(12.81)
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AT P̂2A− P̂2 − 1

γ2
AT P̂2G1G

T
1 P̂2A− 1

γ2
AT P̂2L̂L̂

T P̂1A− 1

γ2
AT P̂2L̂L̂

T P̂2A+ CT1 C1 = 0

(12.82)
together with the coupling condition:

AT P̂2L̂ = −γ2CT2 . (12.83)

Then:

(i) there exists a Nash-equilibrium solution (ŵ�l , L̂
�) for the game given by

ŵ� = − 1

γ2
(GT1 +DT

21L̂
�)P̂1A(x− x̂),

(x− x̂)TAT P̂2L̂
� = −γ2(x− x̂)TCT2 ;

(ii) the augmented system

Σdlf :

⎧⎨⎩ x̆k+1 =

[
A 0

L̂�C2 A− L̂�C2

]
x̆k +

[
G1

L̂�D21

]
w, x̆(k0) =

[
x0

x̂0

]
z̆k = [C1 − C1]x̆k := C̆x̆k

has H∞-norm from w to z̆ less than or equal to γ;

(iv) the optimal costs or performance objectives of the game are approximately

J�1 (L̂
�, ŵ�k) =

1
2 (x

0 − x̂0)T P̂1(x
0 − x̂0) and J�2 (L̂�, ŵ�) = 1

2 (x
0 − x̂0)T P̂2(x

0 − x̂0);
(iv) the filter F defined by

Σldf : x̂k+1 = Ax̂k + L̂(y − C2x̂k), x̂(k0) = x̂0

with the gain matrix L̂ = L̂� satisfying (12.83) solves the infinite-horizon
DMH2HINLFP for the discrete-time linear system.

Proof: Take:

Ỹ (x̆) =
1

2
(x− x̂)T P̂1(x − x̂), P̂1 = P̂T1 < 0,

Ṽ (x̆) =
1

2
(x− x̂)T P̂2(x − x̂), P̂2 = P̂T2 > 0,

and apply the result of the theorem. �

12.2.4 Discrete-Time Certainty-Equivalent Filters (CEFs)

Again, it should be observed as in the continuous-time case Sections 12.2.1, 12.2.2 and
12.2.3, the filter gains (12.59), (12.69), (12.76) may also depend on the original state, x, of
the system which is to be estimated. Therefore in this section, we develop the discrete-time
counterparts of the results of Section 12.1.3.

Definition 12.2.4 For the nonlinear system (12.42), we say that it is locally zero-input
observable, if for all states xk, xk′ ∈ U ⊂ X and input w(.) ≡ 0,

y(k̄, xk, w) = y(k̄, xk′ , w) =⇒ xk = xk′

where y(., x, w) is the output of the system with the initial condition x(k0) = x. Moreover,
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the system is said to be zero-input observable if it is locally observable at each xk ∈ X or
U = X .

We similarly consider the following class of certainty-equivalent filters:

Σ̃af :

⎧⎪⎪⎨⎪⎪⎩
x̂k+1 = f(x̂k) + g1(x̂k)w

�
k + L̃(x̂k, yk)[y − h2(x̂k)− k21(x̂k)w̃�k];

x̂(k0) = x̂0

ẑk = h2(x̂k)
z̃k = yk − h2(x̂k),

(12.84)

where L̃(., .) ∈ Mn×m is the gain of the filter, w̃� is the estimated worst-case system noise
(hence the name certainty-equivalent filter) and z̃ is the new penalty variable. Then, if we
consider the infinite-horizon mixedH2/H∞ dynamic game problem with the cost functionals
(12.48), (12.49) and the above filter, we can similarly define the associated corresponding

approximate Hamiltonians (as in Section 12.2.3) H̃i : X ×W×Y×Mn×m×� → �, i = 1, 2
as

K̂1(x̂, w, y, L̃, Ỹ ) = Ỹ (f̂(x̂), y)− Ỹ (x̂, yk−1) + Ỹx̂(x̂, y)[f(x̂) + g1(x̂)w +

L̃(x̂, y)(y − h2(x̂)− k21(x̂)w)] + 1

2
γ2‖w‖2 − 1

2
‖z̃‖2

K̂2(x̂, w, y, L̃, Ṽ ) = Ṽ (f̂(x̂), y)− Ṽ (x̂, yk−1) + Ṽx̂(x̂, y)[f(x̂) + g1(x̂)w +

L̃(x̂, y)(y − h2(x̂)− k21(x̂)w)] + 1

2
‖z̃‖2

for some smooth functions Ṽ , Ỹ : X × Y → �, where x̂ = x̂k, w = wk, y = yk, z̃ = z̃k, and
the adjoint variables are set as p̃1 = Ỹ , p̃2 = Ṽ . Then

∂K̂1

∂w

∣∣∣∣∣
w=w̃�

= [g1(x̂)− L̃(x̂, y)k21(x̂)]T Ỹ Tx̂ (f̂(x̂), y) + γ2w = 0

=⇒ w̃� = − 1

γ2
[g1(x̂)− L̃(x̂, y)k21(x̂)]T Ỹ Tx̂ (f̂(x̂), y).

Consequently, repeating the steps as in Section 12.2.3 and Theorem 12.2.3, we arrive at
the following result.

Theorem 12.2.4 Consider the nonlinear system (12.42) and the DMH2HINLFP for it.
Suppose the plant Σda is locally asymptotically-stable about the equilibrium point x = 0 and
zero-input observable. Suppose further, there exists a pair of C1 (with respect to the first

argument) negative and positive-definite functions Ỹ , Ṽ : Ñ × Υ → � respectively, locally

defined in a neighborhood Ñ×Υ ⊂ X ×Y of the origin (x̂, y) = (0, 0), and a matrix function

L̃ : Ñ ×Υ→Mn×m satisfying the following pair of coupled DHJIEs:

Ỹ (f̂(x̂), y)− Ỹ (x̂, yk−1)− 1
2γ2 Ỹx̂(f̂(x̂), y)g1(x̂)g

T
1 (x̂)Ỹ

T
x̂ (f̂(x̂), y)−

1
2γ2 Ỹx̂(x̂, y)L̃(x̂, y)L̃

T (x̂, y)Ỹ Tx̂ (x̂, y)− 1
γ2 Ỹx̂(f̂(x̂), y)L̃(x̂, y)L̃

T (x̂, y)Ṽ Tx̂ (f̂(x̂), y)−
1
2 (y − h2(x̂))T (y − h2(x̂)) = 0, Ỹ (0, 0) = 0, (12.85)

Ṽx̂(f̂(x̂), y)− Ṽ (x̂, yk−1)− 1
γ2 Ṽx̂(f̂(x̂), y)g1(x̂)g

T
1 (x̂)Ỹ

T
x̂ (x̂, y)−

1
γ2 Ṽx̂(f̂(x̂), y)L̃(x̂, y)L̃

T (x̂, y)Ỹ Tx̂ (f̂(x̂), y)− 1
γ2 Ṽx̂(f̂(x̂), y)L̃(x̂, y)L̃

T (x̂, y)Ṽ Tx̂ (f̂(x̂), y)+

1
2 (y − h2(x̂)T (y − h2(x̂)) = 0, Ṽ (0, 0) = 0 (12.86)
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FIGURE 12.4
Discrete-TimeH2/H∞-Filter Performance with Unknown Initial Condition and �2-Bounded
Disturbance; Reprinted from Int. J. of Robust and Nonlinear Control, RNC1643 (published
online August) c© 2010, “Discrete-time Mixed H2/H∞ Nonlinear Filtering,” by M. D. S.
Aliyu and E. K. Boukas, with permission from Wiley Blackwell.

x̂ ∈ Ñ , y ∈ Υ, together with the coupling condition

Ṽx̂(f̂(x̂), y)L̃(x̂, y) = −γ2(y − h2(x̂))
T , x̂ ∈ Ñ y ∈ Υ. (12.87)

Then the filter Σ̃af with the gain matrix L̃(x̂, y) satisfying (12.87) solves the infinite-horizon

DMH2HINLFP for the system locally in Ñ .

Proof: Follows the same lines as Theorem 12.2.3. �

Remark 12.2.4 Comparing the HJIEs (12.85)-(12.86) with (12.77)-(12.78) reveals that
they are similar, but we have gained by reducing the dimensionality of the PDEs, and more
importantly, the filter gain does not depend on x any longer.

12.3 Example

We consider a simple example to illustrate the result of the previous section.

Example 12.3.1 We consider the following scalar system

xk+1 = x
1
5

k + x
1
3

k

yk = xk + wk

where wk = e−0.3ksin(0.25πk) is an �2-bounded disturbance.
Approximate solutions of the coupled DHJIEs (12.85) and (12.86) can be calculated using

an iterative approach. With γ = 1, and g1(x) = 0, we can rewrite the coupled DHJIEs as

Ỹj+1(x̂, y)
Δ
= Ỹ j(x̂, yk−1) +

1

2
(y − x)2 = Ỹ j(f̂ , y)− 1

2
Ỹ j2

x̂ (f̂ , y)lj
2 − Ỹ j

x̂ (f̂ , y)Ṽ
j
x̂ (f̂ , y)l

j2, (12.88)

Ṽj+1(x̂, y)
Δ
= Ṽ j(x̂, yk−1)− 1

2
(y − x)2 = Ṽ j(f̂ , y)− Ṽ j2

x̂ (f̂ , y)lj
2 − Ỹ j

x̂ (f̂ , y)Ṽ
j
x̂ (f̂ , y)l

j2 , (12.89)
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turbance; Reprinted from Int. J. of Robust and Nonlinear Control, RNC1643 (published
online August) c© 2010, “Discrete-time mixed H2/H∞ nonlinear filtering,” by M. D. S.
Aliyu and E. K. Boukas, with permission from Wiley Blackwell.

j = 0, 1, . . .. Then, with the initial filter gain l0 = 1, initial guess for solutions as Ỹ 0(x̂, y) =

− 1
2 (x̂

2 + y2), Ṽ 0(x̂, y) = 1
2 (x̂

2 + y2) respectively, we perform one iteration of the above
recursive equations (12.88), (12.89) to get

Ỹ1 = −1

2
[(x̂1/5 + x̂1/3)2 + y2] +

1

2
(x̂1/5 + x̂1/3)2,

Ṽ1 =
1

2
[(x̂1/5 + x̂1/3)2 + y2].

Therefore,

Ỹ 1(x̂, yk−1) = −1

2
(y − x)2 − 1

2
y2,

Ṽ 1(x̂, yk−1) =
1

2
(y − x)2 + 1

2
[(x̂1/5 + x̂1/3)2 + y2].

We can use the above approximate solution Ṽ 1(x̂, yk−1) to the DHJIE to estimate the states

of the system, since the gain of the filter depends only on Ṽ 1
x̂ (x̂, y). Consequently, we can

compute the filter gain as

l(xk, yk) ≈ − (yk − xk)
yk − x

1
2

k − x
1
3

k

. (12.90)

The result of simulation with this filter is then shown in Figure 12.4. We also compare this
result with that of an extended-Kalman filter for the same system shown in Figure 12.5.
It can clearly be seen that, the mixed H2/H∞ filter performance is superior to that of the
EKF.
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12.4 Notes and Bibliography

This chapter is entirely based on the authors’ contributions [18, 19, 21]. The reader is
referred to these references for more details.
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Solving the Hamilton-Jacobi Equation

In this chapter, we discuss some approaches for solving the Hamilton-Jacobi-equations
(HJE) associated with the optimal control problems for affine nonlinear systems discussed
in this book. This has been the biggest bottle-neck in the practical application of nonlin-
ear H∞-control theory. There is no systematic numerical approach for solving the HJIEs.
Various attempts have however been made in this direction in the past three decades. Start-
ing with the work of Lukes [193], Glad [112], who proposed a polynomial approximation
approach, Van der Schaft [264] applied the approach to the HJIEs and developed a recur-
sive approach which was also refined by Isidori [145]. Since then, many other authors have
proposed similar approaches for solving the HJEs [63, 80, 125, 260, 286]. However, all the
contributions so far in the literature are local.

The main draw-backs with the above approaches for solving the HJIE are that, (i)
they are not closed-form, and convergence of the sequence of solutions to a closed-form
solution cannot be guaranteed; (ii) there are no efficient methods for checking the positive-
definiteness of the solution; (iii) they are sensitive to uncertainties and pertubations in the
system; and (iv) also sensitive to the initial condition. Thus, the global asymptotic stability
of the closed-loop system cannot be guaranteed.

Therefore, more refined solutions that will guarantee global asymptotic-stability are
required if the theory of nonlinear H∞-control is to yield any fruits. Thus, with this in
mind, more recently, Isidori and Lin [145] have shown that starting from a solution of an
algebraic-Riccati-equation (ARE) related to the linear H∞ problem, if one is free to choose
a state-dependent weight of control input, it is possible to construct a global solution to
the HJIE for a class of nonlinear systems in strict-feedback form. A parallel approach using
a backstepping procedure and inverse-optimality has also been proposed in [96], and in
[167]-[169] for a class of strict-feedback systems.

In this chapter, we shall review some major approaches for solving the HJE, and present
one algorithm that may yield global solutions. The chapter is organized as follows. In Section
13.1, we review some popular polynomial and Taylor-series approximation methods for
solving the HJEs. Then in Section 13.2, we discuss a factorization approach which may
yield exact and global solutions. The extension of this approach to Hamiltonian mechanical
systems is then discussed in Section 13.3. Examples are given throughout to illustrate the
usefulness of the various methods.

13.1 Review of Some Approaches for Solving the HJBE/HJIE

In this section, we review some major approaches for solving the HJBE and HJIE that have
been proposed in the literature. In [193], a recursive procedure for the HJBE for a class of
nonlinear systems is proposed. This was further refined and generalized for affine nonlinear
systems by Glad [112]. To summarize the method briefly, we consider the following affine

333
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nonlinear system
Σa : ẋ(t) = a(x) + b(x)u (13.1)

under the quadratic cost functional:

min

∫ ∞

0

[
l(x) +

1

2
uTRu

]
dt, (13.2)

where a : �n → �n, b : �n → �n×k, l : �n → �, l ≥ 0, a, b, l ∈ C∞, 0 < R ∈ �k×k. Then,
the HJBE corresponding to the above optimal control problem is given by

vx(x)a(x) − 1

2
vx(x)b(x)R

−1bT (x)vTx (x) + l(x) = 0, v(0) = 0, (13.3)

for some smooth C2(�n) positive-semidefinite function v : �n → �, and the optimal control
is given by

u� = k(x) = −R−1bT (x)vTx (x).

Further, suppose there exists a positive-semidefinite solution to the algebraic-Riccati-
equation (ARE) corresponding to the linearization of the system (13.1), then it can be
shown that there exists a real analytic solution v to the HJBE (13.3) in a neighborhood
O of the origin [193]. Therefore, if we write the linearization of the system and the cost
function as

l(x) =
1

2
xTQx+ lh(x)

a(x) = Ax+ ah(x)

b(x) = B + bh(x)

v(x) =
1

2
xTPx+ vh(x)

where Q = ∂l
∂x(0), A = ∂a

∂x (0), B = b(0), P = ∂v
∂x (0) and lh, ah, bh, vh contain higher-order

terms. Substituting the above expressions in the HJBE (13.3), it splits into two parts:

ATP + PA− PBR−1BTP +Q = 0 (13.4)

vhx(x)Acx+ vx(x)ah(x)− 1

2
vhx(x)BR

−1BT vThx(x)−
1

2
vx(x)βh(x)v

T
x (x)+ lh(x) = 0 (13.5)

where
Ac = A−BR−1BTP, βh(x) = b(x)R−1bT (x)−BR−1BT

and βh contains terms of degree 1 and higher. Equation (13.4) is the ARE of linear-quadratic
control for the linearized system. Thus, if the system is stabilizable and detectable, there
exists a unique positive-semidefinite solution to this equation. Hence, it represents the first-
order approximation to the solution of the HJBE (13.3). Now letting the superscript (m)
denote the mth-order terms, (13.5) can be written as

−vm+1
hx (x)Acx = [vx(x)ah(x)− 1

2
vhx(x)BR

−1BT vThx(x) −
1

2
vx(x)βh(x)v

T
x (x)]

m + lmh (x).

(13.6)
The RHS contains only m − th, (m − 1) − th, . . .-order terms of v. Therefore, equation
(13.5) defines a linear system of equations for the (m + 1)th order coefficients with the
RHS containing previously computed terms. Thus, vm+1 can be computed recursively from
(13.6). It can also be shown that the system is nonsingular as soon as Ac is a stable matrix.
This is satisfied vacuously if P is a stabilizing solution to the ARE (13.4).
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We consider an example.

Example 13.1.1 Consider the second-order system

ẋ1 = −x21 + x2 (13.7)

ẋ2 = −x2 + u (13.8)

with the cost functional

J =

∫ ∞

0

1

2
(x21 + x22 + u2)dt.

The solution of the ARE (13.4) gives the quadratic (or second-order) approximation to the
solution of the HJBE:

V [2](x) = x21 + x1x2 +
1

2
x22.

Further, the higher-order terms are computed recursively up to fourth-order to obtain

V ≈ V [2] + V [3] + V [4] = x21 + x1x2 +
1

2
x22 − 1.593x31 − 2x21x2 − 0.889x1x

2
2 −

0.148x32 + 1.998x41 + 2.778x31x2 + 1.441x21x
2
2 +

0.329x1x
3
2 + 0.0288x42.

The above algorithm has been refined by Van der Schaft [264] for the HJIE (6.16)
corresponding to the state-feedback H∞-control problem:

Vx(x)f(x) + Vx(x)[
1

γ2
g1(x)g

T
1 (x) − g2(x)gT2 (x)]V Tx (x) +

1

2
hT1 (x)h1(x) = 0, V (0) = 0,

(13.9)
for some smooth C1-function V : M → �, M ⊂ �n. Suppose there exists a solution P ≥ 0
to the ARE

FTP + PF + P [
1

γ2
G1G

T
1 −G2G

T
2 ]P +HT

1 H1 = 0 (13.10)

corresponding to the linearization of the HJIE (13.9), where F = ∂f
∂x (0), G1 = g1(0),

G2 = g2(0), H1 = ∂h1

∂x (0). Let V be a solution to the HJIE, and if we write

V (x) =
1

2
xTPx+ Vh(x)

f(x) = Fx+ fh(x)

1

2
[
1

γ2
g1(x)g

T
1 (x) − g2(x)gT2 (x)] =

1

2
[
1

γ2
G1G

T
1 −G2G

T
2 ] +Rh(x)

1

2
hT1 (x)h1(x) =

1

2
xTHT

1 H1x+ θh(x)

where Vh, fh, Rh and θh contain higher-order terms. Then, similarly the HJIE (13.9) splits
into two parts, (i) the ARE (13.10); and (ii) the higher-order equation

−∂Vh(x)
∂x

Fclx =
∂V (x)

∂x
fh(x) +

1

2

∂Vh(x)

∂x
[
1

γ2
G1G

T
1 −G2G

T
2 ]
∂TVh(x)

∂x
(x) +

1

2

∂V (x)

∂x
Rh(x)

∂TV (x)

∂x
+ θh(x) (13.11)

where

Fcl
Δ
= F −G2G

T
2 P +

1

γ2
G1G

T
1 P.
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We can rewrite (13.11) as

−∂V
m
h (x)

∂x
Fclx = Hm(x), (13.12)

where Hm(x) denotes the m-th order terms on the RHS, and thus if P ≥ 0 is a stabilizing
solution of the ARE (13.10), then the above Lyapunov-equation (13.12) can be integrated
for V mh to get,

V mh (x) =

∫ ∞

0

Hm(eFcltx)dt.

Therefore, V mh is determined by Hm. Consequently, since Hm depends only on V (m−1),
V (m−2), . . . , V 2 = 1

2x
TPx, Vmh can be computed recursively using (13.12) and starting

from V 2, to obtain V similarly as

V ≈ V [2] + V [3] + V [4] + . . .

The above approximate approach for solving the HJBE or HJIE has a short-coming;
namely, there is no guarantee that the sequence of solutions will converge to a smooth
positive-semidefinite solution. Moreover, in general, the resulting solution obtained cannot
be guaranteed to achieve closed-loop asymptotic-stability or global L2-gain ≤ γ since the
functions fh, Rh, θh are not exactly known, rather they are finite approximations from a
Taylor-series expansion. The procedure can also be computationally intensive especially for
the HJIE as various values of γ have to be tried. The above procedure has been refined
in [145] for the measurement-feedback case, and variants of the algorithm have also been
proposed in other references [63, 154, 155, 286, 260].

13.1.1 Solving the HJIE/HJBE Using Polynomial Expansion and Basis
Functions

Two variants of the above algorithms that use basis function approximation are given in [63]
using the Galerkin approximation and [260] using a series solution. In [260] the following
series expansion for V is used

V (x) = V [2](x) + V [3](x) + . . . (13.13)

where V [k] is a homogeneous-function of order k in n-scalar variables x1, x2, . . . , xn, i.e., it
is a linear combination of

Nn
k

Δ
=

(
n+ k − 1

k

)
terms of the form xi11 x

i2
2 . . . xinn , where ij is a nonnegative integer for j = 1, . . . , n and

i1 + i2 + . . . + in = k. The vector whose components consist of these terms is denoted by
x[k]; for example,

x[1] =

[
x1
x2

]
, x[2] =

⎡⎣ x21
x1x2
x22

⎤⎦ , . . . .
To summarize the approach, rewrite HJIE (13.9) as

Vx(x)f(x) +
1

2
Vx(x)G(x)R

−1GT (x)V Tx (x) +Q(x) = 0 (13.14)

where

G(x) = [g1(x) g2(x)], R =

[
γ2 0
0 −1

]
, Q(x) =

1

2
xTCTCx
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and let ν = [wT uT ]T , ν� = [wT� uT� ]
T = [lT� kT� ]. Then we can expand f, G, ν as

homogeneous functions:

f(x) = f [1](x) + f [2](x) + . . .

G(x) = G[0](x) +G[1](x) + . . .

ν�(x) = ν
[1]
� (x) + ν

[2]
� (x) + . . .

where

ν
[k]
� = −R−1

k−1∑
j=0

(G[j])T (V [k+1−j]
x )T , (13.15)

f [1](x) = Fx, G[0] = [G1 G2], G1 = g1(0), G2 = g2(0). Again rewrite HJIE (13.14) as

Vx(x)f(x) +
1

2
ν�(x)Rν�(x) +Q(x) = 0, (13.16)

ν�(x) +R−1GT (x)V Tx (x) = 0. (13.17)

Substituting now the above expansions in the HJIE (13.16), (13.17) and equating terms of
order m ≥ 2 to zero, we get

m−2∑
k=0

V [m−k]
x f [k+1] +

1

2

m−1∑
k=1

ν
[m−k]
� Rν

[k]
� +Q[m] = 0. (13.18)

It can be checked that, for m = 2, the above equation simplifies to

V [2]
x f [1] +

1

2
ν
[1]
� Rν

[1]
� +Q[2] = 0,

where

f [1](x) = Ax, ν
[1]
� (x) = −R−1BTV [2]T

x (x), Q[2](x) =
1

2
xTCTCx, B = [G1 G2].

Substituting in the above equation, we obtain

V [2]
x (x)Ax +

1

2
V [2]
x (x)BR−1BTV [2]

x (x) +
1

2
xTCTCx = 0.

But this is the ARE corresponding to the linearization of the system, hence

V [2](x) = xTPx,

where P = PT > 0 solves the ARE (13.10) with A� = A−BR−1BTP Hurwitz. Moreover,

ν
[1]
� (x) = −BTPx, k

[1]
� (x) = −GT1 Px.

Consider now the case m ≥ 3, and rewrite (13.18) as

m−2∑
k=0

V [m−k]
x f [k+1] +

1

2
ν
[m−1]T
� Rν

[1]
� +

1

2

m−2∑
k=2

ν
[m−k]T
� Rν

[k]
� = 0. (13.19)

Then, using

ν
[m−1]T
� = −

m−2∑
k=0

V [m−k]
x G[k]R−1,
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equation (13.19) can be written as

V [m]
x f̄ [1] =

1

2

m−2∑
k=1

V [m−k]
x f̄ [k+1] − 1

2

m−2∑
k=2

(ν
[m−k]
� )TRν

[k]
� (13.20)

where
f̄(x)

Δ
= f(x) +G(x)ν

[1]
� (x).

Equation (13.20) can now be solved for any V [m], m ≥ 3. If we assume every V [m] is of
the form V [m] = Cmx

[m], where Cm ∈ �1×Nn
m is a row-vector of unknown coefficients, then

substituting this in (13.20), we get a system of Nn
m linear equations in the unknown entries

of Cm. It can be shown that if the eigenvalues of A� = A−BBTP are nonresonant,1 then
the system of linear equations has a unique solution for all m ≥ 3. Moreover, since A� is
stable, the approximation V is analytic and V [m] converges finitely.

To summarize the procedure, if we start with V [2](x) = 1
2x

TPx and ν
[2]
� (x) =

−R−1BTPx, equations (13.20), (13.15) could be used to compute recursively the sequence
of terms

V [3](x), ν
[2]
� (x), V [4](x), ν

[3]
� (x), . . .

which converges point-wise to V and ν�. We consider an example of the nonlinear benchmark
problem [71] to illustrate the approach.

Example 13.1.2 [260]. The system involves a cart of mass M which is constrained to
translate along a straight horizontal line. The cart is connected to an inertially fixed point
via a linear spring as shown in Figure 13.1. A pendulum of mass m and inertia I which
rotates about a vertical line passing through the cart mass-center is also mounted. The
dynamic equations for the system after suitable linearization are described by

ξ̈ + ξ = ε(θ̇2 sin θ − θ̈ cos θ) + w

θ̈ = −εξ̈ cos θ + u

}
(13.21)

where ξ is the displacement of the cart, u is the normalized input torque, w is the normalized
spring force which serves as a disturbance and θ is the angular position of the proof body. The
coupling between the translational and the rotational motions is governed by the parameter
ε which is defined by

ε =
me√

(I +me2)(M +m)
, 0 ≤ ε ≤ 1,

where e is the eccentricity of the pendulum, and ε = 0 if and only if e = 0. In this event,
the dynamics reduces to

ξ̈ + ξ = w

θ̈ = u

}
(13.22)

and is not stabilizable, since it is completely decoupled. However, if we let x :=
[x1 x2 x3 x4]

T = [ξ ξ̇ θ θ̇]T , then the former can be represented in state-space as

ẋ =

⎡⎢⎢⎢⎣
x2

−x1+εx
2
4 sin x3

1−ε2 cos2 x3

x4
ε cos x3(x1−εx2

4 sin x3)
1−ε2 cos2 x3

⎤⎥⎥⎥⎦+

⎡⎢⎢⎣
0
1

1−ε2 cos2 x3

0
−ε cosx3

1−ε2 cos2 x3

⎤⎥⎥⎦w +

⎡⎢⎢⎣
0

−ε cos x3

1−ε2 cos2 x3

0
1

1−ε2 cos2 x3

⎤⎥⎥⎦u, (13.23)

where 1− ε2 cos2 x3 �= 0 for all x3 and ε < 1.

1A set of eigenvalues {λ1, . . . , λn} is said to be resonant if
∑n

j=1 ijλj = 0 for some nonnegative integers

i1, i2, . . . , in such that
∑n

j=1 ij > 0. Otherwise, it is called nonresonant.
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θ

M
N

m
e

F

k

FIGURE 13.1
Nonlinear Benchmark Control Problem; Originally adopted from Int. J. of Robust and
Nonlinear Control, vol. 8, pp. 307-310 c© 1998,“A benchmark problem for nonlinear control
design,” by R. T. Bupp et al., with permission from Wiley Blackwell.

We first consider the design of a simple linear controller that locally asymptotically
stabilizes the system with w = 0. Consider the linear control law

u = −k1θ − k2θ̇, k1 > 0, k2 > 0 (13.24)

and the Lyapunov-function candidate

V (x) =
1

2
xTP (θ)x =

1

2
ξ̇2 +

1

2
θ̇2 + εξ̇θ̇ cos θ +

1

2
ξ2 +

1

2
k1θ

2

where

P (θ) =

⎡⎢⎢⎣
1 0 0 0
0 1 0 ε cos θ
0 0 k1 0
0 ε cos θ 0 1

⎤⎥⎥⎦ .
The eigenvalues of P (θ) are {1, k1, 1±ε cos θ}, and since 0 ≤ ε < 1, P (θ) is positive-definite.
Moreover, along trajectories of the the closed-loop system (13.23), (13.24),

V̇ = −k2θ̇2 ≤ 0.

Hence, the closed-loop system is stable. In addition, using LaSalle’s invariance-principle,
local asymptotic-stability can be concluded.

Design of Nonlinear Controller
Next, we apply the procedure developed above to design a nonlinear H∞-controller by solving
the HJIE. For this, we note the system specifications and constraints:

|ξ| ≤ 1.282, ε = 0.2, |u| ≤ 1.411,

and we choose
C = diag{1,√0.1,√0.1,

√
0.1}.

We first expand f(x) and G(x) in the HJIE (13.14) using the basis functions x[1], x[2], x[3], . . .



340 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

as

f(x) ≈

⎡⎢⎢⎣
x2

− 25
24x1 +

5
24x

2
4x3 +

25
576x1x

2
3 + . . .

x4
5
24x1 − 1

24x
2
4x3 − 65

576x1x
2
3 + . . .

⎤⎥⎥⎦

G(x) ≈

⎡⎢⎢⎣
0 0

25
24 − 25

576x
2
3 + . . . − 5

24 + 65
576x

2
3 + . . .

0 0
− 5

24 + 65
576x

2
3 + . . . 25

24 − 25
576x1x

2
3 + . . .

⎤⎥⎥⎦ .
Then the linearized plant about x = 0 is given by the following matrices

A = ∂f
∂x (0) =

⎡⎢⎢⎣
0 1 0 0
− 25

24 0 0 0
0 0 0 1
5
24 0 0 0

⎤⎥⎥⎦ , B1 = G1(0) =

⎡⎢⎢⎣
0
25
24
0
− 5

24

⎤⎥⎥⎦ ,

B2 = G2(0) =

⎡⎢⎢⎣
0
− 5

24
0
25
24

⎤⎥⎥⎦ .
We can now solve the ARE (13.10) with H1 = C. It can be shown that for all γ > γ� = 5.5,
the Riccati equation has a positive-definite solution. Choosing γ = 6, we get the solution

P =

⎡⎢⎢⎣
19.6283 −2.8308 −0.7380 −2.8876
−2.8308 15.5492 0.8439 1.9915
−0.7380 0.8439 0.3330 0.4967
−2.8876 1.9915 0.4967 1.4415

⎤⎥⎥⎦ > 0

yielding

A� =

⎡⎢⎢⎣
0 1.0000 0 0

−1.6134 0.2140 0.0936 0.2777
0 0 0 1.000

2.7408 1.1222 −0.3603 −1.1422

⎤⎥⎥⎦
with eigenvalues {−0.0415±i1.0156,−0.4227±i0.3684}. The linear feedbacks resulting from
the above P are also given by

ν
[1]
� (x) = [l

[1]
� k

[1]
� ]T =

[ −0.0652x1 + 0.4384x2 + 0.0215x3 + 0.0493x4
2.4182x1 + 1.1650x2 − 0.3416x3 − 1.0867x4

]
.

Higher-Order Terms
Next, we compute the higher-order terms in the expansion. Since A� is Hurwitz, its eigen-
values are nonresonant, and so the system of linear equations for the coefficient matrix in
(13.20) has a unique solution and the series converges. Moreover, for this example,

f [2k](x) = 0, G[2k−1](x) = 0, k = 1, 2, . . .

Thus, V [3](x) = 0, and ν
[2]
� (x) = 0. The first non-zero higher-order terms are

ν
[3]
� (x) = −R−1[BTV [4]T

x (x) +G[2]T (x)],

V [4]
x (x)A�x = −V [2]

x (x)[f [3](x) +G[2](x)ν
[1]
� (x)].
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The above system of equations can now be solved to yield

V [4](x) = 162.117x41 + 91.1375x42 − 0.9243x4x
2
3x1 − 0.4143x4x

2
3x2 −

0.1911x4x
3
3 + 59.6096x24x

2
1 − 66.0818x24x2x1 + 42.1915x24x

2
2 −

8.7947x24x3x1 + 0.6489x44 − 151.8854x4x
3
1 + 235.0386x4x2x

2
1 −

193.9184x4x
2
2x1 + 96.2534x4x

3
2 + 43.523x4x3x

2
1 − 45.9440x4x3x2x1 −

258.0269x2x
3
1 + 330.6741x22x

2
1 − 186.0128x32x1 − 49.3835x3x

3
1 +

92.8910x3x2x
2
1 − 70.7044x3x

2
2x1 − 0.2068x33x2 + 37.1118x4x3x

2
2 +

9.1538x24x3x2 − 0.2863x24x
2
3 − 9.6367x34x1 + 8.0508x34x2 +

0.7288x34x3 + 46.1405x3x
3
2 + 9.4792x23x

2
1 − 6.2154x23x2x1 +

8.4205x23x
2
2 − 0.4965x33x1 − 0.0156x43

and

ν[3]
� (x)

Δ
= [l[3]� k[3]

� ]T =⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.1261x2
4x3 − 0.0022x4x

2
3 − 0.8724x2

4x1 + 1.1509x2
4x2 + 0.1089x3

4+
1.0208x4x3x2 + 1.8952x3x

2
2 + 0.2323x2

3x2 + 3.0554x4x
2
1 − 5.2286x4x2x1+

3.9335x4x
2
2 − 0.6138x4x3x1 − 1.9128x3x2x1 − 0.0018x3

3+
8.8880x2x

2
1 − 7.5123x2

2x1 + 1.2179x3x
2
1 − 3.2935x3

1 + 4.9956x3
2 − 0.0928x1x

2
3

−0.1853x2
4x3 + 0.0929x4x

2
3 + 8.1739x2

4x1 − 3.7896x2
4x2 − 0.5132x3

4−
1.8036x4x3x2 − 4.9101x3x

2
2 + 0.3018x2

3x2 − 37.6101x4x
2
1 + 28.4355x4x2x1−

13.8702x4x
2
2 + 4.3753x4x3x1 + 9.1991x3x2x1 + 0.0043x3

3 − 53.5255x2x
2
1+

42.8702x2
2x1 − 12.9923x3x

2
1 + 52.2292x3

1 − 12.1580x3
2 + 0.02812x1x

2
3

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Remark 13.1.1 The above computational results give an approximate solution to the HJIE
and the control law up to order three. Some difficulties that may be encountered include how
to check the positive-definiteness of the solutions in general. Locally around x = 0 however,
the positive-definiteness of P is reassuring, but does not guarantee global positive-definiteness
and a subsequent global asymptotic-stabilizing controller. The computational burden of the
algorithm also limits its attractiveness.

In the next section we discuss exact methods for solving the HJIE which may yield
global solutions.

13.2 A Factorization Approach for Solving the HJIE

In this section, we discuss a factorization approach that may yield exact global solutions of
the HJIE for the class of affine nonlinear systems. We begin with a discussion of sufficiency
conditions for the existence of exact solutions to the HJIE (13.9) which are provided by the
Implicit-function Theorem [157]. In this regard, let us write HJIE (13.9) in the form:

HJI(x, Vx) = 0, x ∈M ⊂ X , (13.25)

where HJI : T �M → �. Then we have the following theorem.

Theorem 13.2.1 Assume that V ∈ C2(M), and the functions f(.), g1(.), g2(.), h(.) are
smooth C2(M) functions. Then HJI(., .) is continuously-differentiable in an open neigh-
borhood N × Ψ ⊂ T �M of the origin. Furthermore, let (x̄, V̄x) be a point in N × Ψ such
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that HJI(x̄, V̄x) = 0 and the F-derivative of HJI(., .) with respect to Vx is nonzero, i.e.,
∂
∂Vx

HJI(x̄, V̄x) �= 0, then there exists a continuously-differentiable solution:

Vx(x) = HJI(x) (13.26)

for some function HJI : N → �, of HJIE (13.9) in N ×Ψ.

Proof: The proof of the above theorem follows from standard results of the Implicit-function
Theorem [291]. This can also be shown by linearization of HJI around (x̄, V̄x); the existence
of such a point is guaranteed from the linear H∞-control results [292]. Accordingly,

HJI(x, Vx) = HJI(x̄, V̄x) + (Vx − V̄x)∂HJI
∂Vx

(x̄, V̄x) + (x− x̄)T ∂HJI
∂x

(x̄, V̄x) +HOT = 0

(13.27)
where HOT denote higher-order terms. Since HJI(x̄, V̄x) = 0, it follows from (13.27) that
there exists a ball B(x̄, V̄x; r) ∈ N × Ψ of radius r > 0 centered at (x̄, V̄x) such that in the
limit as r → 0, HOT → 0 and Vx can be expressed in terms of x. �

Remark 13.2.1 Theorem 13.2.1 is only an existence result, and hence is not satisfactory,
in the sense that it does not guarantee the uniqueness of Vx and it is only a local solution.

The objective of the approach then is to find an expression for Vx from the HJIE so that
V can be recovered from it by carrying out the line-integral

∫ x
0
Vx(σ)dσ. The integration is

taken over any path joining the origin to x. For convenience, this is usually done along the
axes as:

V (x) =

∫ x1

0

Vx1(y1, 0, . . . , 0)dy1 +

∫ x2

0

Vx2(x1, y2, . . . , 0)dy2 + . . .+∫ xn

0

Vxn(x1, x2, . . . , yn)dyn.

In addition, to ensure that Vx is the gradient of the scalar function V , it is necessary and
sufficient that the Hessian matrix Vxx is symmetric for all x ∈ N . This will be referred to
as the “curl-condition”:

∂Vxi(x)

∂xj
=
∂Vxj (x)

∂xi
, i, j = 1, . . . , n. (13.28)

Further, to account for the HOT in the Taylor-series expansion above, we introduce a
parameter ζ = ζ(x) into the solution (13.26) as

Vx(x) = HJI(x, ζ).

The next step is to search for ξ ∈ TM such that the HJIE (13.9) is satisfied together with
the curl conditions (13.28).

To proceed, let

Qγ(x) = [
1

γ2
g1(x)g

T
1 (x) − g2(x)gT2 (x)], x ∈M,

then we have the following result.

Theorem 13.2.2 Consider the HJIE (13.9) and suppose there exists a vector field ζ : N →
TN such that

ζT (x)Q+
γ (x)ζ(x) − fT (x)Q+

γ (x)f(x) + hT (x)h(x) ≤ 0; ∀x ∈ N, (13.29)
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where the matrix Q+
γ is the generalized-inverse of Qγ, then

Vx(x) = −(f(x)± ζ(x))TQ+
γ (x), x ∈ N (13.30)

satisfies the HJIE (13.9).

Proof: By direct substitution and using the properties of generalized inverses [232]. �

Remark 13.2.2 ζ is referred to as the “discriminant-factor” of the system or the HJIE
and (13.29) as the “discriminant-equation.” Moreover, since Vx(0) = 0, we require that
ζ(0) = 0. This also holds for any equilibrium-point xe of the system Σ.

Consider now the Hessian matrix of V from the above expression (13.30) which is given
by:

Vxx(x) = −
(
∂f(x)

∂x
± ∂ζ(x)

∂x

)T
Q+
γ (x)−

(
In ⊗ (f(x) ± ζ(x))T ) ∂Q+

γ (x)

∂x
, (13.31)

where

∂Q+
γ (x)

∂x
=

[
∂Q+

γ (x)

∂x1
, . . . ,

∂Q+
γ

∂xn

]T
,
∂f

∂x
= fx(x) = [

∂f1
∂x

, . . . ,
∂fn
∂x

],

∂ζ

∂x
= ζx(x) = [

∂ζ1
∂x

, . . . ,
∂ζn
∂x

], hx(x) =
∂h

∂x
(x) = [

∂h1
∂x

, . . . ,
∂hm
∂x

].

Then, the Curl-conditions Vxx(x) = V Txx(x) will imply(
∂f(x)

∂x
± ∂ζ(x)

∂x

)T
Q+
γ (x) +

(
In ⊗ (f(x)± ζ(x))T ) ∂Q+

γ (x)

∂x
=

Q+
γ (x)

(
∂f(x)

∂x
± ∂ζ(x)

∂x

)
+
∂Q+

γ (x)

∂x
(In ⊗ (f(x) ± ζ(x))) (13.32)

which reduces to(
∂f(x)

∂x
± ∂ζ(x)

∂x

)T
Q+
γ = Q+

γ

(
∂f(x)

∂x
± ∂ζ(x)

∂x

)
, x ∈ N (13.33)

if Q+
γ (x) is a constant matrix.

Equations (13.32), (13.33) are a system of n(n−1)
2 first-order PDEs in n unknowns, ζ,

which could be solved for ζ up to an arbitrary vector λ ∈ TN (cf. these conditions with the
variable-gradient method for finding a Lyapunov-function [157]).

Next, the second requirement Vxx ≥ 0 will imply that(
∂f(x)

∂x
± ∂ζ(x)

∂x

)T
Q+
γ (x) +

(
In ⊗ (f(x) ± ζ(x))T ) ∂Q+

γ (x)

∂x
≤ 0, ∀x ∈ N, (13.34)

and can only be imposed after a solution to (13.32) has been obtained.
Let us now specialize the above results to the a linear system

Σl : ẋ = Fx+G1w +G2u

z(t) =

[
H1x
u

]
,
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where F ∈ �n×n, G1 ∈ �n×r, and G2 ∈ �n×k, H1 ∈ �m×n are constant matrices. Then, in
this case, ζ(x) = Γx, Γ ∈ �n×n, Qγ = ( 1

γ2G1G
T
1 −G2G

T
2 ). Thus, Vx is given by

Vx(x) = −(Fx± Γx)TQ+
γ = −xT (F ± Γ)TQ+

γ (13.35)

where Γ satisfies:
ΓTQ+

γ Γ− FTQ+
γ F +HTH = 0.

Now define
Δ = FTQ+

γ F −HT
1 H1,

then Γ is given by
ΓTQ+

γ Γ = Δ. (13.36)

This suggests that Γ is a coordinate-transformation matrix, which in this case is called a
congruence transformation between Q+

γ and Δ. Moreover, from (13.35), Vxx is given by

Vxx = −(F ± Γ)TQ+
γ (13.37)

(cf. with the solution of the linear H∞-Riccati equation P = X2X
−1
1 , where the columns

of

[
X1

X2

]
span Λ−

Hγ
, the stable-eigenspace of the Hamiltonian-matrix associated with the

linear H∞ problem, with X1 invertible [68, 292]). A direct connection of the above results
with the Hamiltonian matrices approach for solving the ARE can be drawn from the fol-
lowing fact (see also Theorem 13.2, page 329 in [292]): If X ∈ Cn×n is a solution of the
ARE

ATX +XA+XRX +Q = 0, (13.38)

then there exist matrices X1, X2 ∈ Cn×n, with X1 invertible, such that X = X2X
−1
1 and

the columns of

[
X1

X2

]
form a basis for an n-dimensional invariant-subspace of H defined

by:

H
Δ
=

[
A R
−Q −AT

]
.

In view of the above fact, we now prove that the columns of

[
I
P

]
Δ
=

[
I

−(F ± Γ)TQ+
γ

]
span an n-dimensional invariant-subspace of the Hamiltonian matix

H l
γ =

[
F ( 1

γ2G1G
T
1 −G2G

T
2 )

−HTH −FT
]

Δ
=

[
F Qγ

−HTH −FT
]

(13.39)

corresponding to the ARE (13.38).

Theorem 13.2.3 Suppose there exists a Γ that satisfies (13.36) and such that P = −(F ±
Γ)TQ+

γ is symmetric, then P is a solution of ARE (13.10). Moreover, if Qγ is nonsingular,

then the columns of

[
I
P

]
span an n-dimensional invariant subspace of H l

γ. Otherwise, of[ Q+
γ 0
0 I

]
H l
γ .



Solving the Hamilton-Jacobi Equation 345

Proof: The first part of the theorem has already been shown. For the second part, using
the symmetry of P we have[ Q+

γ 0
0 I

] [
F Qγ

−HTH −FT
] [

I
−(F ± Γ)TQ+

γ

]
=

[ Q+
γ 0
0 I

] [
F Qγ

−HTH −FT
] [

I
−Q+

γ (F ± Γ)

]
=

[ Q+
γ 0
0 I

] [
I

−(F ± Γ)TQ+
γ

]
(∓Γ). (13.40)

Hence, P defined as above indeed spans an n-dimensional invariant-subspace of H l
γ if Qγ is

nonsingular. �

13.2.1 Worked Examples

In this subsection, we consider worked examples solved using the approach outlined in the
previous section.

Example 13.2.1 Consider the following system:

ẋ1 = −x31(t)− x2(t)

ẋ2 = x2 + u+ w

z =

[
x2
u

]
.

Let γ = 2, then

f(x) =

[ −x31 + x2
x2

]
; G1 =

[
0
1

]
; G2 =

[
0
1

]
; h(x) =

[
0
x2

]
,

Qγ =

[
0 0
0 − 3

4

]
, Q+

γ =

[
0 0
0 − 4

3

]
.

Substituting the above functions in (13.29), (13.33), (13.34), we get

−4ζ22 + 4x22 + 3x22 ≤ 0; ∀x ∈ Ne (13.41)

ζ1,x2(x) = −1 ∀x ∈ Ne (13.42)[
0 4

3 − 4
3ζ1,x2

0 − 4
3 − 4

3ζ2,x2

]
≤ 0; ∀x ∈ Ne. (13.43)

Solving the above system we get

ζ2(x) = ±
√
7

2
x2, ζ1(x) = −x2 + φ(x1)

where φ(x1) is some arbitrary function which we can take as Φ(x) = 0 without any loss of
generality. Thus,

Vx(x) = −(f(x)± ζ(x))TQ+ = (0
8± 4

√
7

6
x2).

Finally, integrating the positive term in the expression for Vx above from 0 to x, we get

V (x) =
2 +

√
7

3
x22
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which is positive-semidefinite.

The next example will illustrate a general transformation approach for handling the
discriminant equation/inequality and symmetry condition.

Example 13.2.2 Consider the following example with the disturbance affecting the first
state equation and a weighting on the states:

ẋ1 = −x31 − x2 + w1

ẋ2 = x1 + x2 + u+ w2

z =

[
Q1/2x

R1/2u

]
where Q = diag{q1, q2} ≥ 0, R = r > 0 are weighting matrices introduced to make the HJIE
solvable. The state-feedback HJIE associated with the above system is thus given by

Vx(x)f(x) +
1

2
Vx(x)[

1

γ2
g1(x)g

T
1 (x)− g2(x)R−1gT2 (x)]V

T
x (x) +

1

2
xTQx ≤ 0, (13.44)

with V (0) = 0, Qγ(x) = [ 1
γ2 g1(x)g

T
1 (x) − g2(x)R−1gT2 (x)]. Then

f(x) =

[ −x31 − x2
x1 + x2

]
, G2 =

[
0
1

]
, G1 = I2, Qγ =

[
1
γ2 0

0 r−γ2

rγ2

]
, Q+

γ =

[
γ2 0

0 rγ2

r−γ2

]
.

Substituting the above functions in (13.29), (13.33), (13.34), we get

γ2ζ21 +
rγ2

r − γ2 ζ
2
2 − γ2(x31 + x2)

2 − rγ2

r − γ2 (x1 + x2)
2 + q1x

2
1 + q2x

2
2 = 0 (13.45)

rγ2

r − γ2 ζ2,x1 − ζ1,x2 =
γ2

r − γ2 (13.46)[
γ2(ζ1,x1 − 3x21)

rγ2

r−γ2 (ζ2x1 + 1)

γ2(ζ1x2 − 1) rγ2

r−γ2 (ζ2,x2 + 1)

]
≤ 0. (13.47)

One way to handle the above algebraic-differential system is to parameterize ζ1 and ζ2 as:

ζ1(x) = ax1 + bx2, ζ2(x) = cx1 + dx2 + ex31,

where a, b, c, d, e ∈ � are constants, and to try to solve for these constants. This approach
may not however work for most systems. We therefore illustrate next a more general proce-
dure for handling the above system.

Suppose we choose r, γ such that rγ2

r−γ2 > 0 (usually we take r >> 1 and 0 < γ < 1).
We now apply the following transformation to separate the variables:

ζ1(x) =
1

γ
ρ(x) cos θ(x), ζ2(x) =

√
(r − γ2)
rγ2

ρ(x) sin θ(x).

where ρ, θ : N → � are C2 functions. Substituting in the equation (13.45), we get

ρ(x) = ±
√

rγ2

r − γ2 (x1 + x2)2 − γ2(x31 + x2)2 − q1x21 − q2x22.
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Thus, for the HJIE (13.44) to be solvable, it is necessary that γ, r, q1, q2 are chosen such
that the function under the square-root in the above equation is positive for all x ∈ N so
that ρ is real. As a matter of fact, the above expression defines N , i.e., N = {x | ρ ∈ �}.

If however we choose r, γ such that rγ2

r−γ2 < 0, then we must paramerize ζ1, ζ2 as ζ1(x) =

1
γ ρ(x) cosh θ(x), ζ2(x) =

√
(r−γ2)
rγ2 ρ(x) sinh θ(x). A difficulty also arises when Q+

γ (x) is not

diagonal, e.g., if Q+
γ =

[
a b
0 c

]
, a, b, c ∈ �. Then ζT (x)Q+

γ ζ(x) = iζ21 (x) + jζ1(x)ζ2(x) +

kζ22 (x), for some i, j, k ∈ �. The difficulty here is created by the cross-term jζ1ζ2 as the
above parameterization cannot lead to a simplification of the problem. However, we can use
a completion of squares to get

ζT (x)Q+
γ ζ(x) = (

√
iζ1(x) +

j

2
√
i
ζ2(x))

2 + (k − j2

4i
)ζ22 (x)

(assuming i > 0, otherwise, pull out the negative sign outside the bracket). Now we can

define
(√

iζ1(x) +
j

2
√
i
ζ2(x)

)
= ρ(x) cos θ(x), and ζ2(x) = (k − j2

4i )
−1/2ρ(x) sin θ(x). Thus,

in reality,

ζ1(x) = ρ(x)

(
1√
i
cos θ(x) − j

2i
(k − j2

4i
)1/2 sin θ(x)

)
.

Next, we determine θ(.) from (13.46). Differentiating ζ1, ζ2 with respect to x2 and x1
respectively and substituting in (13.46), we get

β(ρx1(x) sin θ(x) + ρ(x)θx1 (x) cos θ(x)) −
κ(ρx2(x) cos θ(x) − ρ(x)θx2(x) sin θ(x)) = η (13.48)

where β = 1
γ

√
r

(r−γ2) , κ = 1
γ , η = γ2

r−γ2 . This first-order PDE in θ can be solved using

the method of “characteristics” discussed in Chapter 4 ( see also the reference [95]). How-
ever, the geometry of the problem calls for a simpler approach. Moreover, since θ is a free
parameter that we have to assign to guarantee that Vxx is symmetric and positive-(semi)
definite, there are many solutions to the above PDE. One solution can be obtained as follows.
Rearranging the above equation, we get

(βρx1(x) + κρ(x)θx2(x)) sin θ(x) + (−κρx2(x) + βρ(x)θx1 (x)) cos θ(x) = η. (13.49)

If we now assign

(βρx1(x) + κρ(x)θx2(x)) =
η

2
sin θ(x),

(−κρx2(x) + βρ(x)θx1 (x)) =
η

2
cos θ(x),

then we see that (13.49) is satisfied. Further, squaring both sides of the above equations and
adding, we get

4

η2
(βρx1(x) + κρ(x)θx2(x))

2 +
4

η2
(−κρx2(x) + βρ(x)θx1(x))

2 = 1 (13.50)

which is the equation of an ellipse in the coordinates θx1 , θx2 , centered at
κρx2(x)

βρ(x) , −βρx1(x)

κρ(x)

and radii η
2βρ(x) ,

η
2κρ(x) respectively. Thus, any point on this ellipse will give the required

gradient for θ. One point on this ellipse corresponds to the following gradients in θ:

θx1(x) =
κρx2(x)

βρ(x)
+

1√
2

(
η

2βρ(x)

)
θx2(x) = −βρx1(x)

κρ(x)
+

1√
2

(
η

2κρ(x)
)

)
.
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Hence, we can finally obtain θ as

θ(x) =

∫ x1

0+

(
κρx2(x)

βρ(x)
+

1√
2
(

η

2βρ(x)
)

)∣∣∣∣
x2=0

dx1 +

∫ x2

0+

(
−βρx1(x)

κρ(x)
+

1√
2
(

η

2κρ(x)
)

)
dx2

The above integral can be evaluated using Mathematica or Maple. The result is very com-
plicated and lengthy, so we choose not to report it here.

Remark 13.2.3 Note, any available method can also be used to solve the symmetry PDE
in θ (13.48), as the above approach may be too restricted and might not yield the desired so-
lution. Indeed, a general solution would be more desirable. Moreover, any solution should be
checked against the positive-(semi)definite condition (13.47) to see that it is satisfied. Oth-
erwise, some of the design parameters, r, γ, qi, should be adjusted to see that this condition
is at least satisfied.

Finally, we can compute V as

V (x) = −
∫ x

0+

(
f(x) + ρ(x)

[
cos θ(x)
sin θ(x)

])T
Q+
γ dx. (13.51)

Remark 13.2.4 It may not be necessary to compute V explicitly, since the optimal control
u� = α(x) is only a function of Vx. What is more important is to check that the positive-
(semi)definiteness condition (13.47) is locally satisfied around the origin {0}. Then the V
function corresponding to this Vx will be a candidate solution for the HJIE. However, we
still cannot conclude at this point that it is a stabilizing solution. In the case of the above
example, it can be seen that by setting ζ1(x) = ρ(x) cos θ(x), ζ2(x) = ρ(x) sin θ(x), and their
derivatives equal to 0, the inequality (13.47) is locally satisfied at the origin {0}.

Example 13.2.3 In this example, we consider the model of a satellite considered in [46, 87,
154, 169] (and the references there in). The equations of motion of the spinning satellite
are governed by two subsystems; namely, a kinematic model and a dynamic model. The
configuration space of the satellite is a six dimensional manifold the tangent bundle of SO(3),
or TSO(3), (where SO(3) is the special orthogonal linear matrix group). The equations of
motion are given by:

Ṙ = RS(ω) (13.52)

Jω̇ = S(ω)Jω + u+ Pd, (13.53)

where ω ∈ �3 is the angular velocity vector about a fixed inertial reference frame with three
principal axes and having the origin at the center of gravity of the satellite, R ∈ SO(3), is
the orientation matrix of the satellite, u ∈ �3 is the control torque input vector, and d is the
vector of external disturbances on the spacecraft. P = diag{P1, P2, P3}, Pi ∈ �, i = 1, 2, 3,
is a constant gain matrix, J is the inertia matrix of the system, and S(ω) is the skew-
symmetric matrix

S(ω) =

⎡⎣ 0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎤⎦ .
We consider the control of the angular velocities governed by the dynamic subsystem (13.53).
By letting J = diag{I1, I2, I3}, where I1 > 0, I2 > 0, I3 > 0 and without any loss of
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generality assuming I1 �= I2 �= I3 are the principal moments of inertia, the subsystem
(13.53) can be represented as:

I1ω̇1(t) = (I2 − I3)ω2(t)ω3(t) + u1 + P1d1(t)

I2ω̇2(t) = (I3 − I1)ω3(t)ω1(t) + u2 + P2d2(t)

I3ω̇3(t) = (I1 − I2)ω1(t)ω2(t) + u3 + P3d3(t).

Now define

A1 =
(I2 − I3)

I1
, A2 =

(I3 − I1)
I2

, A3 =
(I1 − I2)

I3
,

then the above equations can be represented as:

ω̇(t) := f(ω) +B1d(t) +B2v(t)

=

⎡⎣ A1ω2ω3

A2ω1ω3

A3ω1ω2

⎤⎦+

⎡⎣ b1 0 0
0 b2 0
0 0 b3

⎤⎦⎡⎣ d1
d2
d3

⎤⎦+

⎡⎣ 1 0 0
0 1 0
0 0 1

⎤⎦⎡⎣ u1
u2
u3

⎤⎦ , (13.54)

where

b1 =
P1

I1
, b2 =

P2

I2
, b3 =

P3

I3
.

In this regard, consider the output function:

z = h(ω) =

⎡⎣ c1ω1

c2ω2

c3ω3

⎤⎦ (13.55)

where c1, c2, c3 are design parameters. Applying the results of Section 13.2, we have

Qγ = (
1

γ2
B1B

T
1 −B2B

T
2 ) =

⎡⎢⎢⎣
b21
γ2 − 1 0 0

0
b22
γ2 − 1 0

0 0
b23
γ2 − 1

⎤⎥⎥⎦ ,
Vω(ω) = −(f(ω)± ζ(ω))TQ+

γ (13.56)

and (13.29) implies

ζT (ω)Q+
γ ζ(ω)− fT (ω)Q+

γ f(ω) + hT (ω)h(ω) ≤ 0.

Upon substitution, we get

(
γ2

b21 − γ2
)ζ21 (ω) + (

γ2

b22 − γ2
)ζ22 (ω) + (

γ2

b23 − γ2
)ζ23 (ω)− (

γ2

b21 − γ2
)A2

1ω
2
2ω

2
3 −

(
γ2

b22 − γ2
)A2

2ω
2
1ω

2
3 − (

γ2

b23 − γ2
)A2

3ω
2
1ω

2
2 + c21ω

2
1 + c22ω

2
2 + c23ω

2
3 ≤ 0.

Further, substituting in (13.33), we have the following additional constraints on ζ:

A1ω3 + ζ1,ω2 = ζ2,ω1 +A2ω3, A1ω2 + ζ1,ω3 = A3ω2 + ζ3,ω1 , A2ω1 + ζ3,ω1 = A3ω1 + ζ1,ω3 .
(13.57)
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Thus, for any γ > b = maxi{bi}, i = 1, 2, 3, and ci =

√∣∣∣( γ2

b2i−γ2 )
∣∣∣, i = 1, 2, 3, and under the

assumption A1 +A2 +A3 = 0 (see also [46]), we have the following solution

ζ1 = −A1ω2ω3 + ω1

ζ2 = −A2ω1ω3 + ω2

ζ3 = −A3ω1ω2 + ω3.

Thus,

Vω(ω) = −(f(ω) + ζ(ω))TQ+
γ = [(

γ2

γ2 − b21
)ω1 (

γ2

γ2 − b22
)ω2 (

γ2

γ2 − b23
)ω3]

and integrating from 0 to ω, we get

V (ω) =
1

2

(
(

γ2

γ2 − b21
)ω2

1 + (
γ2

γ2 − b22
)ω2

2 + (
γ2

γ2 − b23
)ω2

3

)
which is positive-definite for any γ > b.

Remark 13.2.5 Notice that the solution of the discriminant inequality does not only give
us a stabilizing feedback, but also the linearizing feedback control. However, the linearizing
terms drop out in the final expression for V , and consequently in the expression for the
optimal control u� = −BT2 V Tω (ω). This clearly shows that cancellation of the nonlinearities
is not optimal.

13.3 Solving the Hamilton-Jacobi Equation for Mechanical Sys-
tems and Application to the Toda Lattice

In this section, we extend the factorization approach discussed in the previous section
to a class of Hamiltonian mechanical systems, and then apply the approach to solve the
Toda lattice equations discussed in Chapter 4. Moreover, in Chapter 4 we have reviewed
Hamilton’s transformation approach for integrating the equations of motion by introducing
a canonical transformation which can be generated by a generating function also known as
Hamilton’s principle function. This led to the Hamilton-Jacobi PDE which must be solved
to obtain the required transformation generating function. However, as has been discussed
in the previous sections, the HJE is very difficult to solve, except for the case when the
Hamiltonian function is such that the equation is separable. It is therefore our objective
in this section to present a method for solving the HJE for a class of Hamiltonian systems
that may not admit a separation of variables.

13.3.1 Solving the Hamilton-Jacobi Equation

In this subsection, we propose an approach for solving the Hamilton-Jacobi equation for a
fairly large class of Hamiltonian systems, and then apply the appproach to the A2 Toda-
lattice as a special case. To present the approach, let the configuration space of the class
of Hamiltonian systems be a smooth n-dimensional manifold M with local coordinates
q = (q1, . . . , qn), i.e., if (ϕ,U) is a coordinate chart, we write ϕ = q and q̇i = ∂

∂qi
in
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the tangent bundle TM |U = TU . Further, let the class of systems under consideration be
represented by Hamiltonian functions H : T �M → � of the form:

H(q, p) =
1

2

n∑
i=1

p2i + V (q), (13.58)

where (p1(q), . . . , pn(q)) ∈ T �qM , and together with (q1, . . . , qn) form the 2n symplectic-
coordinates for the phase-space T �M of any system in the class, while V : M → �+ is the
potential function which we assume to be nonseparable in the variables qi, i = 1, . . . , n. The
time-independent HJE corresponding to the above Hamiltonian function is given by

1

2

n∑
i=1

(
∂W

∂qi

)2

+ V (q) = h, (13.59)

where W : M → � is the Hamilton’s characteristic-function for the system, and h is the
energy constant. We then have the following main theorem for solving the HJE.

Theorem 13.3.1 Let M be an open subset of �n which is simply-connected2 and let q =
(q1, . . . , qn) be the coordinates on M . Suppose ρ, θi : M → � for i = 1, . . . , %n+1

2 &; θ =

(θ1, · · · , θ
n+1
2 �); and ζi : �× �
n+1

2 � → � are C2 functions such that

∂ζi
∂qj

(ρ(q), θ(q)) =
∂ζj
∂qi

(ρ(q), θ(q)), ∀i, j = 1, . . . , n, (13.60)

and
1

2

n∑
i=1

ζ2i (ρ(q), θ(q)) + V (q) = h (13.61)

is solvable for the functions ρ, θ. Let

ω1 =

n∑
i=1

ζi(ρ(q), θ(q))dqi,

and suppose C is a path in M from an initial point q0 to an arbitrary point q ∈M . Then

(i) ω1 is closed;

(ii) ω1 is exact;

(iii) if W (q) =
∫
C ω

1, then W satisfies the HJE (13.59).

Proof: (i)

dω1 =

n∑
j=1

n∑
i=1

∂

∂qj
ζi(ρ(q), θ(q))dqj ∧ dqi,

which by (13.60) implies dω1 = 0. Hence, ω1 is closed.3 (ii) Since by (i) ω1 is closed, then
by the simple-connectedness of M , ω1 is also exact. (iii) By (ii) ω1 is exact. Therefore,
the integral W (q) =

∫
C ω

1 is independent of the path C, and W corresponds to a scalar

function. Furthermore, dW = ω1 and ∂W
∂qi

= ζi(ρ(q), θ(q)). Thus, substituting this in the

HJE (13.59) and if (13.61) holds, then W satisfies it. �
2A subset of a set is simply connected if a loop inside it can be continuously shrinked to a point.
3A 1-form σ : TM → � is closed if dσ = 0. It is exact if σ = dS for some smooth function S : M → �.
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In the next corollary we shall construct explicitly the functions ζi, i = 1, . . . , n in the
above theorem.

Corollary 13.3.1 Assume the dimension n of the system is 2, and M , ρ, θ are as in the
hypotheses of Theorem 13.3.1, and that conditions (13.60), (13.61) are solvable for θ and
ρ. Also, define the functions ζi, i = 1, 2 postulated in the theorem by ζ1(q) = ρ(q) cos θ(q),
ζ2(q) = ρ(q) sin θ(q). Then, if

ω1 =

2∑
i=1

ζi(ρ(q), θ(q))dqi,

W =
∫
C
ω1, and q : [0, 1] → M is a parametrization of C such that q(0) = q0, q(1) = q,

then

(i) W is given by

W (q, h) = γ

∫ 1

0

√
(h− V (q(s)) [cos θ(q(s))q′1(s) + sin θ(q(s))q′2(s)] ds (13.62)

where γ = ±√2 and q′i =
dqi(s)
ds .

(ii) W satisfies the HJE (13.59).

Proof: (i) If (13.60) is solvable for the function θ, then substituting the functions
ζi(ρ(q), θ(q)), i = 1, 2 as defined above in (13.61), we get immediately

ρ(q) = ±
√

2(h− V (q)).

Further, by Theorem 13.3.1, ω1 given above is exact, and W =
∫
C
ω1dq is independent

of the path C. Therefore, if we parametrize the path C by s, then the above line integral
can be performed coordinate-wise with W given by (13.62) and γ = ±√2. (ii) follows from
Theorem 13.3.1. �

Remark 13.3.1 The above corollary gives one explicit parametrization that may be used.
However, because the number of parameters available in the parametrization are limited, the
above parametrization is only suitable for systems with n = 2. Other types of parametriza-
tions that are suitable could also be employed.

If however the dimension n of the system is 3, then the following corollary gives another
parametrization for solving the HJE.

Corollary 13.3.2 Assume the dimension n of the system is 3, and M , ρ, are as in the
hypotheses of Theorem 13.3.1. Let ζi : � × � × � → �, i = 1, 2, 3 be defined by ζ1(q) =
ρ(q) sin θ(q) cosϕ(q), ζ2(q) = ρ(q) sin θ(q) sinϕ(q), ζ3(q) = ρ(q) cos θ(q), and assume (13.60)
are solvable for θ and ϕ, while (13.61) is solvable for ρ. Then, if

ω1 =

3∑
i=1

ζi(ρ(q), θ, ϕ)dqi,

W =
∫
C
ω1, and q : [0, 1] → M is a parametrization of C such that q(0) = q0, q(1) = q,

then
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(i) W is given by

W (q, h) = γ

∫ 1

0

√
(h− V (q(s)))

{
sin θ(q(s)) cosϕ(q(s))q′1(s) +

sin θ(q(s)) sinϕ(q(s))q′2(s) + cos θ(q(s))q′3(s)
}
ds, (13.63)

where γ = ±√2.

(ii) W satisfies the HJE (13.59).

Proof: Proof follows along the same lines as Corollary 13.3.1. �

Remark 13.3.2 Notice that the parametrization employed in the above corollary is now of
a spherical nature.

If the HJE (13.59) is solvable, then the dynamics of the system evolves on the n-
dimensional Lagrangian-submanifold Ñ which is an immersed-submanifold of maximal di-
mension, and can be locally parametrized as the graph of the function W , i.e.,

Ñ = {(q, ∂W
∂q

) | q ∈ N ⊂M, W is a solution of HJE (13.59)}.

Moreover, for any other solution W ′ of the HJE, the volume enclosed by this surface is
invariant. This is stated in the following proposition.

Proposition 13.3.1 Let N ⊂ M be the region in M where the solution W of the HJE
(13.59) exists. Then, for any orientation of M , the volume-form of Ñ

ωn =

⎛⎝√√√√1 +

n∑
j=1

(
∂W

∂qj
)2

⎞⎠ dq1 ∧ dq2 . . . ∧ dqn

is given by

ωn =
(√

1 + 2(h− V (q)
)
dq1 ∧ dq2 . . . ∧ dqn.

Proof: From the HJE (13.59), we have√√√√1 +

n∑
j=1

(
∂W

∂qj
)2 =

√
1 + 2(h− V (q), ∀q ∈ N

'

ωn =

⎛⎝√√√√1 +

n∑
j=1

(
∂W

∂qj
)2

⎞⎠ dq1 ∧ . . . ∧ dqn =
(√

1 + 2(h− V (q))
)
dq1 ∧ . . . ∧ dqn. �

We now apply the above ideas to solve the HJE for the two-particle nonperiodic A2

Toda-lattice described in Chapter 4.



354 Nonlinear H∞-Control, Hamiltonian Systems and Hamilton-Jacobi Equations

13.3.2 Solving the Hamilton-Jacobi Equation for the A2-Toda System

Recall the Hamiltonian function and the canonical equations for the nonperiodic Toda
lattice from Chapter 4:

H(q, p) =
1

2

n∑
j=1

p2j +

n−1∑
j=1

e2(qj−qj+1). (13.64)

Thus, the canonical equations for the system are given by

dqj
dt = pj j = 1, . . . , n,
dp1
dt = −2e2(q1−q2),
dpj
dt = −2e2(qj−qj+1) + 2e2(qj−1−qj), j = 2, . . . , n− 1,
dpn
dt = 2e2(qn−1−qn).

⎫⎪⎪⎬⎪⎪⎭ (13.65)

Consequently, the two-particle system (or A2 system) is given by the Hamiltonian (13.64):

H(q1, q2, p1, p2) =
1

2
(p21 + p22) + e2(q1−q2), (13.66)

and the HJE corresponding to this system is given by

1

2

{
(
∂W

∂q1
)2 + (

∂W

∂q2
)2
}
+ e2(q1−q2) = h2. (13.67)

The following proposition then gives a solution of the above HJE corresponding to the A2

system.

Proposition 13.3.2 Consider the HJE (13.67) corresponding to the A2 Toda lattice. Then,
a solution for the HJE is given by

W (q′1, q
′
2, h2) = cos(

π

4
)

∫ q′1

1

ρ(q)dq1 +m sin(
π

4
)

∫ q′1

1

ρ(q)dq1

= (1 +m)
{√h2 − e−2(b+m−1) −√h2 tanh−1[

√
h2−e−2(b+m−1)

√
h2

]

m− 1
−√

h2 − e−2b−2(m−1)q′1 −√h2 tanh−1[

√
h2−e−2b−2(m−1)q′1√

h2
]

m− 1

}
, q1 > q2

and

W (q′1, q
′
2, h2) = cos(

π

4
)

∫ q′1

1

ρ(q)dq1 +m sin(
π

4
)

∫ q′1

1

ρ(q)dq1

= (1 +m)
{√h2 − e−2(b−m+1) −√h2 tanh−1[

√
h2−e−2(b−m+1)√

h2
]

m− 1
−√

h2 − e−2b+2(1−m)q′1 −√h2 tanh−1[

√
h2−e−2b+2(1−m)q′

1√
h2

]

m− 1

}
, q2 > q1.

Furthermore, a solution for the system equations (13.65) for the A2 with the symmetric
initial q1(0) = −q2(0) and q̇1(0) = q̇2(0) = 0 is

q(t) = −1

2
log

√
h2 +

1

2
log[cosh 2

√
h2(β − t)], (13.68)



Solving the Hamilton-Jacobi Equation 355

where h2 is the energy constant and

β =
1

2
√
h2

tanh−1

(
2q̇21(0)√

2h2

)
.

Proof: Applying the results of Theorem 13.3.1, we have ∂W
∂q1

= ρ(q) cos θ(q), ∂W
∂q2

=

ρ(q) sin θ(q). Substituting this in the HJE (13.67), we immediately get

ρ(q) = ±
√

2(h2 − e2(q1−q2))

and
ρq2(q) cos θ(q)− θq2ρ(q) sin θ(q) = ρq1(q) sin θ(q) + θq1ρ(q) cos θ(q). (13.69)

The above equation (13.69) is a first-order PDE in θ and can be solved by the method
of characteristics developed in Chapter 4. However, the geometry of the system allows
for a simpler solution. We make the simplifying assumption that θ is a constant function.
Consequently, equation (13.69) becomes

ρq2(q) cos θ = ρq1(q) sin θ ⇒ tan θ =
ρq2(q)

ρq1(q)
= −1 ⇒ θ = −π

4
.

Thus,

p1 = ρ(q) cos(
π

4
),

p2 = −ρ(q) sin(π
4
),

and integrating dW along the straightline path from (1,−1) on the line segment

L : q2 =
q′2 + 1

q′1 − 1
q1 + (1 +

q′2 + 1

q′1 − 1
)

Δ
= mq1 + b

to some arbitrary point (q′1, q′2) we get

W (q′1, q
′
2, h2) = cos(

π

4
)

∫ q′1

1

ρ(q)dq1 +m sin(
π

4
)

∫ q′1

1

ρ(q)dq1

= (1 +m)
{√h2 − e−2(b+m−1) −√h2 tanh−1[

√
h2−e−2(b+m−1)√

h2
]

m− 1
−√

h2 − e−2b−2(m−1)q′1 −√h2 tanh−1[

√
h2−e−2b−2(m−1)q′

1√
h2

]

m− 1

}
.

Similarly, if we integrate from point (−1, 1) to (q′1, q
′
2), we get

W (q′1, q
′
2, h2) = cos(

π

4
)

∫ q′1

−1

ρ(q)dq1 +m sin(
π

4
)

∫ q′1

−1

ρ(q)dq1

= (1 +m)
{√h2 − e−2(b−m+1) −√h2 tanh−1[

√
h2−e−2(b−m+1)

√
h2

]

m− 1
−√

h2 − e−2b+2(1−m)q′1 −√h2 tanh−1[

√
h2−e−2b+2(1−m)q′1√

h2
]

m− 1

}
.
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Finally, from (4.11) and (13.66), we can write

q̇1 = p1 = ρ(q) cos(
π

4
),

q̇2 = p2 = −ρ(q) sin(π
4
).

Then q̇1 + q̇2 = 0 which implies that q1 + q2 = k, a constant, and by our choice of initial
conditions, k = 0 or q1 = −q2 = −q. Now integrating the above equations from t = 0 to t
we get

1

2
√
h2

tanh−1(
ρ(q)√
2h2

) =
1

2
√
h2

tanh−1(
ρ(q(0))√

2h2
)− t,

1

2
√
h2

tanh−1(
ρ(q)√
2h2

) = − 1

2
√
h2

tanh−1(
ρ(q(0))√

2h2
) + t.

Then, if we let

β =
1

2
√
h2

tanh−1(
ρ(q(0))√

2h2
),

and upon simplification, we get

q1 − q2 =
1

2
log

[
h2

(
1− tanh2 2

√
h2(β − t)

)]
=

1

2
log [h2 sech

2 2
√
h2(β − t)]. (13.70)

Therefore,

q(t) = −1

2
log

√
h2 − 1

2
log[sech 2

√
h2(β − t)]

= −1

2
log

√
h2 +

1

2
log[cosh 2

√
h2(β − t)].

Now, from (13.67) and (13.70), (13.70),

ρ(q(0)) = q̇21(0) + q̇22(0),

and in particular, if q̇1(0) = q̇2(0) = 0, then β = 0. Consequently,

q(t) = −1

2
log

√
h2 +

1

2
log(cosh 2

√
h2t) (13.71)

which is of the form (4.57) with v =
√
h. �

13.4 Notes and Bibliography

The material of Section 13.1 is based on the References [193, 112, 264], and practical appli-
cation of the approach to a flexible robot link can be found in the Reference [286]. While
the material of Section 13.1.1 is based on Reference [71]. Similar approach using Galerkin’s
approximation can be found in [63], and an extension of the approach to the DHJIE can
also be found in [125].
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The factorization approach presented in Section 13.2 is based on the author’s contri-
bution [10], and extension of the approach to stochastic systems can be found also in [11].
This approach is promising and is still an active area of research.

Furthermore, stochastic HJBEs are extensively discussed in [287, 98, 91, 167], and nu-
merical algorithms for solving them can be found in [173].

Various practical applications of nonlinear H∞-control and methods for solving the
HJIE can be found in the References [46, 80, 87, 154, 155, 286]. An alternative method of
solving the HJIE using backstepping is discussed in [96], while other methods of optimally
controlling affine nonlinear systems that do not use the HJE, in particular using inverse-
optimality, can be found in [91, 167]-[169].

The material of Section 13.3 is also solely based on the author’s contribution [16]. More
general discussions of HJE applied to mechanical systems can be found in the well-edited
books [1, 38, 127, 115, 122, 200]. While the Toda lattice is discussed also extensively in the
References [3]-[5], [72, 123, 201].

Generalized and viscosity solutions of Hamilton-Jacobi equations which may not neces-
sarily be smooth are discussed extensively in the References [56, 83, 95, 97, 98, 186].

Finally, we remark that solving HJEs is in general still an active area of research, and
many books have been written on the subject. There is not still a single approach that could
be claimed to be satisfactory, all approaches have their advantages and disadvantages.





A

Proof of Theorem 5.7.1

The proof uses a back-stepping procedure and an inductive argument. Thus, under the
assumptions (i), (ii) and (iv), a global change of coordinates for the system exists such that
the system is in the strict-feedback form [140, 153, 199, 212]. By augmenting the ρ linearly
independent set

z1 = h(x), z2 = Lfh(x), . . . , zρ = Lρ−1
f h(x)

with an arbitrary n−ρ linearly independent set zρ+1 = ψρ+1(x), . . . , zn = ψn with ψi(0) = 0,
〈dψi,Gρ−1〉 = 0, ρ+ 1 ≤ i ≤ n. Then the state feedback

u =
1

Lg2L
ρ−1
f h(x)

(v − Lρfh(x))

globally transforms the system into the form:

żi = zi+1 +ΨTi (z1, . . . , zi)w 1 ≤ i ≤ ρ− 1,
żρ = v +ΨTρ (z1, . . . , zρ)w
żμ = ψ(z) + ΞT (z)w,
y = z1,

⎫⎪⎪⎬⎪⎪⎭ (A.1)

where zμ = (zρ+1, . . . , zn). Moreover, in the z-coordinates we have

Gj = span{ ∂

∂zρ−j
, . . . ,

∂

∂zρ
}, 0 ≤ j ≤ ρ− 1,

so that by condition (iii) the system equations (A.1) can be represented as

żi = zi+1 +ΨTi (z1, . . . , zi, zμ)w 1 ≤ i ≤ ρ− 1,
żρ = v +ΨTρ (z1, . . . , zρ, zμ)w
żμ = ψ(z1, zμ) + ΞT (z1, zμ)w.

⎫⎬⎭ (A.2)

Now, define

z�2 = −z1 − 1

4
λz1(1 + ΨT1 (z1, zμ)Ψ1(z1, zμ))

and set z2 = z�2(z1, zμ, λ) in (A.2). Then consider the time derivative of the function:

V1 =
1

2
z21

359
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along the trajectories of the closed-loop system:

V̇1 = −z21 −
1

4
λz21(1 + ΨT1 Ψ1) + z1Ψ

T
1 w

= −z21 − λ
[
1

4
z21(1 + ΨT1 Ψ1) + z1Ψ

T
1 λ−

z1
λ
ΨT1 w +

(ΨT1 w)
2

λ2(1 + ΨT1 Ψ1)

]
+

(ΨT1 w)
2

λ(1 + ΨT1 Ψ1)

= −z21 − λ
(
1

2
z1

√
1 + ΨT1 Ψ1 − ΨT1 w

λ
√
1 + ΨT1 Ψ1

)2

+
(ΨT1 w)

2

λ(1 + ΨT1 Ψ1)

≤ −z21 +
(ΨT1 w)

2

λ(1 + ΨT1 Ψ1)
≤ −z21 +

1

λ

‖ΨT1 ‖2
1 + ‖ΨT1 ‖2

‖w‖2

≤ −z21 +
1

λ
‖w‖2. (A.3)

Now if ρ = 1, then we set v = z�2(z1, zμ, λ) and integrating (A.3) from t0 with z(t0) = 0 to
some t, we have

V1(x(t)) − V1(0) ≤ −
∫ t

t0

y2(τ)dτ +
1

λ

∫ t

t0

‖w(t)‖2dτ

and since V1(0) = 0, V1(x) ≥ 0, the above inequality implies that∫ t

t0

y2(τ)dτ ≤ 1

λ

∫ t

t0

‖w(τ)‖2dτ.

For ρ > 1, we first prove the following lemma.

Lemma A.0.1 Suppose for some index i, 1 ≤ i ≤ ρ, for the system

ż1 = z2 +ΨT1 (z1, zμ)w
...

żi = zi+1 +ΨTi (z1, . . . , zi, zμ)w

⎫⎪⎬⎪⎭ , (A.4)

there exist i functions

z�j = z�j (z1, . . . , zj−1, λ), z�j = z�(0, . . . , 0, λ) = 0, 2 ≤ j ≤ i+ 1,

such that the function

Vi =
1

2

i∑
j=1

z̃2j ,

where
z̃1 = z1, z̃j = zj − z�j (z1, . . . , zj−1, zμ, λ), 2 ≤ j ≤ i,

has time derivative

V̇i = −
i∑

j=1

z̃2j +
c

λ
‖w‖2

along the trajectories of (A.4) with zi+1 = z�i+1 and for some real number c > 0.
Then, for the system

ż1 = z2 + ΨT1 (z1, zμ)w
...

żi = zi+2 +ΨTi+1(z1, . . . , zi+1, zμ)w

⎫⎪⎬⎪⎭ , (A.5)
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there exists a function

z�i+2(z1, . . . , zi+1, zr, λ), z�i+2(0, . . . , λ) = 0

such that the function

Vi+1 =
1

2

i+1∑
j=1

z̃2j

where
z̃j = zj − z�j (z1, . . . , zi, zμ, λ), 1 ≤ j ≤ i+ 1,

has time derivative

V̇i = −
i+1∑
j=1

z̃2j +
c+ 1

λ
‖w‖2

along the trajectories of (A.5) with zi+2 = z�i+2.

Proof: Consider the function

Vi+1 =
1

2

i+1∑
j=1

z̃2j

with zi+2 = z�i+2(z1, . . . , zi+1, zμ, λ) in (A.4), and using the assumption in the lemma, we
have

V̇i+1 ≤ −
i∑

j=1

z̃2j +
c

λ
‖w‖2 + z̃i+1

(
z̃i +ΨTi+1w −

i∑
j=1

∂z�i+1

∂zj
(zj+1 +ΨTj w)−

∂z�i+1

∂zμ
(ψ + ΞTw) + z�i+2

)
. (A.6)

Let

α1(z1, . . . , zi+1, zμ) = z̃i −
i∑

j=1

∂z�i+1

∂zj
zj+1 −

∂z�i+1

∂zμ
ψ,

α2(z1, . . . , zi+1, zμ) = Ψi+1 −
i∑

j=1

∂z�i+1

∂zj
Ψj − Ξ

(
∂z�i+1

∂zμ
ψ

)T
,

z�i+2(z1, . . . , zi+1, zμ) = −α1 − z̃i+1 − 1

4
λz̃i+1(1 + αT2 α2)
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and subsituting in (A.6), we get

V̇i+1 ≤ −
i+1∑
j

z̃2j + z̃i+1α
T
2 w −

1

4
λz̃2i+1(1 + αT2 α2) +

c

λ
‖w‖2

= −
i+1∑
j=1

z̃2j − λ
(
1

4
z̃2i+1(1 + αT2 α2)− z̃i+1

λ
αT2 w +

(αT2 w)
2

λ2(1 + αT2 α2)

)
+

(αT2 w)
2

λ(1 + αT2 α2)
+
c

λ
‖w‖2

= −
i+1∑
j=1

z̃2j − λ
(
1

2
z̃i+1

√
1 + αT2 α2 − αT2 w

λ
√

1 + αT2 α2

)2

+
(αT2 w)

2

λ(1 + αT2 α2)
+

c

λ
‖w‖2

≤ −
i+1∑
j=1

z̃2j +
c+ 1

λ
‖w‖2

as claimed. �
To conclude the proof of the theorem, we note that the result of the lemma holds for

ρ = 1 with c = 1. We now apply the result of the lemma (ρ − 1) times to arrive at the
feedback contol

v = z�ρ+1(z1, . . . , zρ, zμ, λ)

and the function

Vρ =
1

2

ρ∑
j=1

z̃2j

has time derivative

V̇ρ = −
ρ∑
j=1

z̃2j +
ρ

λ
‖w‖2 (A.7)

along the trajectories of (A.4) with zi+1 = z�i+1(z1, . . . , zρ, zμ, λ), 1 ≤ i ≤ ρ.

Finally, integrating (A.7) from t0 and z(t0) = 0 to some t, we get

V (x(t)) − V (x(t0) ≤ −
∫ t

t0

y2(τ)dτ −
ρ∑
j=2

∫ t

t0

z̃2j (τ)dτ +
ρ

λ

∫ t

t0

‖w(τ)‖2dτ,

and since Vρ(0) = 0, Vρ(x) ≥ 0, we have∫ t

t0

y2(τ)dτ ≤ ρ

λ

∫ t

t0

‖w(τ)‖2dτ,

and the L2-gain can be made arbitrarily small since λ is arbitrary. This concludes the proof
of the theorem. �



B

Proof of Theorem 8.2.2

We begin with a preliminary lemma.
Consider the nonlinear time-varying system:

ẋ(t) = φ(x(t), w(t)), x(0) = x0 (B.1)

where x(t) ∈ �n is the state of the system and w(t) ∈ �r is an input, together with the
cost functional:

Ji(x(.), w(.)) =

∫ ∞

0

μi(x(t), w(t))dt, i = 0, . . . , l. (B.2)

Suppose the following assumptions hold:

(a1) φ(., .) is continuous with respect to both arguments;

(a2) For all {x(t), w(t)} ∈ L2[0,∞), the integrals (B.2) above are bounded:

(a3) For any given ε > 0, w ∈ W , there exists a δ > 0 such that for all ‖x0‖ ≤ δ, it implies:

|Ji(x1(t), w(t)) − Ji(x2(t), w(t))| < ε, i = 0, . . . , l,

where x1(.), x2(.), are any two trajectories of the system corresponding to the initial
conditions x0 �= 0.

We then have the following lemma [236].

Lemma B.0.2 Consider the nonlinear system (B.1) together with the integral functionals
(B.2) satisfying the Assumptions (a1)-(a3). Then J0(x(.), w(.)) ≥ 0 ∀{x(.), w(.)} ∈ X ×W
subject to Ji(x(.), w(.)) ≥ 0, i = 1, . . . , l if, and only if, there exist a set of numbers τi ≥
0, i = 0, . . . , l,

∑l
i=0 τi > 0 such that

τ0J0(x(.), w(.)) ≥
l∑
i=1

τiJi(x(.), w(.))

for all {x(.), w(.)} ∈ X ×W, x(.) a trajectory of (B.1).

We now present the proof of the Theorem.
Combine the system (8.25) and filter (8.26) dynamics into the augmented system:

Σa,Δf,0 :

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋ = f(x) +H1(x)v + g1(x)w; x(0) = 0

ξ̇ = a(ξ) + b(ξ)h2(x) + b(ξ)H2(x)v + b(ξ)k21(x)w; ξ(0) = 0
z = h1(x)
ẑ = c(ξ)
y = h2(x) +H2(x)v + k21(x)w

(B.3)
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where v ∈ W is an auxiliary disturbance signal that excites the uncertainties. The objective
is to render the following functional:

J0(x(.), ξ(.), v(.)) =

∫ ∞

0

(‖w‖2 − ‖z̃‖2)dt ≥ 0. (B.4)

Let J1(x(.), ξ(.), v(.)) represent also the integral quadratic constraint:

J1(x(.), ξ(.), v(.)) =

∫ ∞

0

(‖E(x)‖2 − ‖v(t)‖2)dt ≥ 0.

Then, by Lemma B.0.2, the Assumption (a1) holds for all x(.), w(.) and v(.) satisfying (a2)
if, and only if, there exists numbers τ0, τ1, τ0 + τ1 > 0, such that

τ0J0(.)− τ1J1(.) ≥ 0 ∀w(.), v(.) ∈ W

for all x(.), ξ(.) satisfying (a1). It can be shown that both τ0 and τ1 must be positive by
considering the following two cases:

1. τ1 = 0. Then τ0 > 0 and J0 ≥ 0. Now set w = 0 and by (a3) we have that
z̃ = 0 ∀t ≥ 0 and v(.). However this contradicts Assumption (a2), and therefore
τ1 > 0.

2. τ0 = 0. Then J1 < 0. But this immediately violates the assertion of the lemma.
Hence, τ0 = 0.

Therefore, there exists τ > 0 such that

J0(.)− τJ1(.) ≥ 0 ∀w(.), v(.) ∈ W (B.5)

' (B.6)∫∞
0

(∥∥∥∥[ w(t)
τv(t)

]∥∥∥∥2 − ∥∥∥∥[ h1(x)
τE(x)

]
−
[
c(ξ)
0

]∥∥∥∥2
)
≥ 0 (B.7)

We now prove the necessity of the Theorem.
(Necessity:) Suppose (8.27) holds for the augmented system (B.3), i.e.,∫ T

0

‖z(t)− ẑ(t)‖2dt ≤ γ2
∫ T

0

‖w(t)‖2dt ∀w ∈ W . (B.8)

Then we need to show that∫ T

0

‖zs(t)− ẑs(t)‖2dt ≤ γ2
∫ T

0

‖w(t)‖2dt ∀ws ∈ W . (B.9)

for the scaled system. Accordingly, let

ws = 0 ∀t > T

without any loss of generality. Then choosing[
w(.)
τv(.)

]
= ws

we seek to make the trajectory of (B.3) identical to that of (8.29) with the filter (8.30). The
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result now follows from (B.7).
(Sufficiency:) Conversely, suppose (B.9) holds for the augmented system (B.3). Then we
need to show that (B.8) holds for the system (8.25). Indeed, for any w, v ∈ W , we can
assume w(t) = 0 ∀t > T without any loss of generality. Choosing now

ws =

[
w(.)
τv(.)

]
∀t ∈ [0, T ]

and ws(t) = 0 ∀t > T . Then, (B.9) implies (B.7) and hence (B.4). Since w(.) is truncated,
we get (B.8). �
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